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M6tabolisme de la thyroxine et de Piode ionique 

By Peoyessob F. Jouot 


Read 22 Febrwry 1945 


Sur I’obtention de la thyroxine con tenant du radioiod© et «on coinportement dana PorganiHme. 

(1) Preparation ^ I’aido dea deuterons emm par le cyclotron du College do Franc© d© 
radioactif de p4riodo 8 jours. Irradiation du tellur© par deuterons: 

radioactivite ‘JJX© -h electron negatif. 

(2) Preparation thyroxine marquee par radioactif iodo + diiodothyronine dissoute dans 
solution ainmoniacale conoentr^o [diiodothyronine est Tavarit dernier term© de la synthase 
do la thyroxino par Barger & Harington {1927)] 










V^OH, 


yCOOK 

-CH( -! 4(1 + 1*) 2(1+1*) H + OH- 



0*1 X 10 ~® g. do thyroxino ost facileinent dtH;elablo par la moHure des Electrons de d6smt<Sgration 
des atomos d’iode. 

La detection de la thyroxine rnarqu^o par la radioactivite du radioiode qu'elle contiont ast 
beaucoup plus sensible et precise que par los ni^thodos antdriourea (metamorphose des t^tords, 
m^tabolisine de base, etc.). 

(3) Injeete thyroxine en solution sodique dans le song (veino marginal© de roroille) de 
lapines geatantes, 

(4) Sacrifie animaux 6 lieures apres injections ©t mesure activity dans: Sang, urine, bile, 
thyroid©, hypophyso, embryons, plasma du sang, globules du sang. 

(6) Experience analogue sur animaux dans les mdines conditions physiologiques mais avoo 
rodioiodure de sodium. 

(6) Dans les deux cos on dose chaque fois qu© cela est possible iodo ionique, diiodothyroaine, 
thyroxine (technique de separation Leland & P’orster). 

(7) H^ultats principaux: lode ionique so repartit ^galemont entre plasma ©t globules du 
sang. Thyroxine ©st presquo on totalitt^ dans lo plasma. 

La thyroxine est (Sliming in tens^ment par les reins beaucoup plus que Tiodo ionique (4 
nombre d^atomes I radioactif inject^s tr^js voisin). 

L^iode ionique se pr6cipito aveo un tropism© extraordinaire dans la thyroide (0© qui 4tait 
d6}k oonnu) ©t 6 heuros apr4s T animal excrete d6j4 de la thyroxine et d© la diiodothyrosino 
8ynth4tis46s par Torganisme. 

11 fut d4inontr4 autrefois que la thyroxino introduite dans rorganism© provoque la miao au 
repos de la gland© thyroid©. On pout invoquer deux possibilit^s pour ©xpliquer cette action : 
ou action direct© d© rhorraon© sur la gland© thyroid©, ou action diiecte de rhormon© sur la 
glande hypophyaair© ou les deux. On a constate quo la thyroxine p6netre plus facilemont dans 
Thypophyse que ne le fait Tiode ionique, ©U© p6netre peu dans la thyroid© beaucoup moins 
faoilement que J’iode ionique. 

La ni4thode permet d’aborder le problem© contrevers^ de la traverse© placentaire des 
hormones. Nos premiers r^sultats indiquent quo, vers 1© milieu de la gestation (15 ou 154me 
jour ohez la lapine) Tiode ionique traverse 1© placenta plus fociloment qu© la thyroxine et que 
oelle-oi pass© sans doute tr4s lentement 4 cett© ©poque do la gestation. 

Ce travail a fait ©n collaboration par: Messieurs B, Courrier^ endoorinoiogist© ; A. Horeau, 
ohimist© organicien; P, Sue, chimiste inorganicien ; F. Joliot, physicion. 
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Questions of measurements and standardization 
in radioactivity 

By Peopessob Ib:^ne Joliot-Ctjeie 

Read 22 Febrwry 1945 

For the physician, a radioeleiuent is characterized by its period and the kind of rays it emits, 
Wliat matters in most oxperimeilts is to know the quantity of a radioelement expressed in 
* number of disintegration per second* rather than in weight. Generally, one expiosses this 
quantity taking for unit the ‘curie’, which is the number of disintegrations per secontl of a 
gram of radium, and which has been carefully measured, 

Ir> some cases, the measure in cmie can be directly obtained from a -ray measurements of 
a radioelement, but in general it is not possible to got it in that simple way. 

Most of the absolute measiu’ements defjend on the International Railiurn Standard, made 
of pure salt of radium carefully weighed. The comparisons with the radium tube are made by 
the ionization of y-rays. Special ionization or calorimetric measurement allows one to esta- 
blish the correspondentre between the ‘milligram equivalent’ measured in that way and the 
absolute value of a source, in inilticuries. 

For the artificial radioelements where no a-rays are available, the measurements are very 
uiiHatiHfa<!tory, and depend, in the best cases, on numeration of //-rays, which are difficult to 
make with precision. 


Some new investigations on cosmic ray showers 
By Peofessob P. Augeb 
Read 22 February 1945 


Some experiments performed by my pupils and myself during the last two years have yielded 
results which seem difficult to recumoile with the pure ctiscade theory of cosmic -ray showers. 
Among these are: the presence of penetrating particles (mesons) in extensive atmospheric 
siiowors (A-showers), the variation with altitude of the frequency of these A -showers, and the 
special stnicture of some local showers. 

Using a meson selector in coincidence with distant counters, Dr Rogozinski could explain 
his results by: (1) knock-on electrons accompanying a meson; (2) mesons in A-showers; 
(3) multiple simultaneous mesons (meson shower). This lost phenomenon being frequent only 
in high altitude. 

The variation of the number of A-showers with altitude was studied by Dr Rogozinski and 
myself by the use of two sets of counters, which were sent to a height of 15 km,, registering 
simultaneously the extensive and the ordinary local atmospheric showers. A comparison 
of the counting rates of the two sets at sea level and at high altitude suggested that the 
A-showers are generally bom at less than 16 km. altitude. This would call for an explanation 
of the appearance of very high energy electrons or photons at these levels. 

The structure of local showers connected with high energy cosmic-ray phenomena was 
studied by Dr Dandin with a cloud chamber controlled by a group of non-ooplanar coincidence 
counters separated by thick lead screens. He found on anomalous frequency of narrow 
showers, and a small number of pair-showers, consisting of five or six pairs, of very small 
an^lor spread, rather regularly distributed in space. The interpretation of these effects seems 
to involve some kind of explosive process. 
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The infra-red spectra of polymers and related monomers. I 

By H. W. Thompson, Fellow of 8t John's College, Oxford 
AND P. Tokkington, formerly Scholar of St John's College, Oxford 

(Communicated by C. N. Hmshelwood, FM,S, — Received 10 March 1944) 

A Btirvey ha8 beon mtKle of the infra-red abaorptioii spotdra of a number of polymeric sub- 
stanccH and their aaaociated rnonoinora. The preseDt |>apor deals with the hydrocarbon- type 
}Kdyiner8 Buch as polythene, polyiaobutylene, buna, hydro-rubber, polystyrene, and com- 
pounds related to them. The results reveal tlie existence of methyl groujjs in polythene, and also 
of a small number of carbonyl groups. The type of unsatu rated products formed during the 
cracking of polythene i^ also indicat-od. Tlie variation of sp^wtrum with chain length has been 
examined using samples of polythene and isobutylene. The influence of siato of aggregation 
has been studied a^d the us© of plane polarized radiation with oriented films of poiytheno 
has been explored. 

Introduction 

One of the most interesting features of polymeric substances, synthetic rubbers, 
and similar compounds of high molecular weight, is the wide variety of physical 
properties shown by the different groups of compounds. Even within the same class 
of polymer, small differences in the method of preparation, or projiGrtions of the 
constituent parts, may result in marked physical differences, by whi(;h tlie value of 
the compounds may be determined. Physual properties must ultimately he closely 
connected with internal molecular structure, as well as by the factors which determine 
the cohesion between long chains or the xiacking of closed rings. If it were possible 
in a few cases to correlate more precisely suck jihysical pro])erticB as elasticity, 
ductility, or electrical qualities, with particular oharacteristibs of internal molecular 
struciture, it might become |>ossible to synthesize compounds having any yiarticular 
set of physical properties. 

Very few such correlations have yet been possible, and further knowledge about 
the structure of polymers is needed. Tlie nature of these compounds, liovvever, 
often limits the application of the usual methods of physical chemistry, although 
the use of X*rays and certain other metluKis have given some striking results 
(Mark, Fuoss, Marvel & Ott 1943 ; and Melville 1941). Most methods used for the 
control and direction of large-scale production are stiU em])irical. Measurement and 
analysis of the infra-red absorj)tion spectrum might also have been regarded as an 
unpromising approach. Thus, substances of high molecular weight will have to be 
studied either as solids or in solution, and, in addition, their molecules will have very 
large moments of inertia. Both these circumstances ])reclude any analysis of rota- 
tional fine structure which may accompany the absoryition of vibrational quanta. 
For practical purposes, therefore, only the vibrational sj^ectra will be observed. In 
principle, each molecule will have a very large number of vibrational modes, and 
one might expect the spectrum to be so complicated that it cotild not be dissected, 
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Further, although a mathematical treatment of the vibrations of long-chain systems 
or lattice structures can be carried out by approximation methods, it has not 
hitherto proved precise enough to be useful for the purposes involved. 

A study of the infra red absorption spectra of series of structurally related mole- 
cules suggested that in spite of the above arguments, progress might be made by 
correlating the spectra of polymeric substances with those of simpler related 
molecules. It seems too that in many cases the vibrational spectra of polymers in 
the region 1-25/i are simplified by two factors; first, the occurrence of reciu*ring 
units may lead to a grouping of oscillation frequencies around a few particul ar values, 
and secondly , many vibration bands of the long-chain systems lie at lower frequencies 
outside this range. 

It is now well known that characteristic vibration frequencies are associated with 
certain groups such as — CHg, ^CHg, =CH, O — H, C~0, C— C, — NHg, — NOg, 
and that these frequencies remain almost unchanged in magnitude in different 
compounds. Such groups can be detected and even estimated' spectroscopically. 
More important, however, is the possibility that in a polymer, the skeleton of which 
is for the most part built up from a recurring unit, tliis unit shall have its own 
characteristic set of vibration frequencies which are not much affected when the 
units are joined together. It has been found, for example, that the tertiary butyl 
grouping (CH 3 ) 8 C — has characteristic absorption bands in the region of ^fi which 
are only slightly displaced by a change in the residue to which the group is attached. 
Again, with molecules of the type JK^CH : CJBg JJ 3 , there is intense absorption in the 
infra-red due to the motion of the skeleton in the neighbourhood of the hydrogen 
atom, and this absorption varies characteristically with the nature of the radicals 
ifg, TMs will be discussed below. 

Again, when an unsaturated compound of the type CHg: CH.JT, such as vinyl 
chloride, styrene, or butadiene, is polymeriased, the resulting structure might be a 
head to head or head to tail arrangement, giving 

^CHg— CH— CH~CHg— _CH»— CH~CH,— CH— 

i i I I 

XX XX 

In this case, comparison of the vibrational spectrum of the polymer with those of 
the simple molecules such as 

CHg— CH—CH— OH, CH,— CH— CHg— CH— CH, 

1 i i i 

may help to decide between the different alternatives, or to confirm evidence ob- 
tained by other methods. Further, if the polymerization does not proceed exclusively 
accoi^ing to one pattern, it may be possible to determine from the observed absorp- 
tion intensities the relative proportions of the different types of skeleton unit which 
are present, and this applies particularly to the caee of interpolymerSs 
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The infra-red apectra of polymers and related monomers 

The infra-red spectra of various rubber polymers and related substances have 
been described by Stair & Coblentz (1935), by Sears (1941), and by Williams (1936). 
Wells (1940) has surveyed the spectra of various substances in a search for windows 
for the infra-red, and Banies, Liddel & Williams ( 1 943 ) have described measurements 
with synthetic rubbers particularly from the standpoint of analysis and plant 
control. No attempt to analyse and correlate the spectra systematically has yet 
been made. We have therefore begun a survey of the spectra of different classes of 
compound, and of the associated monomers and related simpler molecules. The 
measurements have enabled us to work out the best experimental methods, and 
have revealed the most promising lines for more detailed study. So far, most of our 
measurements have been confined to the region 5 “20/<, which includes most vibration 
frequencies other than those determined by the stretching of C — H bonds. The 
resolving pow er which we have so far used is not great enough to reveal fine details 
in the region of 3/«, The conclusions so far reached are in many cases incomplete, but 
so many data have been accumulated that it seems desirable to summarize them 
now, so as to simplify later and more detailed accounts. 

The substances which have been measured can be divided into the following 
classes: (1) hydrocarbon-type polymers such as polythene, polyisobutyleno, rubber 
and polystyrene; (2) halogen-containing x>olymer8 such as polyvinyl chloride, poly- 
vinylidene chloride, neoprene and halothenes; (3) oxygen-containing substances 
such as polymethyl acrylate and methacrylate, polyvinyl alcohol, polyvinyl 
acetate, and substances containing the peptide linkage such as nylon. While this 
rather arbitrary classification is not based on structural analogies, it is the most 
convenient for preliminary purj)ose8. The present paper deals with the first class. 


Experimkntal method 

The polymers were usually examined as thin solid films. In some cases they wet'e 
supplied ready for use, and in others they were made by evaporation of solution^ 
from the surface of mercury, or from a heated glass plate. The thickness of a film 
could be controlled by correct choice of concentration or amount of solution used. 
The particular solvents used for the different polymers are stated in the individual 
oases below. Waxy substances were used as thin solid layers between a pair of rockr 
salt plates, or as liquids in a heated cell made by placing nichrome heating coils 
around the edges of two rock-salt plates separated by a suitable washer. Since the 
heater gave a detectable infra-red emission, it was placed on the side of the cell 
away from the spectrometer. 

Two spectrometers were used. One was a Hilger automatically recording Littrow 
spectrometer with 30° rock-salt prism, of about 100 cm. lert^th of refracting face. 
A very sensitive Hilger-Schwarz differential vacuum thermocouple of 90 ohms 
resistance was used as detector, and the degree of resolution of water and ammonia 
absorption lines used in the calibration showed that the resolving power of this 
instrument was high. Deflexions of a moving-coil galvanometer of 10 ohms resist- 
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ance and sensitivity 160 mm./M at 1 m., used as primary, ware amplified by means 
of a twin photocell amplifier, which fed a Tinsley moving-coil galvanometer of 
450 ohms resistance and sensitivity 1200 mm./fiA at 1 m. The recording was taken 
from the latter photographically on a camera drum, geared to the mechanism which 
rotated the prism. 

For the regions 1 4-20/^ and at wave-lengths below about 7/i , a Hilger D 88 spectro- 
meter was used, modified by the introduction of a Schwarz thermocouple and ampli- 
fier similar to the above. This spectrometer has interchangeable prisms of quartz, 
fluorite, rock salt, and sylvine, and although its resolving power with a rock-salt 
prism is not quite so high as that obtained with the above Littrow spectrometer, it 
has the advantage of the sylvine prism for the region 14-20//., and also the greater 
dispersion of fluorite for the region just below l/i. It is also more satisfactory than 
the recorder for use in the region around 6/i, where there ere absorption bands due 
to atmospheric water vapour. 

The spectrum of polythene 

Figure 1 shows the absorption spectrum of a sample of polythene, the mean 
molecular weight of which, measured by viscosity, was stated to be 13,000. Two 
oriented films were used, 0*05 and 0*30 mm, in thickness. The absorption percentages 
shown in figure 1 cannot be taken as strictly accurate for two reasons. First, the 
films were not uniform in thickness over their whole area, and an average value was 
taken. Secondly, the irregularities in the surfaces of the films caused a marked general 
scattering, so that comparisons of the transmission through the film and through 
air were not quite valid. This scattering has the effect of raising the ‘ base-line ’ of the 
absorption by an indeterminable amount; in the curYes shown an attempt has been 
made to correct the absorption curves actually measured so as to allow for this 
scattering error. The striking feature of the spectrum is the transparency of poly- 
thene over wide regions. This presumably arises, partly at least, from the essentially 
non-polar nature of the substance, since the intensity of absorption is connected 
with the variation of electric moment during vibration. Most other polymers show 
intense absorption over a wide spectral range, even with much thinner films. 

The absorption at about 2900 cm.^^ (3-4//) is due to absorption of frequencies 
associated with the vibrations of C — H bonds. It has been examined in detail by 
Fox & Martin (1940) for extracts of pdythene in carbon tetrachloride, using the 
higher resolving power of a grating spectrometer. The dispersion and resolving 
power which we have so far used for this region does not bring out the fine details 
of this group of bands, Next in intensity are the two bands at 6*85 and 13'85/t, Tlie 
former is characteristic of all compounds containing CH* groups, such as paraffins 
and naphthenes, and is connected with a deformation vibration of this group. The 
band at 1 3* 86/i, which appears as a doublet witli the scjlid films of polythene, is almost 
certainly connected wi^ a vibration (or close pair of vibrations) of the long carbon- 
carbon chain. Normal paraffixis with more tluua four carbon atoms in the chain, or 
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any other paraffins whose molecule contains a similar long unbranched chain, have 
a single strong band at this wave-length, and we have recently detected it also in 
other long-chain molecules such as stearic acid and dodecyl compounds. Figure 2 
shows the absorf)tion spectra of normal hexane, normal heptane, normal decane 
and a mixture of octadecane with nonadeoane, over the relevant range of wave- 
lengths. With each of these substances the bands at 6*86 and 13*85/^ are prominent, 
and with each of the liquid paraffins the latter band is single, and not a doublet as 
with solid polythene. This point is referred to again below. It is important to note 
that the detailed mathematical treatment of the vibrations of long-chain paraffins 
by Whitcomb, Nielsen & Thomas (1940) fails to account satisfactorily for the strong 
band at 13*85, although this is one of the main features of their spectra. Since their 
calculations referred primarily to an infinite chain, the disagreement of their deduc- 
tion with the established band of polythene is even more striking. * 



The o^er definite bands in the spectrum of polythene are at about 7*25, 7*65, 
9*26 and 11'26/i, although there is some feeble absorption at other wave-lengths. 
The band at 0*25/t is probably composite; that at 7*65/t is probably connected with 
a rocking or bending motion of the methylene groups, like the band at 6*86 /a. 

The band at 7*25/i is particularly interesting, since it lies at the wave-length 
characteristic for absorption of the symmetrical deformation frequency of the 
methyl group. Comparison of the relative intensities of the absorption at 7*26 and 
6*85/i in the oaae of a large number of normal paraffins, singly, doubly and multiply 
biiandied paraffins^ and naphthenic hydrocarbons, has shown that the relative 
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intensity of the band at 7-26/!t increases as the proportion of methyl groups in the 
molecule is increased, and this band is absent when no metiiyl groups are presmit. 
The absolute extinction coefficient per methyl group is higher than that per CH, 
group, so that even when there are many more CH, groups than CH, groups, the 
two bands have roughly equal intensity. In the sample of polythene used for 
figure 1, therefore, there are relatively few, but certainly some, methyl groups. This 
provides an independent confirmation of the earlier conclusion of Fox & Martin, 
which was obtained from a study of the absorption bands at about 3-4/t. 



Fioubx 2 


POLYTHBNBS OF DIFFERENT MOLBOtTLAB WEIGHT AND CRACKED POLYTHBNBS 

With the lower normal paraffins, there are definite alterations in the absorption 
spectrum on passing from one member to the next higher homologue. With more 
than about 8 carbon atoms the spectra become progressively more alike. It seemed 
desirable, however, to see whether any systematic variation could be detected in 
the spectra of polythenes of different chain length. For this purpoee, two sets of 
samples were obtained. The first included: (i) a xylene extrsict, ref. no. 26/B/534, 
molecular weight 7100, supplied as a solid film; (ii) a waxy ether extract, molecular 
weight 2400; and (iii) a wax, molecular weight 1400, ref. ‘Catalytic Process’. The 
second set of four specimens was a group obtained by cracking polytiiene of high 
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molecular weightj three being waxes of molecular weights 500, 700 and 1100, and 
the other a solid fQm of molecular weight 5000. 

The absorption spectra of the first set over the range 5-14/f are shown in figure 3- 
Exactly equal thicknesses could not be obtained, and this, together with the 
irregular scattering already mentioned, makes it difficult to compare accurately the 
absorption percentages of the main bands. The curves shown have been obtained by 
recalculation from the measurements m as to correspond to a constant thickness of 
about 0-1 mm. Although the main bands of high molecular weight polythene at 



6*85, 7^25, 7-65 and 13*85/t are reproduced in the 8]:)ectra of figure 3, there are definite 
differences among the feebler bands with the different samples. These variations 
might indeed arise because the different lengths of chain have different vibrational 
spectra* but there are no obvious regularities, and it will become clear from the 
other results given below that the results are better explained if the different samples 
contain varying amounts of key groups. 

The spectra of the cracked polythenes are shown in figure 4. They form a regular 
, series among themselves, and also show noticeable Viiff'erenoes from the samples of 
figure 3. Here again* owing to the unequal thicknesses of the films used, the curves 
have been corrected so as to be roughly comparable. It is seen that the cracked 
polythenae show the same key bands at polythene 13,000, namely, at about O-Bfi* 
7-25* 7-06 and 13^85/». In other regions, however, there are marked differences from 
the parent pplytib^, particularly in the region of 6/4, and between 10 and 11*6/4. 
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As the molecular weight decreases, a band at ll*02/e, not detectable in poi3rthene 
13,000, increases steadily in intensity, and the same applies to a band at 
Another band at 10-35/t is found with the cracked polythenes, but is probably absent 
from th^spectrum of polythene 13,000. The band at 11’26/^, well marked with the 
cracked samples, might correspond to that found with polythene 13,000, but this is 
unlikely. Also, the broad maximum found with polythene 13,000 at about 9-25/^ may 
be displaced towards longer wave-lengths as the molecular weight is decreased. In 
this respect there was a difference between polythene 13,000 and the sample of 
molecular weight 1400, ref. no. ^Catalytic Process*. 



Fioxtbic 4 


Two other bands, at 5-85 and 6- I/e, are well marked in the spectra of the cracked 
polythenes. These peaks, at 1710 and 1640 respectively, are too widely 

separated to be branches of the same band. Moreover, their relative intensity varies 
in the different samples, suggesting that they are separate vibraMon bands. The lower 
frequency 1640 corresponds to what would be expected for the valency vibration of 
a normal carbon^oarbon double bond, and that at 1710 to the corresponding vibra-^ 



11 


The infra-red spectra of polymers and relMed morumers 

tion of a carbonyl linkage. This interpretation is supported by the facts that (i) the 
intensity of absorption due to the carbon-carbon double bond increases more or less 
uniformly as the cracking proceeds, more unsaturated materials* being formed, 
(ii) the spectrum of oxidhsed polythene given below shows the peak at 1710 with 
high intensity. 

The vibration frequency associated with the C bond is not much affected by 
the attached groups, unless there is a conjugated system such as — C=C — C=0. 
The normal value of the frequency actually observed in the present case therefore 
excludes such a conjugated structure with the carbonyl group. On the other hand, 
the vibration frequency of the carbonyl group varies appreciably with the radicals 
attached to the carbon atom, as Kohlrausch has shown. Possible structures which 
might be considered for the cracked polythenes are the following : 


(1) 


0 

O— H 


0 


(4) i?,0— c/ 


( 2 ) 


OJJ, 


(6) /i,— O: 




;0 


X 




( 8 ) 

(6) 


I 

H 



Most of these can be excluded on general grounds, or for spectroscopic reasons, 
or both. Thus, the observed carbonyl group absorption band is at 1710 
The Raman frequency of the carbonyl link vibration in carboxylic acids is about 
1060, and conjugation with an unsaturated bond as in (7) or (8) also leads to low 
values. The only skeleton structures which fit the facts are (3) and (5). Aldehydes 
have a Raman interval of about 1720, and ketones one of about 1710. It is im- 
possible to decide at present between the two alternatives. If, however, the 
polythenes contained an aldehyde group, it could occur either at the end of a chain, 

_c_c_c— c 

. — 0— C — C — CHO, or as a side chain, ( . In the former case, fully 

CHO 

oxidized polythene might be expected to have some carboxylic groups. This is not 
suggested by the spectrum. If side-chain aldehyde groups were present, these might 
be formed during the oxidation of polythene by oxidation of side methyl groups, 
leading to a reduction of the absorption by these groups. This, again, does not seem 
to occur, and the balance of evidence suggests that the cracked polythenes may 
oontain the ketonic chain — C — CO — C — . 

The cracked polythenes have four absorption bands between 10 and ll*6/(, 
namely, at> 960, 666, 606 and 886 om.~^. All four bands increase in intensity as the 
oraok^ proceeds, and might therefore be expected to be connected with vibrations 
of an nnsaturated' skeleton; and, further, by vibrations which are determined by 
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nuclei close to the carbon-carbon double bond. Several nuclear skeletons can be 
visualized for the region of the C— C bond. These are: 

(1) CH^H, 

(2) J?— 

H, 

(3) i?. 

With polythenes, the tetra-alkyl olefine type (6) is so improbable that it need not 
be considered further. The infra-red absorption spectra of hydrocarbons of each of 
the other types have recently been measured, and can be compared with those of 
the cracked polythenes. Table 1 lists some of the compounds so far examined; 
substances like isoprene and piperylene are allocated on the basis of their molecular 
structure to two classes of nuclear skeleton. 




Table 1 


Class (1) 

propylene 
butene- 1 
pentene-1 
octene-1 

isopropyl ethylene 
styrene 
1 . 3*bnta(hene 

1 . 4-pentadiene 
isoprene 

1 . 1 -dimethyl- 1 . S-butadiene 
piperylene 

Class (3) 

butene- 2 
pentene-2 
ooieiie-2 
piperylene 

1 . 3-dimethyl- 1 . 3-butadiene 


Class (2) 

isobutylene 

methyl ethyl ethylene 

2 . 6-dimethyl- 1 . 5-hexadione 

2.2. 4-trimethyl -pontene-4 

isoprene 

1 . 3-dimethyl-l . 3-butadiene 


Class (4) 

trimethyl ethylene 

2.4. 4-trimethyl-pent©ne-2 
2 , 6-dimethyl-2 . 4-hoxadieno 
1 . 1-dimethyl-l . 3 -butadiene 


In figure 5 the spectra of examples of each class are shown over the range 
Inspection of the curves of figure 6 reveals the striking fact that for all members of 
class (1) the two most intense bands in the spectrum lie close to 910 and 990 om."^, 
so that these bands may be used os a characteristic of the vinyl radical — CH— CHj 
in hydrocarbons. Similarly, compounds of class (3) have an intense characteristic 
absmption between 960 and 970 cm.“^, and those of class (2) have one at about 
890 cm. Detailed considerations with some of the simpler olefines, which will be 
described elsewhere, shows that these obaraoteristio vibrations are associated with 
deformational motions of the CH bonds in the skeleton. Similar results have been 
found with molecules containing a similar skeleton, such as vinyl chloride, vinyl 
bromide, vinylidene chloride, oetene and stearic acid, and these will be given in 
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other papers of this series. With compounds of the class (4), there is no corre- 
spondingly well-defined vibration band, although few substances of this type have 
yet been me^ured. g 


WAVS NUMBERS CM" 



This difierentiation between the different types of unsaturated structure is also 
borne out by the Raman spectra of the hydrocarbons concerned. It must be remem- 
bered that in principle the Raman frequencies of a molecule may not be directly 
coinparable with those deduced from the infra-red spectrum, since different selection 
rules come into play, and frequencies which are strong in one case may be weak in 
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the other. It is found, however (Kohlrausoh 1938; Bourguel & Piatix 1935; Piaux 
1935; Gredy 1935), that olefines of class (1), such as butene-l, pentene-1, nonene-1 
and allyl cyclopentane, all show frequencies of aboqit 910 and 990 cm.~S and those 
of class (3), such as pentene-2, hexene-2, heptene-2 and octene-2, show one of about 
970. The Raman data suggest that the latter frequency is probably connected with 
the cis form, and further infra-red measurements on the da and trana forms may lead 
to a more exact correlation than that given here. Similarly, 2 . 3-dimethyl-l . 3- 
butadiene, of class (2), has a Raman frequency of 893. Dr R. Rasmussen has recently 
infonned us that he has also reached similar conclusions to the above from measure- 
ments on the infra-red spectra of a large number of olefines. 

Now the strong bands which appear in the cracking of polythene are at about 990, 
966, 909 and 889 cra.^ ^. The intense pair at 990 and 909 can at once be correlated 
with the structure R — CH=CHg, 966 with the structure fij — CH— CH — /?,, and 
889 with jRi flg C—CHj. It should be possible, if the necessary calibrations were first 
made, to estimate from the relative intensities of the different bands the proportions 
of the different structures which are formed in the cracking operation. It may be 
noted that the production during cracking of the structures of type (2), namely, 
ii(CH3)C“CHg, is satisfactorily explained without migration of methyl groups if 
the original polythene sample contained methyl groups on the side of the main 
carbon chain. 

We can now reconsider the spectra of polythene 13,000 and the waxes of lower 
molecular weight (figure 3). The spectrum of thicker films of polythene 13,000 
(figure 1) shows very feeble maxima at 6'86 and 6-1/t corresponding to 0=C and 
C— 0 linkages, although at very low concentration. The absolute extinction coeffi- 
(sient of the carbonyl group is known to be much higher than that of the C=C 
linkage, and it can therefore be inferred from the rough equality of absorption of 
polythene at 6-85 apd 6’1/i that this polymer probably contains fewer carbonyl 
groups than C=0 groups. Each of the waxes shows a feeble band at 6’86/t, which is 
more marked with the polymers 2400 and 1 400. These bands are attributed to the 
carbonyl group, and it may be that the shorter chains are richer in this linkage. 
Most of the other feeble bands can be correlated with small amounts of unsaturated 
structures discussed above. Absorption at 5-S5/i due to the C=C bond may be 
masked in samples 2400 and 1400 by the neighbouring carbonyl group absorption. 


The spectrum of oxidized polythene 

The absorption spectrum of a thick solid film of highly oxidized polythene has 
been measured, with the following main results: (i) the carbonyl group absorption 
at 5*85/1 is very intense; (ii) the band at 7*26/t characteristic of methyl groups is at 
least as pronounced as in ordinary polythene; (iii) a new band appears at about 
8*5/t; this is not found with any other polythene or cracked polythene, and may be 
connected with a vibration of the carboxyl group ; (iv) the bonds sussoriated. with an 
unsaturated skeleton are weak. 
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The effect of state of aoobeoatioft 

Since, as described above, comparisons hod to be made between the spectra of 
liquid and gaseous paraffins and that of sohd polythene, it was desirable to know 
how the spectrum of polythene is aflFected by melting. Four samples, of molecular 
weights 700, 1100, 2400 and 7100, were examined in the solid and liquid state. The 
spectrum is essentially unchanged by the change of phase, and any displacement of 
the wave-lengths of the main bands must be very small. It is interesting, however, 
that the doublet bands at 13'85/( found with solid polythene always appear as a 
broader and shailowe# single band when the liquid is used. While no explanation 
can at present be given for this effect, it may be noted that the absorption bands of 
simple paraffins sharpen when the substances are cooled to very low temperatures 
and measured in the solid state (Avery & Ellis 1942). 


The use of poiiAKiZED infra-red radiation 

When long-chain polymers are available as oriented solid films, the use of plane 
polarized radiation for measuring the spectrum should throw some light on the 
molecular structure; for in these circumstances the relative intensity of different 
bands may change according as the plane of polarization of the incident beam is 
parallel or perpendicular to the molecular cliains, and some information about the 
orientation of groups attached to the main chain may be obtained. 

Plane polarized radiation was made by reflexion from' a plane selenium mirror at 
the correct angle of incidence (about 70°). The degree of polarization for sodium D 
lines was measured and found to be about 97 %. According to Pfund (1906) this 
degree of polarization extends far into the infra-red. The loss of intensity at the 
selenium mirror was high, but using slightly wider slits the effect could be studied 
on the two strongest bands of oriented polythene at 6*86 and 13'86/t. The relative 
intensity of the two bands was measured with the direction of the oriented chains 
in the molecule successively in positions parallel and iierpendicular to the plane of 
polarization of the incident radiation. 

A small difference was found, but owing to the errors arising from general scat- 
tering by the film, its reality was doubtful. It is unfortunate that so few intense bands 
occur in the spectrum of polytjiene upon which the effect can be tested, and it is 
hoped shortly to use oriented films of other polymers containing more polar groups. 

The SPBOTRA of POLYISOBirTYLENS, BUNA AND HYDRO-RUBBER 

These spectra were measured not only for their intrinsic interest, but also in 
oonnexioh with the determination of methyl groups in polythene, since the content 
of methyl groups in polyisobutene and hydro-rubbrn" is known and might be used 
as reference stahdar^. The spectra of isobutylene, 1.3-butadiene, isoprene and 
piperylene, will be described ehwwbere soon. 
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A range of polyisobutenes was examined; these varied from viscous liquids of 
molecular weight about 9000 to rubbery solids of molecular weight about 100,000. 
No variations could be detected in the spectrum with changing molecular weight. 
The curves shown in figure 6 were obtained with films about 0*17 and 0*02 mm. 
thick, made by evaporation from a solution in petroleum ether from the surface of 
mercury. Polyisobutene is tiansparent over wide spectral ranges, such as 12-20 and 
5-7/i. The characteristic bands due to vibrations of methyl and methylene groups 
at about 7*25 and 6*8/^ are intense, but the methyl group vibration appears as a 
doublet, with components at 1370 and 1395 This doubling is not at present 

explained, but it may be noted that it occurs in a similar way with tertiary butyl 
benzene and iBopro]>yl benzene but not with ethyl benzene or normal propyl benzene. 
This suggests that it occurs when two methyl groups are attached to the same carbon 
atom, and it is, in fact, found, though less markedly, in the spectra of 2 . 2-dimethyl- 
butane, 2 . 2-dimethyl-pentane, 2 . 2-<iimethyl-hexane, 2.2. 4-trimethyl-pentane and 
2.2.3-trimethyl-j>entane. The intense absorption of polyisobutene at about 
1 200 cm.'-^ is also similar to that of molecules containing the tertiary butyl grouping, 
or 3.3-dimethyl-pentane and 3.3-dimethyl-hexane; and both the bands at about 
1200 and the doublet at about 940 cm.~^ are almost certainly due to vibrations of 
the distorted tetrahedron in the molecular skeleton. 

Tlie spectrum of a sample of buna 86 is also shown in figure 6. This specimen was 
made by the polymerization of 1 . 3-butadiene in the presence of sodium. Solid films 
about 0*12, 0*08 and 0*02 mm. were prepared by evaporation from solutions in 
ethylene diohloride on the surface of mercury. The polymerization might proceed 
by 1.4 addition, giving 

—CH2—CHr:.rCH—CH2—CHa—CH:.:-'CH—CHa-- 

or by 1 . 2 addition, giving— CHa— CH— CHa— CH— 

CH in 

II II 

CH, CH, 

or a combination of both. The spectrum measured shows the C=C oscillation at 
about 1660 cm.~^ and a variety of CH deformational modes between 1800 and 1600. 
It is possible that the C:—C vibration is double. 

The intense bands at 906, 996 and 966 are more interesting. As described above, 
these indicate the presence of structures 5— CH— CH, and 2?,— CH=CH— ii,. 
Hence the polymerization has proceeded simultaneously by both 1.4 and 1.2 
addition, and calibration of the band intensities would make it possible to determine 
the extent of each type. 

Figure 6 shows the spectrum of hydro-rubber, which contains the skeleton 

— CH,— CH— CH,— CH,— CH,— CH— CH,— CH,— 

CH, in. 
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TiuB Bub8tan(5e is a highly viscous liquid, which was melted on to a rock-salt plate as 
a thin film and allowed to set. Some features of the' spectra of branched chain 
paraffins such as isohexanes and iso-octanes are reproduced in this spectrum, but 
discussion must be postponed until the facts are more complete* For present pur- 
poses, it should be noticed that the absorption by methyl groups at 7-25/t is much 
stronger than in f»olythene, and it is jjiot a doublet, as with polyisobutylene. The 
strong band at about 735 cm." ^ is displaced from the position at 725 cm."^ found 
with straight-chain paraffins; this agret?s with what is found for some singly branched 
paraffins such as 2-rnethyl-pentane. 



Fioubk 6 


ThK SFBCTRITM OF STYRENK ANI> POLySTYRENiB 

Figure 7 shows the spectrum of polystyrene between 5 and 20/e. The sample was 
made by I4ie slow polymerization of styrene, and the solid films used for these 
measurements were 0*03 and 0*09 mm. thick, made by evaporation on mercury of 
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solutions in xylene. The si)ectrum is very complicated, and any detailed allocation of 
the vibration frequencies to particular modes would be purely speculative. We can, 
however, correlate the band at 758 with a characteristic vibration of the 

phenyl group, and that at 1 460 with the deformations of the CH^ group. The spectrum 
shows certain similarities with those of isopropyl and tertiary butyl benzene, and 
noticeably fewer with that of normal propyy?enzeue. 



The Raman s})ectrum has been measured by Signer & Weiler (1932), and in 
table 2 the two sets of data are compared. 

The band found at 1380 corresponds to that characteristic of the methyl group 
deformation, and might suggest the presence of CH3 groups in polystyreiie. This 
would imply the presence of the group — (^(CHg) (C3H5)— in the chain. Although this 
must be regarded as probable, it must not be forgotten that the band at 1380 
might be explained as ah overtone or combination frequency. Thus, there is an 
intense band at 70 1 , the ovei*tone of which might }>e responsible for the band at 1 380. 

Figure 7 also shows the spectrum of styrene. The marked differences would provide 
a means for following the rate of polymerization. 


MkTKYL QROtJPS IN POliYTHKNii: 

The existenc^e of methyl groups in polythene, revealed by the band at 7*25/*, is a 
matter of some importance. Tlie ratio of CHj groups to CHj groups could be deter* 
mined in either of two ways. If, as a first approximation, it is assumed that the 
optical extinction of groups such as CHg and CH3 is independent of the rest of the 
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Tablk 2 


(s. strong, m. medium. 


Haman 

iufra-retl 

196 (2) 


211 (2) 

— 

620 (2) 

i 545 m. 
\660 m. 
623 w. 

722 (0) 

701 8. 
726 w. 

750 (0) ■ 

758 H. 

831 (0) 

795 w. 
829 w. 

998 (4) 

842 m. 
876 w. 
905 3 . 
941 m. 
967 rri. 
984 w. 
1005 w. 

1032 (2) 

1032 8. 

1058 (0) 

1072 m. 


w weak, v.w. very weak) 


Hainan 

iafra*recl 

1094 {0, 6?) 

1094 v.w. 

1110 (2) 

1115 v.w. 

1177(1) 

1158 m. 
1180 m. 

1204 (2) 

1200 w. 

1269 (0) 

— 

1326 (0, d) 

1328 in. 

1447 (1) 

1380 m. 

1470 (0) 

1460 a. 

1588 (1) 

1500 

1575 8. 

1608 (3) 

1610 8. 

2936 (2, d) 

3058 (2) 

3066 (1) 

1695 v.w. 
1745 w. 
1820 w. 
1896 w. 
1965 w. 


molecule, tlie absolute extinction coeffioionta could be determined using known 
thicknesses of simple paraffinic hydrocarbons of known structure. Using a known 
thickness of polythene the number of each type of grouj) would then be measurable. 
The expeiiinental difficulties involved in doing tliis satisfactorily have not yet been 
completely overcome, since it requires accurate measurement of very tliin layers of 
liquids in a rock-salt cell; and there also remains tbe difficulty, referred to above, 
of irregular scattering by the jiolythene surface. Also, the film may not be uniform 
in thickness. It is also probable that in measuring the extinction coefficient at the 
two wave-lengths 7*25 and 0*85// slight overlappmg of bands will have to be taken 
into account. Attempts to carry out measurements of this kind are now in progress. 
Ih'eliminary measurements using samples of polythene made in the presence of 
propylene showed a uniform change in the methyl group content as the propylene 
is taken up, and suggest that this niethod of analysis may be successful. 

Meanwhile, a rough estimate of the methyl groups can be made by comparing 
the relative intensity of the bands due to CH3 and CH 2 at 7*26 and in com- 
parable thicknesses of lower paraffins, decane, octadecane, cetene, hydio-rubber, 
©tc. This suggests that the polythene of high molecular weight used above may 
contain one methyl group for about fifty CHg groups. 

The above work could not have been carried out without the co-of)eration of 
several firms in supplying the samples of polymers. We are particularly indebted to 
I-C.I. (Alkali) Ltd. for the polythenes and related substances, to I.C.I. (Dyestuffs) 
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Ltd, for a aample of buna 86, to the Anglo-Iranian Oil Co. Ltd. for geveral unsaturated 
hydrocarbons and a samjJe of polyisobutene, and to the Anglo-American Oil Co. 
Ltd. for a series of })olyi8obutene8. 

We are also grateful to the Government Grant Committee of the Royal Society 
and to the Cliemical Society for aasistancje in the purchase of equipment. 
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The infra-red spectra of polymers and related monomers. II 

By H, W. Thompson, Felhrv of St JohrCs College, Oxford 
ANP P. Toekxngton, formerly Sclwlar of St John's College, Oxford 

{Communicated by C, K Hinshelwood, FM.8, — Received 10 March 1944) 

Tho infra-red spectra of aomo jwlyrnors containing chlorine have been measured, atid also 
those of tho related monomers. Vibrational analyses and a study of band contours with vinyl 
chloride, vinyl bromide, vinylidene chloride "and vinylidene bromide, have made it possible tt> 
assign magnitudes to many of the nonnal vibration frequenenes. The vibration frequencies of 
the series of vinyl halides have been correlated. The rotational stniotiue associated with 
some of the vibration bonds has been discussed in relation to the molecular structure. Similar 
measurements and considerations have been applied to ohloroprene. Tho spectra of polyvinyl 
cliloride, polyvinylidcme chloride, and some halothenes and neoprenes have l>e©n examined. 

As a preliminary to the correlation of the absorption frequencies with vibrations of tho 
nuclear skeletons, the spectra of some simple chlorinated paraffins have been measured. 


In the previous paper the vibrational 8]H)(!tra of some hydrocarbon-t3rpe polymers 
were discussed. Similar measurements are described here on the parent monomers 
of some halogen-containing polymers, and on some of the polymers themselves. 
Valuable information about the normal vibration frequencies of the simple mono- 
meric substances has been obtained, but there are still not enough data to justify 
a detailed consideration of the spectra of the polymers in relation to their molecular 
structure. In spite of this, the results are useful in many connexions, and serve to 
illustrate the stage reached in the general problem of the correlation of vibrational 
spectra and molecular structure. 


VlNYLIDlSNE CHLORIDE 

This substance, CHgCCl,, is the monomer of |K)lyvinylidene chloride, known com- 
mercially as saran. Apart from this, its spectrum has intrinsic interest, for, although 
the molecule is an asymmetrical rotator with three differing moments of inertia, it 
has one two-fold axis of rotation and two planes of symmetry, so that the infra-red 
absorption bands of the vapour should show mi interesting contour. The moments of 
Inertia are fairly large, but still small enough to make this rotational contour resolv- 
able. Moreover, as the results show, it is possible here unambiguously to assign values 
to most, and perhaps all, of the normal vibrational modes, which is valuable in the 
general consideration of the vibration frequencies of vinyl and vinylidene com- 
pounds. A few infra-red bands have been measured previously by Eraschwiller & 
Leoomte (1937), but their results are incomplete and the resolving power used by 
them was low, 

The sample of vinylidene chloride was supplied by the research department of 
I.C.I. (Plastics) Ltd. The liquid was stabilized with a trace of thymol, and redistilled 
just before use, with a boiling-point of 3 1® C. The infra-red measurements were carried 

[ 21 ] 
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out with the vapc»ur, which polymerized so slowly as to cause no diflBculties. In 
measuring the Raman spectrum , however, the liquid had to be used. The redistilled 
pure liquid polymerized rapidly, and produced a scattering of incident radiation 
which made accurate measurement of the Raman displacements impossible. It was 
finally possible to obtain stability by adding a trace of hydroquinone, too small in 
quantity to give detectable Raman emission. A Hilger E 618 spectrograph was used, 
with the mercury line at 4368 A as inoident radiation. Kodak Super Panohro Press 
plates were used. 



Figure 1. Viuyliden© chloride. (1)7 cm. path, 30 mm,; (2) 7 cm. path, 26 mm.; (3) 7 cm, path, 
300 mm.; (4) 7 cm. path, 460 mm.; (6) 20 cm. path, 25 mm.; (6) 20 cm. path, 6 mm. 


The infra-red spectrum lietween 6 and 20// is shown in figure 1 for various pressures 
of vapour in absorption cells 7 and 21 cm. in length. In order to obtain stronger 
absorption in the region of 3/t, a film of liquid about i mm. thick was also used. The 
position of the absorption bands in wave numbers are given in table 1 . 

The curves of figure 1 show that many of the absorption bands have a well-marked 
rotational contour, the significance of which is discussed below. The following Raman 
frequencies were deduced from measurements on four plates: 296 (s.), 376 (m.), 
460 (w.), 640 (w.), 696 (s.), 868 (v.w.), 1099 ( ?), 1331 ( ?), 1390 (m.), 1668 (m.), 16) 1 (s.), 
3036 (m.) and 3130 (m.). Cabannes (1938) has recently given Raman data for this 
molecule. Our present results confirm his values of 298, 372, 600, 860, 1893, 1011 
and 3038, but we have been unable to find displacements corresponding to three 
other frequencies given by him, namely, 146, 990, 1200 (?), Cabannes experienced 
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much difficulty due to polymerization, and from a consideration of our own Raman 
and infra-red data and their interpretation given below, these three frequencies 
must be regarded as spurious. 

Tablk 1 


wave niunber 

intensity 

wave number 

580 

801 1 

very weak 

904] 

914 

612J 

^ 605 

strong 

?93lJ 

7871 

714 

1 

vewy weak 

970 

loin 

794' 

^ 794 

strong 

1020 ■ 1020 

801 J 

1 

IO30J 

868' 

865 

829 

very weak 

1089] 

1094 V 1094 
IIO3J 

872 

^ 872 

strong 

1136] 

877 

884, 


1142 1142 

II49J 

1318 
l.32«/ ’■*** 


intensity 

wave number 

intensity 



1391 

medium 

weak 

16161 

1580 

1620 

medium 

very weak 

1620/ 

strong 


1742 

medium 

very weak 


1876 

1920 

weak 

very weak 



1988 

very weak 

strong 


2070 

very weak 


2215 

very weak 



2430 

very weak 



2670 

veiry weak 

inetiium 


3035 (Hq.) 

weak 



3130 (liq.) 

weak 

weak 






Figuhe 2. Vinylidcne chloride. 


Vinylidene chloride (figure 2) is planar (Brockway, Beach & Pauling 1935), with 
roH « 1-08 A, - 1-38 A, foa = and Cl— O^Cl = 116°, Cl— E-C = 122°, 

and H — 'C—H =; 120°. The moments of inertia thus calculated are about 106, 265 
, and 360 x 10“*® g.cm.®. The least axi.s of inertia, 00, is in the plane of the molecule 
and perpendicular to the C — C bond; the middle axis, 66, is along the C— C bond, 
and the major axis, cc, is perpendicular to the plane of the molecule. 

The molecule falls in the symmetry point group (J^ and there are twelve normal 
modes, which can be allocated to dififerent symmetry classes as in table 2. In the 
latter, Cl is. the twofold axis of 83mimetry lying along the C=C bond, <r^ is the plane 
of the molecule, Vy the plane at right angles to the plane of the molecule and bisecting 
the HCH and ClCCl.angles. 
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Table 2 

«ymmetry with axis to ty|.>e 


Bym- 

respect to 

permitted 

[permitted which <shange 

of 

number 


metry 


" 

in Uaman 

iii infra- 

of moment 

infra-red 

of 


olaMH 

c« 


spectrum 

red 

is parallel 

band 

mode» 

nature of modes 



s s 

ye» ip) 

yes 

middle 

B 

5 

CH fiBbretohing 

C "Cl Btretching 
Btretching 
OHj deformation 
(JClj deformation 

A, 


as as 

yes [dp) 

no 

— 

— 

1 

twisting 

B, 

(M 

as ft 

yes {dp) 

yes 

major 

0 

2 

two non -planar 
deformations 

Bn 

as 

8 as 

yeB {(ip) 

yes 

least 

A 

4 

CH stretching 


C Cl Btretching 
two planar rooking 
motions 


Badger & Zuniwalt (1938) have dincustjed the contour of vil)ratiun bands of 
asymmetrical rotators and differentiate A , B and C bands a(?cording as the change 
of electric moment is parallel to the least, middle, or greatest axis of inert ia. In their 
nomenclature, the above values for the moments of inertia lead to o* =« 1-7 and 
S = - 0*6(1. Although a molecule of these particular dimensions was not considered 
by Badger & Zumwalt, extrapolation from their curves suggests that the M-type 
bands will have three submaxima, the 8j)acing between the two outermost being 
about 14 cm.”b The i?-type bands will consist essentially of a double band with 
central gap , the spacing between the main pail* of submaxima being about 1 1 1 2 cm . “ ^ 
The C'type bands will have a fairly strong central Q brarujh, with two other sub- 
maxima on each side of i t ( 0, P, and *S’) . The spacing between the pair of outermost 
maxima, OS, will be about 24 cm.'S and that between the next inner pair about 
12 cm.^^. 

Now consider au allocation of the observed frequencies to the various normal 
modes. It has not yet been possible to measure the degree of depolarization of the 
Raman lines, but the totally symmetric vibrations may be expected to appear most 
intense. The rules for overtones and binary combinations in the infra-red spectrum 


are summarized in table 3. 

overtone or 

Table 3 


\ 

type of 

combination 

symmetry 


contour 


a, 8, ax a, aa, aa 

a, aa, aa 

inactive 


aa, a«, axaa, a, aa 

a, aa, aa 

inatitive 


a, aa, aaxaa, a, aa 

aa, aa, a 

C 


a, a, ax aa, aa, a 

aa, aa, a 

a 


a, a, ax a, a, a 

a, a, a 

3 

2^2 

a, aa, aax a, aa, aa 

a, a, a 

B 

2Bi 

aa, aa, ax aa, aa, a 

a, a, a 

B 

23* 

aa, a, aax tta, a, aa 

a, a, a 

B 

•Aj + By 

a, aa, aaxaa, aa, a 

aa, a, aa 

A 


a, a, ax aa, a, aa 

aa, a, aa 

A 
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Ijoapection of the Raman and infra-red data suggests that some frequencies have 
rather lower values in the Raman spectrum. In view of the ix>lar nature of the 
liquid, this is not unusual. Gieater significance is therefore to be attached to the 
infra-red values. 

The infra-red band at 605 cm.“ ^ has R-type contour, with the expected spacing of 
submaxima. It is therefore allocated to class Ax. This frequency is intense in the 
Raman spectrum, which agrees with its being <Jonnected with a totally symmetrical 
vibration of this sort. Its value is about that to be expected for a symmetrical 
vibration of the CCI2 group, and it is therefoi*e attributed to this mode. In phosgene 
(Bailey & Hale 1938) the corresponding frequency is 570, in methylene chloride 
(Gorin & Sutherland 1938) about 700, and in tliiophosgene (Thompson 1941) 500. 
The infra-red band at 1620, corresponding to the Raman frequency 1611, has R-type 
contour, which again implies an Ax class of vibration. It corresponds to the mode 
which is largely determined by a vibration of the carbon-carbon double bond. The 
Raman frequency 295 agrees with what would be exjx^cted for a symmetrical 
<ieformation of the CCI^ grou]). In phosgene its value is 302, in thiophosgeue 292, 
and in methylene chloride 284. The infra-red and Raman frequency of about 3035 is 
allocated to the symmetrical stretching mode of the group. This leavers un- 
allocated one Ax fundamental, namely, the symmetrical CRg deformation. 

The infra-red band at 794 has .4 -typo contour, with correct spacing. It is thus a 
R2 fundamental, and almost (certainly connected with the antisymmetrical vibration 
of the CClg group. This vibration might be w'eak in the Raman spectrum. In phosgene 
there is a similar frequency of 845. The infra-red band at 872 has C-type contour 
with the expected spacing of submaxima, and there is a corresponding Raman 
frequency 868. 872 is therefore assigned to a R^-type fundamental. The infra-red 
band at 1094 has a rather distorted though a])parently ^ type contour, and a similar 
band occurs with vinylidone bromide at about 1060, and w ith isobutylene at about 
1070. Vinylidene chloride shows a weak Raman frequency of 1099. 1094 is therefore 
assigned to a R^ fundamental. Tlie antisymmetrical stretching mode of the CH^ 
group will have a value of about 31^. 

There now remain unexplained Raman frequencies of 375, 450, 540, 1390 and 
1558, and a number of weak infra-red bands, and there is one fundamental in each 
of the four symmetry classes unassigned. The symmetrical CBg group vibrations 
of class Ax will have a value 1300-1400 The infra-red band at 1318 seems to 

have ^‘type contour, and is therefore not of this type. 1391 is therefore assigned 
to the CHj deformation. Now the infra-red band at 970 is explained as a combination 
(606 + 376); 376 is therefore, by the selection rules, either a Rj or Rg fundamental. 
Tlie infra-red band at 1142, with ^-type contour, is explained by (605 + 540). 640 
is therefore a R* fundamental, and hence 376 must be the missing R^ mode. The 
remaining magnitude 450 is allocated to the twisting motion of class A^. 

These conclusions are summarized in table 4. This allocation of frequencies gives 
a satisfactory interpretation of the overtones and combinations observed in the 
infra-red, as shown in table 5. In this table a few weak bands above 2000 cra,"^ have 
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not been included, since their exact value is uncertain, and in any case several 
combinations are possible for each of tlmm. The combinations are consistent with 
the selection rules both in regard to which occur, and also in the band contours. That 
no other assignment gives such a satisfactory agreement is a further reason for 
regarding it as probable. 

It may be noted that two combinations, namely, (794 + 296) and (1396 — 295), 
would give absorption close to 1090 cm."*, and be superposed on the fundamental 
at 1094. This may partly explain the peculiar contour of this band. 


Tablb 4 


olasH fraqueiicieft 

205, 606, 1306, 1620, 3035 
A, 450 

376, 872 

540, 794, 1004, 3130 


Tablk 5 


infra-red 


infra-red 


frequency 

interpretation 

frequency 

interpretation 

580 

2x296 

1680 

2x794 

714 

1094-375 

1742 

2x872 

829 

376 + 450 

1876 

1094+ 794 

904 \ 



1620 + 295 

914/ 

(2 X 460) 

1920 

1396 + 640 

970 

605 + 376 

1988 

1620+376 

1020 

1395*^376 


1396 + 606 

1142 

540 + 606 

2070 

(2x606+871) 

1318 

450 + 871 




Ao regards the unexplained Raman displacements, 1381 might arise from the 
combination (872 + 450) . The frequency 1 558 probably occurs as a result of resonance 
between the fiist harmonic of 794 and the fumiamental of the C— 0 vibration, the 
latter being rather lower with the liquid than with the vapour. 

Two general points should be noted. First, the twisting frequency of 460 falls 
into line with the values for the same mode in ethylene (960) and vinyl chloride (622), 
discussed below. Secondly, the absorption bands of vinylidene chloride arising from 
C — H stretcliing vibrations apj>ear to be imusually weak, as compared with the 
results found witli other molecules containing these linkages. 


VlNYLIUENK BKOMIDE 

This substance was prepared by adding a cold solution of sodium ethoxide in 
ethyl alcohol to 1 . 1 . 2-tribromoethane. The latter was prepared by adding bromine 
to vinyl bromide. The vinylidene bromide distilled at 91® C. It polymerissed rapidly, 
so that only the spectrum of the vapour could be measured between 7 and M/i using 



27 


The infra-red spectra of polymers and related monomers 

the rapid automatic recorder. The spectrum is shown in figure 3. Table 6 gives the 
absorption frequencies. Assuming for the approximate molecular dimensions 
r^H 1*08A, roo “ 1-38A, ^ 1*83 A, vdth angles of 120®, the moments of 

inertia are about 130, 670 and 800 x 10~^ g.cm.*. The molecule therefore approxi- 
mates fairly closely to being a symmetrical rotator, with cr = 4 and S — 0*96. The 



Table 6 


absorption fret putney 
700 
730 
8K3 
1062 \ 

1060/ 
losn 
1088/ 

1171 
1400 


1056 


108.5 


interusity 

strong 

weak 

strong 

strong 

strong 

weak 

weak 


least axis of inertia will lie, as with vinylidene chloride, in the molecular plane and 
perpendicular to the C=C bond. The A-tyr>e bands will have a three-branch contour 
with spacing about 9 cm the B- and C-type bands will each consist of a 
central Q branch flanked with shoulders. The twelve normal modes will fall into the 
same symmetry classes as those of vinylidene chloride. The band at 883 has. a |>er- 
pendiculor contour, and is therefore an A i or Bi fundamental; the bands at 1056 
and 1085 are A -type bands, corresponding to class vibrations. 
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The data are meagre, but 883 is probably a fundamental, a non-planar bending 
mode, corresponding to- 872, with vinylidene chloride. The two magnitudes 1056 
and 700 are probably fundamentals, the former a rooking mode, analogous to 
1094 with vinylidene chloride, and the latter the antisymmetrical stretching vibra- 
tion of the CBrg group. 


VlNVIi OIILOKIDE 

The sample was supplied by I. CM. (Dyestuffs) Ltd. It was distilled off from the 
stabilizer before use. The infra-red absorption s|)ectrum of the vapour was measured 
at various pressures in cells 7 and 21 cm. in length. The spectrum between 3 and 
20/1 is shown in figure 4, and the positions of the absorption bands are given in 
table 7. Some of the bands have been located previously by Ta You Wu ( 1935 ). 
Vinyl chloride is a planar molecule, the only element of symmetry being the mole- 
cular plane. There will be nine planar modes of vibration, and three non-planar 
modes, all active in the infra-red and Raman spectra. Roughly, the planar modes 
can be described as three C — H stretching vibrations, one C=C stretching vibration, 
one C — Cl stretching mode, and four deformations; the three non-planar vibrations 
will include one twisting oscillation and two bending motions. Of riie four planar 
deformations, one will approximate to a CH^ deformation, one to a CH 2 rocking 
mode, a third to a bending of the C=C — Cl skeleton, and a fourth to a wagging of 
the odd C — H bond. 

According to Brockway et aL ( 1935 ) it may be assumed for vinyl chloride that 
^cn ~ ^cc ^ ^oci — 1*69 A. The angles will each be not very different 

from 120^^. The principal moments of inertia are then about 16, 135 and 160 x 
g.cm. 2 . This moans that the molecule is almost equivalent to a symmetrical rotator 
with moments of inertia 16and 143 x 10*^*®, and least axis in the plane of the molecule 
and inclined to the C=C bond. Planar vibrations will therefore involve, in general, 
a change of electric moment with components along more than one axis of inertia, 
and the contours of these infra-red bands should be hybrid, formed by superposition 
in definite ratios of types which correspond closely to the parallel and perpendicular 
types of a symmetrical top. The three non-planar modes will give rise to essentially 
perpendicular type bands. If the molecule were a true symmetrical rotator witlx 
moments - 16 and = 143, the spacing between P and R maxima iix a 

parallel band is calculated from the formula of Gerhard & Dennison ( 1933 ) to be 
17-18 cm.-i at room t/emperatures. In a resolved perpendicular band, the normal 

spacing of Q branches would be | A _ A | ^ that is, about 3 cm.“^. Also, in a parallel 

type band, the central Q branches would be fairly weak. 

Many of the observed bands show a doublet character, with spacing 17-20 cm." 
These are obviously mainly parallel in type. Other bands, such as those at 896 and 
940, have a strong central peak with shoulders on each side, and these are essentially 
j)erpendicular type bands, in which the high-frequency shoulders seem to be 
abnormally intense. 
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Table 7 


wave luimber 

intensity 

contour 


022 

strong 

perpendicular 

732 j 

• 724 

strong 

ftarallel 


895 

strong 

perpendicular 


940 

strong 

perpendicular 

10221 

1040j 

1030 

medium 

parallel 


1110 

very weak 

— 


1216 

very weak 

— 

1271) 

1290/ 

1280 

medium 

parallel 

1300) 

1380/ 

1370 

medium 

pcu'aUel 

1610) 

1530/ 

1620 

weak 

parallel 


1010 

strong 

— 


1086 

weak 

— 

1792) 

1810/ 

1740 

very weak 

— 

1801 

medium 

parallel 


1860 

weak 



2000 

very weak 


2315-2300 

medium 

— ^ 


264S 

very weak 



3096 

strong 

— 
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The Raman spectrum has been measured by Pestemer (1930) and by Kohlrausch 
& Stockmair (1935). With the exception of two doubtful frequencies recorded by 
Pestemer (1930), the results agree closely, and suggest the following Raman dis- 
placements: 396, 620, 703, 908, 1024, 1090, 1242, 1271, 1292, 1360, 1601, 3030, 3078 
and 3134. The Raman results fall into line with the infra-red measurements, and 
suggest values for all twelve normal modes, as given in table 8. By analogy with 
related molecules, 724 is assigned to the vibration which mainly involves stretching 
of the C — Cl bond, and 1620 to a similar vibration of the C=C linkage. The three 
essentially parallel type bands at 1370, 1030 and 1280 are attributed to the CHg 
planar deformation, a CHg planar rocking mode and the C — H wagging. Similar 
frequencies at 1360, 1010, 1260 are found with vinyl bromide as explained below. 
The low frequency 396 is attributed to the planar deformational motion of the 
C=C — Cl skeleton. If the three magnitudes 3030, 3130, 3080 are assigned to 
stretching motions of the C — H bonds, all the nine planar modes have been deter- 
mined. Of the three values 622, 897 and 940, 897 can be assigned to a bending mode 
similar to that found with isobutylene at 890, and 940 to the other bending mode. 
622 is then the twisting frequency. 


Tablk H 


funcitimental infra >red Human ^ 


frequency 

typo 

combinations 

combinations 

395 

'^001 

1110 

395 + 724 

1242 2x620 

622 

twisting 

1215 

1610-395 

1292 396 + 908 

724 



— 


895 


1430? 

(2 X 724) 

— 

940 



(1030 + 396) 

— 

1030 

S 




1280 

S 

1520 

622 + 896 

— 

1370 



— 

— 

1610 


1686 

(1280 + 395) 

— 

3030 



(1030+622) 



' 3i;io 



(724 + 940) 


3080 


1740 

1030 + 724 

— 




1370+395 




1801 

2x896 

— 



1860 

(896 + 940) 





(2 X 940) 




2000 

1280 + 724 




2315-2360 

(1610 + 724) 

— , 




(1370 + 940) 

— 



2645 

(1280+1370) 

— 




(1610+1032) 



Ihe combinations in the infra-red and Raman spectra are also satisfactorily 
interjjreted in table 8. 

The shoulders of the band at 896 are just resolved into a succession of Q branches, 
the spacing of which is close to 4 cm.""^. These are shown in figure 6, and table 9 
gives the positions of the Q branches measured around the central peak at 896 
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although they could not be measured with high precision. The spacing of 4 cm.^^ 
found is rather greater than that expected, but the difference may be explained 
either by interactions of the kind common to jierpendicular type oscillations, or by 
small inaccuracies in the model dimensions assumed almve. 



WHVO number 
of Q branoli 

Bp^boing 

wav’^e number 
of Q branch 

Hpacitig 

wave number 
of Q branch 

spacing 

923 


880 

4 

841 

4 

919 

4 

876 

4 

837 

4 

915 

4 

872 

4 

833 

4 

911 

4 

868 

4 

829 

4 

908 

3 

864 

4 

826 

3 

904 

4 

861 

3 

822 

4 

900 

4 

857 

4 

818 

4 

895 

centre 

853 

4 

813 

5 

888 

— 

849 

4 

808 

5 

884 

4 

845 

4 




ViNri. BROMIDE 

This substance was prepared by treating ethylene dibromide with alcoholic 
caustic potash as described by Swarts (1901). The product distilled at 10“ C. Its 
very rapid polymerization limited the measurements which could be made. Figure 6 
shows the absorption spectrum between 6 and 20/*. Table 10 gives the position of 
the absorptiop maxima in ora.~*. The molecule can bo assumed to be planar, with 
^OH “ A, foB, =» 1'83 A, r^a ** 1’38 A, and angles of about 120°. The mommts 
of inertia are then about 17, 192 and 209 x 10-^ g.cm.*. Thus, like vinyl chloride, the 
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molecule approximates closely to being a symmetrical rotator, with the least axis 
oblique to the C— C bond. The spacing between P and R maxima in a paraUel-type 
band will then be about 1 6 cm. The peri)endioular bands will have a strong central 
maximum, and, if the Q branches are resolved, their separation will be about 3 cm.“', 
as with vinyl chloride. 



Fiourb 6. Vinyl bromide. (1) 20 cm. path, 100 inm.; (2) 20 cm. jiath, 25 mm.; (3) 7 cm. imth. 
60 nun.; (4) 7 cm. path, 26 mm.; (6) 7 cm. path, 360 mm.; (6) 7 cm. path, 200 mm. 

interpretation 

902^345 
94(K-345 

fundamental 

fundamental 
fundamental 

fundamenta] 
fundamenital 
ftmdamental 
902 + 605 

fundamental 

940 + 902 
1260 + 605 


lABLK 10 


Hon of band 

type 

552 



587 


«081 .... 

622] 


602 

X>eri>endicular 

940 

perpendicular 

10021 

1016] 

parallel 

12561 

1270] 

parallel 

13701 

im) 

parallel 

!S} 

T parallel 

16961 . 

16151 

T parallel 

1837 


1865 
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The Raman spectrum has been measured by Bourguel & Piaux (1935) and by 
KoUrausch & Stockmair (i935)/rhe most reliable values for the displacements are 
345, 497, 600, IKKi, 1000, 1245, 1369, 1598, 3014, 3076 and 3103. A comparison of 
these values with the infra-red data, and a consideration of the rotational contours 
of the infra-red bands, suggest for the fundamental frequencies the values given in 
table 11. The Raman frequencies which were determined, using the liquid, seem as a 
rule to be rather smaller than the corresponding infra-red frequencies. The com- 
binations observed in the infra-red spectrum are also interpreted in table 10. The 
Raman displacxunent of 1245 can be explained by (902 + 345), although it might be 
comiected with the 1262 fundamental. The abnormal contour of the absorption at 
1 002 might be due to overlapping of the fundamental at 1 008 with a liarmonic of 497. 


'1'able 11 


fiuuiarnontJi! 


fulidaiaontal 


fiUidamentHl 


fre<pjcn(!y 

typo 

f'requoru'y 

typo 

froq\ionoj' 

type 

345 


94<i 

d 

1605 


497 

twiHting 

1008 

S 

30 J 4 


615 

ruur 

1262 


3100 


902 

ii 

1377 

-^CH. 

3070 



As with the corresponding band of vinyl chloride, the band of vinyl bromide at « 
902 just shows at the sides a resolved siuicession of Q branches with spacings 
of 3^-4 cm.'“h The approximate positions of the Q branches on the lower frequency 
side of the band centre are given in tjible 12. 


wave niirnOer 
of Q brajieli 

HpfMiing 

Table 1 

wav'O nu rubor 
of ^ branch 

2 

8paciiig 

wave ntirubor 
of Q branch 

Hpaciug 

894 


872 

4 

850 

3 

890 

4 

869 

3 

846 

4 

887 

3 

865 

4 

840 

6 

883 

4 

861 

4 

835 

5 

880 

3 

857 

4 

831 

4 

876 

4 

853 

4 




COREJfiLATIOlSr OF VIBRATIOK FRKQlTKNCllfiS OF VlKYh HALID KS 

Although the infra-red spectrum of vinyl iodide has not been measured (see not/e 
below), the Raman spectrum has been recorded by Kahovec & Kohlrausch ( 1 940), who 
found the following displacements; 309, 435, 535, 879?, 982, 1098, 1229, 1369, 1681, 
3003, 3062 and 3092. If these values are compared with those given above for the 
other vinyl halides, correlations can be made (figure 7) which suggest that, with the 
exception of t^he two weak displacements 879 and 1098, all the remaining Raman 
frequencies aie due to fundamentals. Ten normal vibration frequencies are thereby 
fixed. The itimaining pair will lie between 900 and 1000, but their exact values 
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cannot be determined. It should also be retneinbored that the Kaman frequencies 
adopted for liquid vinyl iodide may be rather smaller than would be found with the 
vapour in the infra-red spectrum. 



vinyl (ihloride 
vinyl bromide 
vinyl iodide 


Chloroprenk 

This substance was originally examined, since it is the parent monomer of the 
neoprene group of polymers. It has other obvious relationships with isopreiie and 
the vinyl compounds discussed above. The substance was supplied by I.CJ, (Dye- 
stuffs) Ltd. as a solution in xylene, stabilized with a little catechol. It was distilled 
from the solution just before use. Most of the measurements were made with the 
vapour, in a cell 7 cm. in length, with various pressures. The absorption curves are 
shown in figure 8. The spectrum of a tliin film of liquid was also measured. Poly- 
merization occurred so slowly as to cause no difficulties in these measurements. 

The positions of the absorption maxima with the vapour are given in table 13, 
and, as can be seen from the curves of figure H, some of the bands show a well-marked 
contour. The Raman spectrum has been measured by Kxibota (1938) who found the 
following displacements: 158, 249, 387, 518, 629, 735, 882, 923, 1020, 1214, 1287, 
1359, 1381, 1417, 1526, 1581, 1628, 3015 and 3113. The agreement between many 
of these values and the j)osition8 of the infra-red bands is close. Raman measure- 
ments have also been recorded by Perymova (1940), using mixtures of ohloroprene 
and its polymer. These results confirm many of the above values. 

Ohloroprene has twenty-four normal modes, and all will be permitted to appear in 
both the Raman and infra-red spectra. Exact geometrical description of all the 
vibrations is irajjossible, but some apj^roximate correlations may be useful. Thus, 
as a first approxiihation, the twenty -four normal modes may be divided into two 

0— C-C^^C 

groups, nine involving motions of the skeleton | , and fifteen involving 

Cl 

movements which are localized in tiie C — H bonds. The nine modes of the skeleton 
will include one vibration largely determined by a vibration of the C — Cl bond, one 
by the C — C bond, two by C bonds, and there will be three planar deformations 



Fiotr«E 7. Correlations with the vinyl halides. 
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and two non-planar deformations. The other fifteen modes can be described as five 
C — H stretching vibrations, and ten oscillations which involve deformation, rocking 
or bending of the CH 2 and CH groups. These ten oscillations will be roughly described 
as two CHj planar deformations, two planar rocking motions, one planar CH 
rocking, two non-planar CH^ bending motions, one noii-planar CH bending, and 
two twisting modes. 



FitniRE 8. Ohloroprene. (1) 7 cm. path, 120 mm.; (2) 7 cm. path, 50 min. ; 
(3) 20 cm. path, 136 imn. 


By analogy with its value in relate<l molecules, the (J — Cl stretching mode will 
be expected to have a value 000-750 The band at 738 is weak, and it is more 

satisfactory to assign that at 040 to this mode. 1590 and 1620 are probably con- 
nected with the vibrations of C~C bonds, the lower value being associated with 
that motion wliioh is more determined by the C=C bond to which the <ihlorine is 
attached. The five C — H sti’etching modes will have values 3000-3200. 

Bending motions of the skeleton are less.easily specified, but in the previous paper 
it was shown that in hydrocarbons the vinyl radical CH 2 .:::rCH — gives rise to two 
frequencies close to 909 and 990. In vinyl chloride these two vibrations lie at 895 and 

940, Similarly, the radical CH^=C<( in hydrocarbons such as isobutylene gives 
rise to a single frequency close to 890; in vinylidene chloride it was shown above to 
be 872. In chloroprene the three corresponding modes will have the values 924, .974 
and 878. There is no Raman displacement corresponding to the infra-red band at 
974, It may bo noted that isoprene has three similar bands at 907, 994 and 805. The 
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.^euliar contour of the infra-red band of cJdoroprene at 1026 suggests that it involves 
a rocking motion of the CH, group, corresponding to 1090 with vinyl chlonde and 
1060 witii viny] bromide, and 1075 with isoprene. 


Table 13 


position or band 


position of band 


(cm. 

-1) 

intensity 


intensity 


524 

very weak 

1131] 

• 


559 

very weak 

]i:^7[ 1137 

weak 

635 ( 



1143j 


645 J 

640 

strtHig *• 

\l\l) *225 

strong 


697 

very weak 

1 232 } 



738 

very weak 

1285 

inedinin 

8671 



1362 

medium 

878 [ 

878 

strong 

1370/ 


890j 



1400 

medium 

907 I 



1471 

very weak 

924 [ 

924 

strong 


tnediurn 

934] 



1538/ 


9621 



1590 

strong 

974 [ 

974 

medium 

1620 

mediiun 

986j 



1757 

strong 


1020] 


1852 

strong 


1025} 

weak 

1930 

weak 

?i034 


3030 

medium 




3120 

medium 


The four remaining^skeleton deformations may have values 158, 249, 387, the 
lowest Raman displacements, and 559, a weak infra-red band; the second planar CHj 
deformation may be 1400, an infra-red frequency, and the second i)lanar CHjj 
r(.)cking mode, another infra-red frequency of 1137. The remaining twisting fre- 
quencies may be 697, a weak infra-red band. 

The array of fundamentals would then be: 158, 249, 387, 524, 559, 640, 697, 738, 
878, 924, 974, 1025, 1137, 1225, 1285, 1362, 1400, 1590, 1630 and five values close 
to 3000. While some of these assignments are tentative, all seem reasonable, and 
give a satisfactory interpretation of otlier Raman and infra-red (combination 
frequencies. Thus the Raman frequency 1526 could be interpreted as either 
(974 4-659) or (640+878), and the occurrence of two close frequencies, 1381 and 
1417, might arise from superposition of a fundamental 1400 with the harmonic of 
697, leading to a resonance splitting. Infra-red bands at 1471, 1531, 1767, 1862 and 
1930 can be explained by (2 x 738), (974 + 660), (2 x 878), (2 x 924) and (2 x 974), 

It is interesting to consider liow far the infra-red data help to decide between the 
cu and ^ra?t^#planar forms for chloroprene. Assuming approximate values for the 
molecular dimensions, namely, == 1*69 A, == 1*46 A, =» 1'36 A, 

^cn “ 1*08 A, and angles of 120 ®, the trans form has approximate moments of 
inertia 160 , 220 and 370 x 10 "« g.cm.^ and the cis form 90 , 320 and 410 x 10 -^. 

The band contours will generally be hybrid, obtained by compounding those of 
the A , B and C types, in which the change of electric moment is parallel to the least, 
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middle and greatest axes of inertia. Using Badger & Zunawalt's notation, the trans 
form will have a ^ 0-85 and S = 0. The ^-type bands will show three submaxima, 
the spacing between the outennost of wliich will be 14-15 the fi-type bands 

will have essentially a double maximum type of contour, with spacing about 9 cm.”^; 
and the U-type bands, in which the change of electric moment is peq)endicular to 
the molecular plane, will have a strong central peak with weaker subrnaxima on 
each side of it, the spacing of the two outer maxima being about 25 crn.“^. The cis 
form approaches more closely to being a symmetrical rotator, with (7=2-8 and 
8 ~ —0*85. The .4 -type bands will have a spacing of outermost maxima of about 
1 4 cm. the B- and U-type bands will not be expected to show a very marked central 
peak, and the spacing of the outennost maxima should not exceed about 16 cm.“^. 

The experimental results on the band contours are seen to V)e in much better agree- 
ment with the trans form than with the cis. The C (perpendicular) type bands at 
878, 924 and 974 have just tlie contour to be expected, and although obviously 
complicated by being hybrids, other spacings of 12, 14, 16 and 14 are in rough 
agreement with essentially 4 -type bands. Moreover, with the trans structure the 
least axis of inertia is inclined to the C — Cl bond at a markedly greater angle than 
in the cis form. This means that if the trans structure predominates, the vibration 
band largely determined by the stretcjhing of the C — Cl bond will have a more 
nearly J?-type contour. The observed spacing of the fundamental at 640 agrees 
with this. 

The infra-red 8j)ectrum of thin layers of li<}uid chloroprene agrees in all essentials 
with that of the vapour, but the relative intensities and exact frequencies of some of 
the bands are altered, and a few other feeble bands are observed. These differences 
may be caused by modification of the absorption intensities as a result of inter- 
molecular influences in the liquid, and they will be more conveniently discussed 
elsewhere. 


Tufs SFECTKA OF rOLYVfNVL. CHnORtPE, FOLW^KVErDENE 
OHLORIDK, HALOTHKNES AND NEOFEENES 

Polyvinyl chloride was supplied by I.C.f, (Dyestuffs) Ltd., and polyvin^didene 
chloride by I.C.I. (Plastics) Ltd. Films of the former were made by evaporation of 
solutions in ethylene dichloride from the surfat^e of mercury, and of the latter by 
rapid evaporation of solutions in pentachloroethane from a heated glass plate, and 
of a dilute solution in boiling dioxane. Care was taken to remove all the solvent, 
and this was verified os far as possible by the absence of its main absorption bands. 
It was sometimes found impossible to remove all the solvent from a film, even after 
heating in vacuo. Excessive heating also sometimes apj^ared to lead to changes in 
spectrum which implied that structural changes had taken place. 

The spectra of the polymers between 6 and 20/4 are shown in figure 9, the films 
being about 0*()6 mm. thick. They show well-marked differences from each other, 
and also from those of the parent monomers given above. Several interpolymers of 
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vinyl chloride with vinylidene chloride have also been measured. The spectra of 
such interpoly mers are not merely a superposition of the main features of the sej^arate 
polymers, but contain new bands not present in either of the latter, as might be 
expected since freshjunita in the nuclear skeleton may arise. 



PioTTiuc 0, Polyvinyl chloride, polyvinylidene chloride and halothene. 

The spectra of a series of polychloroprenes (neoprenes) have also been measured 
and show interesting differenoes. Correlation of the observed absorption frequencies 
with particjular motions of the nuclear skeleton can only be attempted by comparison 
of the spectra with those of other compounds of related structure. With this object, 
the spectra have been measured of {a) a series of halothenes (chlorinated polythenes) 
in which the percentage of chlorine was gradually increased from zero to about 
70 % by weight, and (6) a number of simple chlorinated hydrocarbons of low mole- 
cular weight and containing different types of nuclear skeleton. The spectrum of a 
sample of halothene containing 66 % chlorine is shown; it shows some resemblances 





PiGUBE 10a. I, chloroform: II, «tbylid^e chloride; Figube 106. VI, 2. 3-dichlorobutane; \ai, 2.3-dichlofo 

in, ethylene dichioride; IV, acetylene tetrachloride; propane; VIII, 1 . 3-dichloropropane: IX, i,2,3-tri- 

V, pentacWoroethane. chloropropane. 
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with those of the other polymers, and some marked differences, but the data are not 
yet complete enough to discuss in detail. 

Figure 10 shows the spectra of some of the simple chlorinated paraffins so fur 
examined. These were: 

Chloroform : a ropurified commercial product, h.p. 62"" C. 

Ethylene dichloride: redistilled B.D.H. product, b.p. SU S ' C. 

Ethylidene chloride: redistilled B.D.H. product, b.p. 59*2' C. 

Acetylene tetrachloride: sample from the Dyson Perrins laboratory, redistilled, 
b.p. 147“^ C. 

I /^-Dichlorojjro^xine : pi'epared by heating trimethyJene glycol with fuming 
liy^lrochloric acid at 100'' C in a pressure bottle. The sample boiled at 125 ' (J. 

[ .2-Dichloro]yropane: prepared by the direct addition of chlorine to propylene 
in the gas phase. The sample boiled at OB'' C. 

PenUichlcrroethane : sample from the Dyson Perrins laboratory, redistilled, 
b.p. 159"C, 

\ ,2 ,*^-Trichlorojmypane : prepared by adding chlorine to ally I chloride. The 
sample boiled at 168' 0. 

2 .^‘IHchlorobuiane : sample from the Dyson Perrins laboratory, b.p. 118' C. 

The s|)ectra of each of these substances were mea-sured in a cell about 0*05 mm. in 
thickness. The curves reveal marked differences, and at first sight there are no 
obvious correlations betw een them. A closer examination suggests certain regularities, 
however, and when more related substances have been examined these will be 
considered in detail. 

Note added in proof, Since submitting this i)aper, we have been able to measure 
the spectra of vinyl iodide and vinyl fluoride, and to complete the correlation of 
the vibration frequencies of all the vinyl halides and vinyl cyanide. These results 
have been published in J, Cfmn, Soc, (1944), pp. 303, 697 and Trans, Faraday 
Soc, (194s), May. 


We are greatly indebted to I.( -.1. (Dyestuffs) Ltd., I.C.I. (Alkali) Ltd., and I.C.I. 
(Plastics) Ltd., for samples of the substances quoted above, and for their interest 
in this work. We also thank the Royal Society and the Chemical So6iety for financial 
grants. 
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The topography of crystal faces 

I. The topography of a (100) face of 
a left-handed quartz crystal 

By S. Tolansky, University of Mancftesler 
Communicated by Sir Laurence, Bragg, F.Ii.S. -Received 14 April 1944 

[Plate 1] 

A description is given of a iniiltipJe beam interferometric |)ii.icedum which can bo used as a 
powerful method for revealing the details of tho surface topography of approximately flat 
(crystal planes. The optical conditions are ('ritical and are discussod. Details of stnioture are 
revealed which cannot bo detected by tho micmscope or the gouiornotor. The interforenoe 
fringes which are employed can be used either in transmission or in i*ofloxion, the latter tyi>e 
t)©ing well suited for tho examination of translucent or opaqvio crystals. Kaoe angles, be- 
tween small fat^OH or large faces, which are no more than I /50th of a minute of arc (;an bo 
xnoasured. 

The topographical features of a highly lustrous (100) face of a left -handed quartz crystal 
are studied by this procedure. Large vicinal faces, inclined at angles varying from 0'60 to 
9*00 min. of arc, are found to cover tho (100) fatio. The surfaces of most of these vicinal faces 
are curved, with radii of curvature varying from 20 to 00 Tho angles of some of the vicinal 
faces in contact are found to vary considerably along tho length of tho common edge. 

The (jhoracfcerietic visual markings of a ( 1 00) face, namely striations, marks and triangles, 
reveol their influence upon the fringe patterns and thoir topographical features are deter- 
mined. The striations are shown to be either minute ri<iges or ruts, the height or depth being 
only 100 A {20 silica molecules). The ^ markings reveal small discontinuities in level in their 
neighbourhood. The triangular markings are shown to be submicroscopic tetrahedral pro- 
jections of some 450 A in height (90 molecules), with vicinal face angles of the order of 2 or 
3 min. The nature of the markings is discussed. 

The experimental method described can be considered to function in a region intermediate 
between the mioroscope and X-rays, 


Intkoduotion 

In standard ©ptioal praotiwj, tho opticjal figure of a plane glass surface is frequently 
examined by matching against a flat, using Fizeau’s fringes, in reflexion. It was 
pointed out as long ago as in 1897 by Fabry and Perot that a very great increase 
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in both precision and in brilliance arises if multiple beams are employed. This is 
achieved by depositing high-roflecting-coeffioient transmitting silverings on the 
surfaces. With correct oj)tical conditions the resulting multiple reflexions lead to 
the production of extremely sharp localized fringes which have an intensity dis- 
tribution closely resembling the characteristic sharpened distribution of the rings 
of equal inclination at infinity given by the Fabry-Perot interferometer. These 
fringes are most frequently viewed in transmission, in which case brilliant fine 
lines, on a broad dark background, can be seen with a suitable source. 

This modification of Fizeau’s fringes has been used for examining the ultimate 
perfection of the best worked optical flats, and with it, errors in fringes of less than 
a hundredth of a wave can readily be detected. In this paper it will be shown how 
these fringes, both in transmission and reflexion, can he used as a powerful, easily 
applied, optical weapon for revealing sub-microscopic detail in the surface topo- 
graphical features of approximately plane crystal surfaces. The method described 
is capable of w ide aj)plication and is a new method of approach. The precision 
which can be attained is very high indeed, for under the most favourable conditions 
displacements of only A/200 can be measured, and w ith the green mercury line 
as a source this is a matfr^r of some 30 A only. Thus molecular dimensions can be 
approached and the procedure can be regarded as bridging a gap between the X*ray 
and the microscopic study of crystals. If intensively applied it should provide 
information about crystal growth, crystal strength, cleavage behaviour and other 
aspects in which the nature of the crystal surface is important. 

In this paper the experimental procedure is described and the method applied 
to the examination of the topographical features of a (100) face of a quartz crystal. 
The optical conditions for the production of very sharp fringes are critical and will 
be considered in detail first. 

Mui.tipi.e beam intkrferomktey with crystal surfaces 

The experimental procedure is very simple. It is necessary to work with a crystal 
surface which is approximately plane. A high-reflecting -coefficient thin fi^lm of 
silver is deposiU^d U|)on the Cirystal surface by evaporation in vacuo, the reflecting 
coefficient for the green mercury line being of the order of 0*87. (The technique for 
the deposition of high grade silverings had formerly been developed for the pre- 
paration of Fabry -Perot interferometer mirrors. ) It is necessary to have (a ) a 
good vacuum, (6) a very clean crystal surface, (c) a liighly uniform deposit. With 
crystalline quartz surfaces, the only mechanical cleaning used was light rubbing 
with cotton wool soaked in hydrogen peroxide solution. The main cleansing 
mechanigm used was iom’zation de-gassiiig by a glow discharge, immediately 
prior to evacuating hard for the purpose of deposition by evaporation of the 
silver film. 

The silver film evaporated on to the crystal surface is some 600 A thick. The 
necessary film thickness can be estimated, after some practice, by the transmission 
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colour. The silver cloud deposits itself so as to contour exactly all the detail on the 
crystal surface. That this is true to within the limits of measurement, namely 30 A, 
is proved by the observation on mica, recorded in part II. It is necessary to add 
that this argument need not be considered to apply to re-entrant surfaces, which 
are in any event not accessible for obs(^rvation by the procedure described here. 
The silvered crystal is mounted on a sorew-controlled bed and brought into close 
proximity with a high grade optical flat similarly coated with silver. The particular 
flat employed was a 6 cm. quartz disk accurately worked to bo correct over ths 
whole surface to A/20. The existing error was largely a matter of general curvature, 
and by matching against a flat accurate to A/60 it was clear that over moderately 
small areas the sum of the errors on both flats was less than A/ 100. The inevitable 
errors on the flat have no influence upon the conclusions reached, for the same 
topographical features appear when the crystal is matched against different por- 
tions of the flat. This clearly proves that they to be attributed to the crystal 
only. 

The crystal surface and the optical flat are brought into almost exact parallelism 
and as close together as is possible. By this means thin film localized fringes either 
in transmission or in reflexion can be prodm^ed. The formation of such fringes is 
not dependent upon there being a. thin film between the silvered surfaces but the 
sharpness is considerably affected by the separation. It is in fact possible to produce 
the Fizeau type of fringes with silvered flats as far as 6 cm. apart, but the fringe 
visibility is then very poor indeed. The necessary conditions for obtaining very 
sharp fringes will now be considered. 

The interference fringes formed in a thin film are of course governed by the well- 
known expression nX = 2 fit cos 0 in which the symbols have the usual meaning. 
If the angle of incidence, 6, is kept constant, then the fringes which form are true 
contour lines, representing tnie fringes of equal thickness. In the case of ordinary 
(unsilvered) thin film fringes, in which mdy two light beams are involved, moderate 
variations in 0 are of no consequence, laicause the intensity distribution of the 
fringes takes on a sin^ form. Attention has apparently not been directed to the 
fact that this condition no longer applies when multiple beams are employed. The 
summing up of the multiple beams leads to a great fringe sharpening, and in fact 
so narrow can they be, that to obtain the best results one cannot tolerate much 
more than a O-l % change in the value of cos 0. Such a change, small as it is, 
makes a 1 % change in the order of interference of the lOth order fringe and such 
a change is a drawback in so far as a 1 % change in order leads to a broadening 
which can just be detected. If then the incidence is close to normal the tolerance 
j>ermitted in 0 does not exceed more than 2-3'', 

It is thus essential to arrange to collimate carefully the incident light so as to 
obtain a reasonably parallel beam. This is most simply achieved by employing a 
small source- at the focus of a lens. The diameter of the source was approximately 
1 mm. when employing a spherically corrected lens of 15 cm, focal length, a smaller 
source leading to an unnecessary loss in hght. 
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A Heoond, and much more important feature differentiating multiple beam from 
^ Bimple two beam interference, is that in the former case the incidence must be 
restricted to normal and at the same time the separation between the interference 
faces must bo as small as possible, if high grade definition is to result. Although it 
is true tliat normal incidence is often employed in the classical method of viewing 
Fizeau fringes, and in the more recent method of viewing the tratiamitted silvered 
modified fringes, both the explanation of the necessity for normal incidence, and 
the restriction as to separation, seem to have escaped attention. The explanation 
' is as follows. The fringes, when incidence is normal, are localised in the inter- 
ference film and an^ viewed there. For the fringe sharpening due to the multiple 
beams to be fully effective it is necessary to integrate locally all the interfering 
multiple beams. With fringes of equal inclination, at infinity (Fabry -Perot fringes) 
this is automatically achieved by the collecting lens. With the localized wedge 
fringes now under consideration, the necessary condition is that the lateral displace- 
ment, along the surface, of each successive multiply reflected beam contributing 
to a given fringe, should only be a very small fraction of the interval between 
orders. With the high reflecting coefficients employed here, the 50th image has still 
appreciable intensity, and if tins is not to be displaced by more than, say, 1/lOOth 
of an order, then a simple calculation shows that at normal incidence, with say 
two fringes to the millimetre (a convenient dispersion) the separation of the sur- 
faces must be less than l/20th of a millimetre. For incidence other than normal the 
separation must bo progressively reduced. 

Thus it is clear that to obtain high grade definition the collimation must be exact. 
Not only must the incident light consist of a parallel beam, it must also fall norm- 
ally on to the interference film, which must be as thin as possible. • 

A suitable source is a vacuum mercury arc and for most general purposes this 
can be filtered crudely to pass cither the green, or the green and yellow lines. 
Filters can frequently be dispensed with, for particular exposures. Both trans- 
mitted and reflectt^d fringe systems can be employed, according to the particular 
problem and in what follows their application will be separately considered. 


ThK topography of a (100) FACE OF A QtTAKTZ CRYSTAL 

The specimeT) of quartz selected for study, a left-handed crystal, is shown dia- 
gram mat ically in figure 1 . This crystal possesses one large rhombohedral face ; in the 
notation of Miers it is R (100). The crystal was chosen because this particular face 
appeared to show a very high degree of optical perfection when viewed by simple 
reflexion. The lustre was brilliant, reflected images did not show distortion, and 
no multiple Brewster images could be detected. Some characteristic (100) face 
markings <;ould be seen with a lens, providing light of critical incidenoe was used 
to illuminate the surface. The details of the visible markings are shown in figure 1. 
The (100) face is strongly outlined and the barely visible surfac^e markings are 
rendered in lines which are heavier for the more easily noticed features. The 
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correlation of these surface markings with the interference patterns is discussed 
in detail below. 

The (100) face was silvered and mounted against the optical flat. The transmitted 
fringe system will first he cor)Hidered. 



Figitke 1. Quart* (100) face, Figure 2. Quart* (100) face, 

visual markings. 

(a) Transmitted frin/jes 

Accurate collimation presenteil difiiculties, 'The light enters from behind, at one 
of the long rectangular prism faces and must be incident at an acute angle such that 
it refracts to strike the inclined rhombohedral face at normal incidence. The face 
on which the light is incident showerl the characteristic coarse striations exhibited 
by such quartz faces. This rough entry effectively desti'oyed critical collimation. 
This serious defect was overcome by attaching to the face of entry a thin micro- 
scope cover slide, Canada balsam being used as the attaching medium. The refrac- 
tive index of the balsam is sufficiently close to that of quartz to remove effectively 
all the striations. The improvement in definition consequent on criticaJ collimation 
was striking. \ 

As the beam which manages to reach the rhombohedral face (100) is necessarily 
limited in aperture by the rectangular shape of the first refracting prism face, the 
whole of the (100) face is not illuminated. In order to cover the face completely 
it was necessary to resort to the reflected system, in a manner to be described later. 

Two typical transmission contours are shown in figures 3 and 4 (plate 1). The inter- 
j>rotation is materially assisted by the employment of such sets of contours taken with 
different angles of inclination between the crystal face and the flat. The two figures 
were obtained by tilting the crystal face differently, and though superficially they 
appear to differ it will be recognized that they are in fact different vie^vpoints of 
the same surface configuration. Figure 3 corresponds to the type of contour map 
familiar in geography. This is obtained by intersecting the surface features with 
equidistant horizontal planes. Figure 4 shows the contour lines resulting from the 
same surface when the intersecting equidistant planes are inclined to the horizontal. 
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Attention may be drawn to a number of special features, 

(1) The extreme sharpness of the fringes is clearly evident. It is apparent that 
displacements which are very small fractions of an order, over quite sfnall areus^ 
can readily bc^ detected and accurately measured. The area of the crystal surface 
is about 1 sq.cm. 

(2) Apart from the general major contour line distribution, a great deal of minor 
tine detail is i*endered. This is almost entirely attributable to the crystal, and not 
flue to imperfections of the optional flat, 

(3) By altering the tilt of the crystal face and observing the direction of move- 
ment of the fringes, it can be decided without ambiguity which areas are elevated 
and which are depressions. 

(4) It is to be noted that the magnification is only enormous in the direction 
perpendicular to the surface of the flat. 

Before reviewing the interpretation of the contours, the reflected fringe system 
will be disciLssed. 


(d) RefiecMd fringes 

Harny first sliowod, in 1906, that narrow localized fringes, resembling reversed 
transmission fringes are given by reflexion from a silvered wedge, providing the 
reflecting coefficient is sufficiently high. With the reflecting coefficient employed 
here the back itffiected fringes are complementary to the transmitted system (this 
is not always the case with low reflecting coefficients). The fringes thus appear as 
fine durk lines upon a broad bright background. An important distinction between 
the transmitted and reflected systems is that for the latter the source must closely 
approximate to monochromatism. Whereas in transmission two distinct wave- 
lengths appear as separate (coloured) fringe patterns, which may or may not 
occasionally show overlapping of a fringe here and there, in reflexion, the intense 
light ‘ background ’ of the one system superposes on the dark ‘ absorption fringes ’ 
of the other and reduces the visibility to such on extent that even with the few 
wave-lengths emitted by an unfiltered mercury arc, the fringes almost completely 
vajnsh. This defect is of little consequence if a suitable filter is employed. 

If the reflected system is viewed through a gloss plate inclined at 45° to the 
incident boom (which is perpendicular to the optic axis of the system in the manner 
usually adopted for showing Newton’s rings by reflexion) then the intensity of the 
fringe pattern is some thirty times as great as that of the transmitted system. 
A narrow range colour filter can safely be employed without undue increase in 
exjH>sure. The photographic times for the reflected fringes illustrated here were of 
the order of only 2 sec. 

Reflected contour patterns are shown in figures 5 and 6 (plate 1). The contrast is 
Tiot OS good as with the transmitted fringes but the definition is decidedly better, 
wlien attention is given to fine detail. The reason is* that the coUimation can be made 
more perfect for the reflected system. Internal defects in the body of the crystal, 
as well as surface defects at the incidence surface, both contribute to reducing the 
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efficiency of ooUimatioii for the transmitted system. The reflected fringes are 
remarkably sharp, and in fact sharper than the corresponding Fabry -Perot fringes 
given by optical flats with the same silver coating. (The TOason is that the wedge 
fringes are dii*ectly localized whilst the Fabry-Perot fringes ai*e integrated over the 
whole interferometer surface and inevitabk^ defects inoiease the flnal observable 
fringe width. Furthermore, the parallelism in the Fabry-Perot interferometer can 
never be perfect,) It might therefore appear that the reflected fringes should always 
be used in preferencje to the transmitted system. Actually the observation of the 
transmitted fringes is much easier; the photography of ‘absorption fringes* is also 
rather a critical matter from the viewpoint of correct exposure; and in many 
cases (e.g. mica and selenite, see part II) it is necjossary to employ more than one 
wave-length to decide the orders of fringe displacements. Thus the transmitted 
system, despite a slight inferiority in definition, offers advantages in particular 
problems. In fact both systems have their place in the experimental procedure, 
according to the requirements. 

The reflected fringes in figines 5 and 6 (jomplete the description of the (100) 
surface by extending the pattern right up to the edges of the face. 

The perfection of the reflected system, with the wealth of significant detail 
revealed, shows that the experimental procedure described here can be very widely 
applied to opaque crystals, to badly transmitting (Tystals, to metallic surfaces, etc. 
and thus opens up a considerable field for investigation. It will be shown in what 
follows that not only are the major contour features of significance, but in addition 
all the small irregularities, kinks, angle bends, distortions, etc., are real, and reveal 
details of the surface topography. 


Thk intkrphetatjont or tick rRixor patterns 
(a) Majar fe/itures 

Comparison of figure 1 and the plates shows the intei*e8ting fact that all the 
markings in figure 1, just observable under a lens, tjorrelate with detail in the 
fringes. The interference pattern goes, of course very much further, giving con- 
siderable additional information about the markings. The principal contour details 
will now be briefly reviewed. The lettering of figure 2 will be used tliroughout. 
To the left runs a long 8harj> ridge c-d about 2 waves in height. Tliis terminates at 
the base in a triangular facet B. These featuies are responsible for the large 
triatigular contours in figures 4 and 6. The facet B has a sub-fac^ct at the right base 
which is very small. The sloping sides of the main ridge, A and ( 7 , are not flat, but 
are slightly convexly curved, as shown particularly by the contours in figures 3 
and 5, The radius of curvatures of the sides is of the onler of flO m. 

To the right of the ridge is the long strip i>, of roughly rectangular shape. This 
is not flat but is convex, with a radius of curvature of some 33 m. The lower part 
of D is followed by a sloping drop E, then this rises to F in a sweeping upward rise. 
This surface F is curved on the upper half, Wing cyliridrioally convex with a radius 
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of curvature of some 21 m. The lower half is plane, and idopes down below the 
level of the rest of the surface towards the direction- of the front edge of the whole 
face. The whole contour is encompassed within a depth of some four waves, i.e. 
1/500 mm. 

The angles between a number of the larger faces have been measured and are 
given in the following table. The notation of the faces and ridges is that given in 
figure 2. Two ridges, al and oc, show variation of face angle along the ridge length 
and this is shown separately. The angles given, in minutes of arc, are the angles 
between the normals of the resj)ective faces. 

Tabi.e 1 

Angles behmen major topographiccil features 

face angle OT) FD DF EF AB 

min. of arc 0*65 0*65 0*75 ()-5() 2*4 

Face atigle AC, Variation of face angle along ridge cd. 

Distances measured from the point c 

face angle min. 9*0 4*6 3*1 2-8‘ 2*5 2*2 2*1 2*2 2*4 2*2 2 0 1*5 

diatancemm. 0 0*0 1*0 1*0 2*1 2-8 3*5 4*0 4*6 5*2 6*9 6*6 

Face angle CB, Variation of face angle along ridge ac. 

Distances measured from ihe> point c 

face angle min. 8*3 6*4 3*() 

diatanoe mm. 0 0*7 1*4 

A number of the angles are less than a minute of arc. It is of interest to note that 
there is a marked variation along the straight ridges cd and ac. The sides of the 
ridge cd are also curved, as indicated previously. The face angles rise up in the 
vicim'ty of the apex c. The tetrahedral p3rramid of which c is the apex has therefore 
concave sides in the neighbourhood of the point peak c. The face angles associated 
with this pyramidal featuie are greater than those associated with any other major 
siirfac'e feature. 

It is of interest to fjoint out the extraordinary sensitivity of this procedure for 
the determination of a small angle. On a typical plate the atngle bend between 
fringes for the edge CD, is 40^. The face angle being 0*65 min. of arc, it follows that 
a fringe angle heml of 1“ correspomh to d face angle as small as 0-()16 min, of arc. 
It should be noted too that these very small angles can be evaluated over quite 
moderately small areas of the surface. Comparison with the Rayleigh limit is of 
interest. Per a face 1 mm. wide the smallest angle that can be measured by simple 
reflexion (Rayleigh limit) is 2 min. of arc, and for narrower faces the angle is 
proportionately greater. It will be noticed that 1 mm. corresponds to about 
one-tenth of the whole pattern registered here. No goniometer could possibly show 
up such fine detail as reported here, in particular the detection of such fine detail 
features as variations of angle along a ridge* The superiority of these measurements 
over those obtainable with the goniometer is of course due to the employment of 
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multiple beams. The Rayleigh criterion for resolution applies to a sin* intensity 
distribution and it is the employment of a much more advantageous intensity 
distribution which permits such a higher degree of resolution to be achieved. 

It seems clear that these major features must be regarded as fir^-smle vicinal faces. 

It is to be noted that plane faces are the exception rather than the rule. Despite 
the apparent considerable scale of the major contour features, when the enormous 
magnification is recalled it will be recognized that in effect the crystal face is 
really fairly flat. 

(6) Minor features 

Comparison between figure 1 and the various fringe patterns reveals novel facts 
concerning the minor markings on the surface. These markings are mainly of three 
broad types, namely (i) simple almost parallel striations, (ii) angle bend marks of 
the form which are a (characteristic feature of the (100) face, and (iii) features 
closely similar to (ii) but with the base closed to form an obtuse triangle so -iirsh. 

(i) Striations 

The striae are only well marked on the sides of the major ridge A'-C. Some are 
much fainter than others. Where the fringes pass over the more clearly marked 
striations a small kink appears. These kinks are very small indeed, some being 
clearly seen in the extended narrow triangle on the left of figure 5. Each observable 
kink is a significant detail, correlating with a visual striation mark. From the 
direction of the kink (whether the acute angle is in the direction of increasing or 
diminishing order of interference), it can be decided whether the striation represents 
a tiny rut or a small ridge. The pair in the middle of the triangle are ridges, the 
pair near the apex are ruts. In both cases, whether ridges or ruts, the maximum 
difference (i.e. the top of the ridge or the valley bottom of the rut) from the plane 
level whereon the feature occurs is extremely small. So small are the depths or 
heights, that only on the reflected fringes showing the best definition can accurate 
determinations be made. Measurement shows tliat the depths (heights) are only 
between 0*04 and 0*05 of an order, i.e. only some 100 A units. This corresponds to 
only 20 silica molecules. 

(ii) The ^ sloped markings 

Little information could be directly derived about these markings. A discon- 
tinuity in level takes place in their neighbourhood. It is a difficult matter to place 
fringes in the precise positions, necessary to contour these small markings as 
separate units. It can only be concluded that in the near neighbourhood of the 
marks there are abrupt small changes in level, of a small fraction of a wave. 

(iii) The triangular markings 

Facts of some considerable interest were obtained about these. Complete small 
triangular fringe patterns are visible in the lower right-hand of figure 4 and more 
obviously on figure 6. It follows that the small triangular markings are small 
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tetrahedral pyramids with their bases resting on the surrounding main surface. 
These tfetrahedra are projections^ not pits. Measurements made on three such 
clearly defined markings give some 0*17 of an order as the approximate height of 
a pyramid, i.e. some 460 A units. As the size of the pyramid base is the relatively 
Jarge, easily seen triangular marking, it follows that the faces are inclined at very 
small angles to each other. 

A significant point is that the small triangles on figure 6 closely resemble the 
major triangles arising from the three surfaces A, jB, ( 7 , to the left of the same 
diagranu The face angles on the small pyramids are therefore very close to those 
enclosed between the sides ABC^ i.e. between 2 and 3 min. of arc. As with the major 
feature, the pyramids can be regarded as a ridge meeting a triangular facet, or 
alternatively the major ridge feature ABO can be regarded as a tetrahedral pyra^ 
mid. It is reasonable to conclude that both features are identical but on very 
different scales. It is probable that the small pyramidal projections I'epresent the 
nuclei of growth of the (100) face, which have of course been arrested. The actual 
growth of layers from such nuclei has been recently directly observed in many 
crystals by C. W. Bunn (private communication). 


Disgossiok 

That the visual markings have been proved to have depths (heights) which are 
only a small fraction of a wave-length is a matter of some interest optically. The 
fact that they are so easily seen requires explanation. It cannot be assumed that 
the markings appear only because of a differential reflectivity between the marked 
area and tlie surrounding surface. This is shown by the fact that the various 
markings can still be clearly seen after silver has been deposited on the crystal 
face. The reflecting ooeflScient is then uniform, i,e. that of the silver. Proof of this 
lies in the fact that the fringes retain their sharpness whilst passing over the 
relatively large marked features (see for example the small triangles already dis- 
cussed). It can be concluded that a differential surface quality enables the markings 
to 1)6 seen. If it be assumed that the surfaces within the areas of the markings are 
ribbed or striated, either microscopically or even sub-microsoopioally, then in a 
sense they will behave as crude gratings, whilst the surrounding lustrous areas 
a(jt as plane mirrors. Two facts support this explanation. The angle of illumination 
reqmred to render the markings clearly visible is somewhat critical and small 
changes in the angles make the markings appear to change over from bright to 
dark, a tyj)ica] grating characteristic. Furthermore, the markings are more clearly 
seen when the crystal surface is viewed through a colour filter. It is only necessary 
t/o postulate the association of a high lustre with the true ^100) face to account for 
the difference in character of the faces of the small tetrahedral pyramids, since the 
latter are vicinal faces. 

It has been suggested to the writer that some of the observed markings can be 
seen because of the light difixacted from their edges, in accordance with Rayleigh^s 
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views on the visibility of discontinuities. This is a very likely explanation of the 
visibility of the ridge edges (junctions of vicinal faces) and of the striated markings. 
It is not likely to be the direct explanation of the visibility of the small tetrahedral 
pyramids since these extend over an appreciable area and it is quite clear visually 
that the whole of the area, and not only the boundaries, have a marked non- 
lustrous character. If the pyramids consist of stepped ridges, and this is very 
probably the case, then in a sense the Rayleigh mechanism can be considered to 
operate from each sub-microscopic step. In this case the final effect is not very 
different from that of the pseudo grating considered above. 

1 wish to express my thanks to Mr S. 0. Agrell of the Greology Department, 
Manchestc^r University, who kindly lent the quartz crystal. 
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II. The topography of cleavage faces 
of mica and selenite 

By S. Tolanskiy, University of MancMster 
*Cofrimunicated by Sir Lamence Bragg, F.M.S, — Received 14 April 1944 

[Plate 2J 

The mtUtiple beam interferenoe procedure dewcribod in part I is applied to the examination of 
the topography of the cleavage surfaces of mica and selenite. The precision attained is ex- 
tremely high, particularly in the cose of mica. 

Afica. All the mica specimens examined exhibit considerable hills and dales which may 
extend up to heights and depths of 1 /200th mm. in extreme oases. Sharp ‘cleavage lines’ 
are revealed, representing discontinuities in level (steps). These vary in length from (juit© 
small values up to several millimetres. The smallest step measured is 41 A, which is only 
2 ‘mojecjulos’. Evidence is given showing that the steps are integral multiples of the ‘mole- 
cular’ tlvickueas, 20 A. Steps varyiiig up to some 677 molecules are recorded, the majority 
being under 20 ‘molecules’ in height. The error in the ©valuation of the step, in the best cases 
is only 3 A units. Up and down 8tof>a occur in a random way. 

The value of a step remains constant along the lengtli of a ‘cleavage line proving that the 
surfaoea separated by this line are ‘parallel’. The area of surface between a pair of cleavage 
lines is liighly uniform and is at least truo to 30 A, h&itig probably true to a molecular plane. 
Tlie observations reveal obje<jtively the ‘invisible steps’ found on mica by growing crystals 
on it. 

Selenite, A selenite cleavage aixrface reveals a large number of long ‘cleavage lines’ which 
ore mostly roughly parallel, although some are ioclined at angles up to The characteristic 
hills and dales shown by mica are absent, but the specimen Investigated exhibited a oylindrioal 
curvature, being curved m the same direction as the ‘cleavage lines*. The observed steps at 
these lines vary from 16 to some 146 molooules in height. The faces on the adjacent sides of a 
line (in contrast with mica) are usually inclined to eat*h other, the slope being in the direction 
of the line. The angles of alojpe are minute, the measured values varying from 0*011 to 0 0(13 
min. of arc. 




52 S. Tolansky 

The fringes are very ragged and ore nowhere smooth as in mioa. High dispersion shows 
that this is doe to the existence of a secondary structure ooMisting of a very large number of 
small elongated facets. The long dimension (at least ten times the width in most ceuses) is in 
the direction of the cloavagfj lines. These flioets are mostly of the order of l/60th mm, wide 
and vary in level in a random way by only a few ^molecules’. 


Inteoduction 

It has been shown in part I, which describes the interferometric examination of 
the topography of a (100) face of a quartz crystal, how multiple beam interfero- 
metry can be used for the examination of the topographical features of crystal 
faces which are reasonably plane. In this paper the technique described there is 
applied to the examination of the cleavage faces of mioa and of selenite. The present 
work is but a preliminary survey, and no attempt is made to con’elato the very 
complex features observed with crystallographic data. It is hoped that such a 
more detailed correlation will be undertaken in the future. General information of 
considerable interest has been derived and it will be clear from what follows that 
the interferometric approach should throw light upon the mechanism of cleavage. 

Cleavage planes of both mica and of selenite are well suited to the transmission 
fringe technique described in part L Such excellent collimation can be achieved 
with thin slips of these crystals that very high grade definition results, and, as it 
is necessary to employ more than one wave-length for the identification of orders, 
only the transmitted system has been employed. 

With botli crystals the treatment of the surface was the same. An untouched 
freshly cleaved surface was coated with a high-reflecting-ooefficient silvering by 
evaporation in vacuo. No mechanical cleaning was used, the only cleaning at- 
tempted being ionization de-gassing by a glow discharge. This improves the quality 
of the silver surface which is deposited. The silvered crystal faces were matched 
against the optical flat that was used for the examination of quartz. 


TofoGKAEHICAL iTEATORES OF MIOA OMAVAGE FACES 

A number of different samples of mica were examined. They were of unknown 
origin or classification (more comprehensive work will be undertaken later, with 
classified specimens). When thin sheets of mica were mounted close to the optical 
flat they were found to behave aa highly sensitive diaphragms and were extremely 
suscepUble to small air shock-waves. The fringes were never quite atiU. This was 
particularly noticed in regions of high dispersion, (It is clear that so sensitive a 
diapl^agm, which indicates displacements of the order of A/100, might have some 
useful applications.) This difficulty was easily overcome by lightly pressing the 
mica against the flat with a sheet of glass. The separation between the sUvered 
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Two characteristic mica contours, given by dififerent samples, are shown in figures 6 
and 7 (plate 2). The area represented is roughly a square centimetre. The stronger 
fringes belong to the green mercury line, the weaker doublet being the yellow lines. 
To assist identification, photographs were taken without any filters. Despite the 
obvious complexity of the patterns three characteristic salient features are evident, 
and such features appeared on all the mica samples examined. 

(i) The general nature of the surface contour is, in all cases, similar. There are 
hills and dales (in some cases quite small pits) which sweep across the surface. 
Different samples vary only in degree, but not in character. Figure 7 shows, for 
example, numerous hills, some l/200th mm, in height, whereas the sample of 
figure 6 is much more nearly plane. 

There is some indication that, with thin mica slips, the general shape of the hill 
features is changed by the act of peeling off sheets behind the silvered surface. 
This is under examination,*'' and if substantiated it would indicate that the hills 
and dales are linked up with the creation or release of internal strains. 

(ii) A striking characteristic is the existence of sharp clear cut cleavage lines 
representing definite discontinuities in level. These vary considerably in length. 
The ‘cleavage lines’ are often fairly straight. In some samples they run in one 
general direction, in others they intersect, at times with large angles, up to 
almost 90*^. It is obvious that an attempt should be made to correlate the direc- 
tions of these lines with crystallographic data, and this is being undertaken. 

The detail of a section of the sample shown on figure 7 is shown enlarged in 
figure 8. This shows both the green line (over-exposed) and the yellow doublet. 
The exposiire is correct for the latter, which bring out the remarkable sharpness of 
the fringes, (The distance from one doublet to the next is an order, equivalent to 
half a wav© change in height on the crystal face.) 

(iii) There exist large "areas between the ‘ cleavage lines ’ which are of great 
optical uniformity. One must distinguish between (a) distortion into hills and 
dales, and (6) local irregularities. The smooth run of the fringes between the 
‘ cleavage lines ’ shows that, although the surface may be locally badly distorted 
into a sharp curve, it remains smooth and uniform. Of particular interest is the 
manner in which some ‘cleavage lines’ pass straight over hill and dale features. 
This would seem to indicate that the cleavage first runs along a surface, which 
subsequently distorts because of the release or creation of strain. 


The cleavage line nisoONTiNtrmES in mica 

Each cleavage line represents a sharp discontinuity in level. Whether the drop 
(or rise) is at right angles to the surface or slopes, it is impossible to decide, for the 
lateral magnification is negligible. By comparing the fringe patterns given by lines 
ofMifferent wave-length, the exact displacement (whole orders plus fractions) can 
be obtained without any ambiguity. The use of more than on© wave-length is 
essential too, to decide the direction of the step, i.e. whether up or down. 
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In the large majority of steps the displacement is less than a whole order, that 
is, the two surfaces differ in height by less than half a wave. It is of particular 
interest to evaluate what is the smallest step that can be measured on the sharpest 
fringes. The smallest step detected and measured on plate J is 0‘015 of an order, 
which is only 41 A units. It is estimated that a step of 30 A units could just be 
detected under the best of conditions. 

There is no question about the reality of these small steps. A step cannot be 
confused with possible local errors on the flat since it extends in a straight line 
across a number of fringes, and the value of the stop derived from any pair of 
fringes is constant. 

It is to be noted that, because the Btepj)ed fringes are displaced above as well as 
sideways, the resolution far exceeds that of corresponding Fabry -Perot fringes, in 
which ring displacements are directly between the orders. The situation is analogous 
to that which obtains in the use of fiduciary fringes such as are used in the Rayleigh 
refractometer. 

In order to give a survey of the form taken by the cleavage discontinuities, the 
contour of a traverse across selected local portions of the micas shown in figures 6 
and 7 are shown respecjtively in figures 1 and 2. Tables 1 and 2 give the measure- 
ments. The figures represent a traverse of several millimetres on the crystal face 
in a direction approximately at right angles to a group of okavage lines. 

The fraction <jf an order between displaced fringes was evaluated by the standard 
McNair procedure employed in hyperfine structure analysis. In approximately 
plane regions, where the dispersion is almost linear, extremely high precision can 
be attained, an accuracy of one thousandth of an order being obtained without 
difficulty. 

Owing to the absence of flexibility in the mounting adopted to overcome vibra- 
tions, theie is no easy way of deciding rapidly whether the diagrams in figures 1 
and 2 are the right way up or whether they should be turned upside down. The 
steps on the two mutually cleaved faces should clearly be complementary, and if 
this is true the direction of the figure is of no consequence, for one pattern will 
refer to one mica sheet and the upside down pattern to the other. This question 
will be chocked in future work. (Note added 1 June 1944. A method for deciding 
this point has now been developed and will later be described.) 

It is clear that, unless consideration be restricted to steps measured with the 
liighest precision, it will be easy to arrive at a false picture of steps occurring in 
integral multi [)les of some unit. Conclusions can only be drawn about the ratios of 
8te])s from those measured with precision. The factor which affects precision is 
mainly the influence of the hills and dales affecting ih^ dispefsiem loccdly and making 
it diiflcult to reduce an accurately measured displacement into an accurate fraction 
of an order, l.here are five steps in which the precision of measurement is very 
great. These will be discussed later. ^ 

An important feature oonoerna the value of a step measured successively from 
a run of fringes along a cleavage line. If measurements are made in those regions 
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not badly distorted by hills and dales, it is found that the fringe displacJement along 
the length of the (jJeavage line is uniform, indicating that the step is constant so 
that the two faces separated by the cleavage line are parallel, or, if curved, have the 
same curvature. 

The general hill and dale contour of the whole surface sets a limit to the accuracy 
with which this can be determined, but it appears that the parallelism is fairly 
exact locally, at least over a number of adjacent frin ^es, and certainly to Wfthin 
a very small fraction of an order. 

ThB IX)0AL UNIFOEMITY BETWEEN THE OLEAVAOB 
LINES OF MICA ANB THE STEPS 

The local uniformity between cleavage Unea is a feature of some interest. The 
following can be deduced from figures 6 and 7. The green-line fringes are over- 
exposed to bring out the yellow mercury doublet. The doublet separation is less 
than 1/lOth of an order. The local ‘wriggles’ in each fringe are of the order of 
l/lO^h of the doublet separation (perhaps slightly more). Thus local fluctuations 
are of the order of about I /100th of a fringe, at most l/75th. This amounts to 
between 1 /200th and 1/1 50th of a wave and is clearly the limit set by the optical 
flat. Thus it can be concluded that, disregarding general superposed curvature, 
the mica surface must be uniform to bo better than 40 A, and probably than 30 A. 

In a private communication, Sir Lawrence Bragg has pointed out that the 
cleavage lines and steps described here are almost certainly to be identified with 
the ‘ invisible steps ’ inferred to exist on some mica surfaces from experiments made 
by Friedel on the growth of ammonium iodide crystals upon such ^siurfaces (see 
Sir Lawrence Braggs Atomic Strtteture of Mimrals, p. 210, 1937). When these cry- 
stals are grown on mica surfaces, with some samples the crystals orient themselves 
oppositely along invisible dividing lines. It has been concluded from these experi- 
ments that over the area of identical orientation the mica surface has cleaved true 
to within a single molecular plane. According to Sir Lawrence Bragg, as the mica 
cleaves along the plane in which the K atoms are situated, and as the height of the 
molecule (strictly, the c spacing) is 20 A, it follows that all the cleavage steps should 
be integral multiples of 10 A, since the K atoms are centrally situated. 

The interference data can now be compared with these conclusions. The smallest 
step recorded is 41 A, i.e. exactly twice the c spacing (effectively two ‘molecules*). 
There may be smaller steps, but these are on or beyond the limit of measurement. 
At the other end, the upper limit of step has not been evaluated since the inter- 
ference procedure is unsuited to the measurement of the larger steps which come 
within the range of the microscope, A step exceeding 9000 A (about 1/lOOOth 
millimetre) recorded in figure 1. 

In tables 1 and 2 the complete range of steps observed is given in the last column 
in terms of ^molecules* (multiples of the c spacing which is taken to be 20 A, a 
value sufficiently exact for the present purpose, see Atomic Structure of Minerals), 
l*he observed steps range from 2 to some 577 molecules. 
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There are in these tables, in all, 27 measured steps. Amongst them are 5 in which 
the precision of measurement is extremely high since they occur in areas nearly 
plane. The fractional order displacement is known to 0*001, which corresponds to 
an error of the extremely small value of 3 A units. It is a striking fact that these 
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Ficure 1. Mica (a), cleavage step contour. 



Fiourk 2. Mica (6), cleavage step contour. 
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steps are exact integral multiples of 20 A (within the error). These steps are, in 
angstrom units 

41 100 158 180 ’ 341 

20x2*05 20x5*00 20x7*90 20x9*00 20x17*05 

Furthermore, these steps all being anmll multiples of 20 A, there is no question 
about the certainty of the integral ratios. It is certain then that the steps are sirpple 
multiples of whole 'molecules*. There is, at least amongst these 5, 7w evidence of 
10 A being the fundamental unit. This might only be a matter of chance, for clearly 
if 10 A happens to be the unit, it is simply a question of whether amongst 5 random 
steps, all will have an even number of units. The number of steps is too small to 
draw a safe conclusion, especially when it is noticed that 3 are from one sample 
and 2 from the other sample, but the evidence seems to incline to favour 20 A as 
the unit, in these small areas. 


position 

Tablid 1. 

Mica (a) 


on crystal 

step, fraction 

step, 

step, molecules, 

mm. 

of onler 

angstrom units 

as whole numbers 

0 

-f 0*183 ±10 

499 ± 27 

-26 

0*32 

-0*203 ± 2 

563 ± 6 

28 

1*80 

+ 0*063 ± 2 

172 ± 5 

9 

2*46 

+ 0*087 ± 3 

238 ± 8 

12 

2*67 

-0*107 ± 3 

292 ± 8 

15 

3*26 

+ 0*0369 ± 5 

100 ± 1 

5 

4*67 

-0*067 ± I 

166 ± 3 

8 

6*12 

+ 0*132 ± 2 

360 ± 6 

18 

6*66 

+ 0*246 ± 2 

671 ± 6 

34 

7*12 

-1*188 ± 2 

3.242 ± 6 

162 

8*02 

+ 4*23 ± 1 

11,636 ±27 

-677 

position 

Table 2. 

Mica (b) 


on crystal 

step, fraction 

step, 

step, molecules, 

mm. 

of order 

angstrom units 

as whole numbers 

0 

- 0*066 ± 1 

180 ± 3 

9 

0*26 

+ 0*118 ± 6 

322 ±13 

-16 

0*84 

- 0*086 ± 2 

180 ± 6 

9 

1*27 

+ 0*376 ± 5 

1026±13 

61 

1*97 

+ 0*144 ±20 

393 ±60 

-20 

2*00 

+ 0*041 ± 3 

n 2 ± 8 

6 

2*54 

+ 0*197 ± 4 

638 ±10 

-27 

2*84 

+ 0*380 ±20 

1040 ±60 

-62 

2*07 

+ 0*248 ± 4 

677 ±10 

-34 

3*00 

-0*126± 1 

341 ± 3 

17 

3*40 

+ 0*016 ± 1 

41 ± 3 

2 

3*81 

-0*H6± 3 

314± 8 

16 

4*00 

-0*127 ± 4 

347 ±10 

-17 

4*10 

+ 0*080 ± 2 

215± 6 

11 

4*72 

+ 0*196 ± 2 

532± 6 

27 

5*22 

+ 0*142± 2 

387 ± 6 

10 
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It should be noted that this in no way contradicts the ammonium iodide crystal 
growth experiments. The successive double layers of mica are related by a glide 
plane of symmetry parallel to (010). The orientation on the surface for any step 
may have an inclination on either side of this symmetry plane. On adjoining steps 
the orientations may be the same, and then the crystals of ammonium iodide 
would all point the same way. The step would then be an integral multiple of 20 A, 
and, if this happens, the ammonium iodide experiment would in fact not reveal a 
step. Three illustrations of crystal growth are given by Sir Lawrence Bragg. One, 
lepidolite, shows a clear step, hence this is a half integral multiple of 20 A. But 
another samf»lo shows no invisible’ step. It does not follow that the surface is 
uniform, it may in fact have on it a number of steps, each integral multiples of 
20 A, The mica samples used here could give ammonium iodide patterns similar 
to this second sample. Finally the third crystal growth illustration (phlogopite) 
shows orientations of either kind equally numerous, from which it might be con- 
cluded that here we have a typical area in which there are many small length 
cleavage steps, of narrow width between ste])s. Such characteristic areas have 
appeared on some of the samples examined here. 

Not only is there agreement between the general conclusions as regards steps, 
obtained by interferometry and by crystal growth experiments, the same is true 
of surface uniformity. The existence of uniformity between the invisible cleavage* 
lines given by the crystal growth orientation is not quite a safe inference, for, as 
already pointed out, there exist steps which are integral multiples of 20 A and 
from the j>oint of view of crystal growth such steps would have no effect at all on 
orientation and thus be missed, giving a false picture of uniformity. 

It was concluded from the smoothness of the doublet yellow fringes that, 
between cleavage lines, the surface is, however, actually uniform to at least 30 A. 
Thus the uniformity can be objectively demonstrated with firinges although only 
deduced from the crystal orientation (although the orientation observations are 
subject to the doubt already mentioned). It seems that the conclusion drawn from 
the crystal growth, namely that between the cleavage lines the surface runs true 
to a molecular plane, is substantiated. It is clearly more logical to assume this than 
to jx)stulate the possibility of irregular steps of either only one or of only two 
molecules, indiscriminately, which is the limit set optically by the fringes. 

There is definite evidence that on specimens having high hills of the order of 
10 waves, some hillsides do not faU smoothly, but ripple. This is shown by the 
splitting of fringes into clo^e multiplets. This feature will be examined further. It 
can be clearly seen on figure 7 and 8 (plate 2). 

h inally it may be noted that if the mica sheet is reversed so that there is a thin 
shp of mica between the silvered surfaces, then double fringes, due to the double 
refraction of the mica, become visible. Alternatively, if both sides of a mica sheet 
are silvered and the optical flat dispensed with, then complexity results because, 
in addition to the doubling of the ftingea due to double lefraiction, the oleavege 
steps on the two separate surfaces come into play and cannot be disentangled 
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without separate observatioias rxiade on each face, against a flat* This procedure re- 
veals important internal and surface features, however,* and is now being developed in 
detail. 

The topographical peaturbs op selenite cleavage paces 

Thei specimen of selenite available gave fairly good specular reflexion, before 
silvering, over some 2 sq. cm. A typical contour, representing about 1 sq. cm., is 
shown in figure 9 (plate 2). The contrast with mica is striking. The main distin- 
guishing features of the pattern are: 

(1) A large number of clearly marked cleavage lines, which are roughly parallel. 
The large angles exhibited by some micas do not appear, although in isolated cases 
angles up to some 16° appear. It is hoped to correlate these directions with crystal- 
lographic data, if this is possible. 

(2) The characteristic hillocks and valleys shown by all mica specimens are 
absent. Instead, the selenite shows a cylindrical curvature. The curvature is 
relatively large, the radius being some 4*6 m., for one particular sample. The 
cleciDcige Imm are in the same direction as the curvature. 

(3) The separate fringes are very ragged and show multiple kinks. Between the 

straight cleavage lines the fringes are nowhere smooth as was the case with mica 
but are disjointed and irregular, although retaining their individualities as separate 
fringes which are still sharp. , 

The detail of the separate fringe structure is shown in figure 10 (plate 2). This is 
not only a slightly bigger enlargement but the dispersion has been considerably 
incjreased by bringing the crystal surface nearer to parallelism with the optical flat. 

The cleavage line niscoNTiNtTiTrES in selenite 

The ragged nature of the fringes reduces the high precision of measurement when 
comparison is made with the data for mica, yet the precision is still considerable. 
The contour of a typical traverse across 7 mm. of the crystal, at right angles to the 
cleavage lines, is shown in figure 3, the measurements being given in table 3. The 
numbers of ' molecules’ in the steps are approximate whole numbers, for the 
accuracy is insuflScient to give an exact figure. 

There exists a close superficial rosemblance with the typical mica contours of 
figures I and 2. A very large number of steps smaller than those recorded above 
were observed, but they were not measured since they extended for only short 
lengths and tended to become merged into the general ragged natm^e of the 
fringes. It will be noted that the dimension of the selenite cell in the direction 
perpendicular to cleavage is 15 A, which compares with the 20 A of mica. 

Variation of step along a selenite cleavage line 

A very marked difference between mica and selenite is that the value of the 
step, in many cleavage lines, changes regularly on moving alou^ a selenite cleavage 
line. This means that the two surfaces separated by the cleavage line aie not 
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parallely having a relative slope along the direction of the cleavage line. A par- 
ticularly marked case is shown by the data given in figure 4. This is the plot of the 
value of the cleavage step along a 3 mm. length of a cleavage line. This shows that, 
(a) there is a relative small curvature between the two faces, (6) this is superposed 
on a general slope. Taking one surface as the horizontal axis, the other starts off 
below this, crosses over, and a downward step beomes an upward step. 



Figure 3. Selenite, cleavage step contour. 


Table 3. Selenite 


poHition 
on crystal 

step, fraction 

Step, 

step, 

molecules, os 

slope of 
adjacent faces, 

mm. 

of order 

angstrom units 

whole numbers 

min. of arc 

0 

+ 0-307 

838 

66 

- 0-061 

016 

- 0-41 4 

1130 

76 


1*26 

+ 0-143 

391 

26 

^o-on 

1*38 

+ 0-112 

307 

20 

-0-011 

1-78 

+ 0-802 

2188 

146 


2-01 

+ 0-184 

601 

33 

-0-018 

3-06 

-0-170 

480 

32 

4*27 

+ 0-265 

674 

45 

-0-018 

sag 

-0-226 

615 

41 

-0-063 

6-48 

+ 0-090 

244 

16 


7*22 

-0-351 

967 

64 

-f 0-017 


The case illustrated in figure 4 is an extreme example for in the majority of the 
cleavage st^ps measured any relative curvature that may exist between tke 
^iaoent faces is so small, that it is sufficiently close to consider that the two sur- 
faces are merely sloped relative to each other in a linear manner. 
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The nimierical values of the slopes, in minutes o/arc, are given in the last column 
of table 3, 

The character of the sloping surfaces is illustrated by an approximately per- 
spective diagram, figure 6. This represents the same contour as shown in figure 4, 



1* lOCHK 4. Selenite, variation of step along cleavage line. 



0 12345878 


mm, along surface, across cleavage lijies 
Figure 6 . Selenite, cleavage step contour. 

with the third dimension added. The axes OX, OY, OZ, are mutually perpendicular. 
TJie scales alofig the two horizontal directions are the same, the magnifloation only 
being great in the vertical direction. The deviations of the surfaces from the 
horizontal plane ore sho wn by the blackened wedge sections. The thickness of the 
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slab along the OZ direction is 1 mm,, hence the diagram repreB»ts the variations 
along the cleavage lines of a length of 1 mm. There are both positive and negative 
slopes (positive direction arbitrary) and on some planes the slope is too small to 
be determined with certainty. It is of interest to note that the two surfaces which 
occur at A" approximately 2-3 mm., and at X approximately 3-4 mm., have, as 
near as can be estimated, both the same level on the Y axis and the same slope. It 
is clear that the portion between them has been simply torn out of the area ex- 
tending over X approximately 2-5 mm. 

The angles of the sloping faces are of course very small and it is only the very 
high magnification in the Y direction which enables them to be measured. It may 
be noted that the 8Jo})e of only O-Oli minute of arc was given by a crystal strip 
0*8 mm. long and 0*4 mm. wide. 

Thk state of the sttrface between the selenite cleavage lines 

The peculiar state of the surface between the long cleavage lines is revealed by 
the higher dispersion of figure 10, especially in the region of considerable dispersion 
near to the centre of the cylindrical fringe pattern. This plate shows why, with 
lower dispersion, the fringes have so ragged an appearance. It can be clearly seen 
that the areas between the major cleavage lines consist of a large number of small 
facets, each of which is an elongated strip. The long axis of the strip is in the direc- 
tion of the major cleavage lines. The strips vary in length from quite small strips 
to lengths up to I mm. The widths also vary widely and, although most are of the 
order of only l/50th of a millimetre wide, some attain a width of the order of 
1/10 mm. These strips do not lie in the. same plane but are stepped in a haphazard 
way, positively and negatively. The steps are only very small fractions of an order 
in most cases. It is clear that the strips differ in height by only a few molecules. 

There is no evidence of ahy regularity at all in this distribution of small strips 
or in their heights. Occasionally an individual narrow strip will project out of a 
fringe by as much as 1/1 0th of an order, indicating that there is a difference in 
height by some 300 A, i.e. some 20 'molecules’. In general the differences ore 
considerably loss. 

The individual small elongated strips practically all lie with their major axis in 
the general direction of the long cleavage lines, but in some cases there are appre- 
ciable abrupt angles between adjacent small strips. The general direction of the 
large majority proves that the strips must be regarded as subsidiary cleavages super ^ 
j)osed upon the main areas defined, by the major cleavage lines. The strip edges are 
very sharp, proving true discontinuity. 

Disotjssion 

Selenite is a hydrate and the crystal has been exposed to a hard vacuum for 
some 30 min, during the silver deposition procedure. It must be considered first 
whether some slight surface dehydication effect might account for the ragged 
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surface. The crystal never wanna up above room temperature during the silvering 
procedure so that the dehydration, if any, might be expected to be minute. On the 
other hand the facets are only a few molecules deep. It seems certain, however, that 
dehydration has nothing to do with the effect. The fact that the individual strips 
show such extremely sharp cleavage edges, and the fact that these are in the same 
general direction as the major cleavage lines, disposes of this view. The subsidiary 
strips must certainly arise during cleavage, indicating a true secondary structure# 
Thus it is clear that the cleavage mechanism differs from that of mica in that 
there are two distinct factors (a) the major strong cleavage strips extending over 
distances of the order of centimetres, and (6) the secondary weak cleavage patches 
which ore in most cases only a fraction of a millimetre in length. In mica the 
cleavage takes place at a weak bond between potassium (or sodium) and oxygen, 
whereas in selenite the weak bond is between water and oxygen. This difference 
may be connect/cd with the different cleavages. On the other hand, whether or not 
the subsidiary patches in selenite are related to a crystal mosaic remains yet to be 
determined. 

The contrast between the mica and selenite cleavages is further accentuated 
by the common occurrence of a relative slope between the two faces on either side 
of a cleavage line in the case of selenite. It is also fairly certain that in solonite the 
change in level as one moves along a cleavage line is not continuously smooth but 
rather stepwise and ragged, because the subsidiary patches are so much shorter 
than the main cleavage lines and they lie at variable heights. 

It is clear now that the three dimensional diagram in figure 5 is only a simplified 
schematic representation of the true state of the surface. 

I wish to express my thanks to Mr S. O. Agrell of the Geology Department, 
Manchester University, who kindly supplied me with the selenite used. 


Note added (10 February 1943). After completion of tliis work, a preliminary short note 
giving a brief survey of the results obtained was communicated to Nature (152, 722, 18 Doc. 
1943). As a oonsequonoe of this a communication was received from Professor Manna Siogbahn, 
of Stockholm, who sent the author a copy of a paper published by Siogbahn in Ark, Med. Aair. 
Fye. 23 A, no. 12 (1933). This describes an. interforontetrio procedure wliich was employed for 
the examination of crystal cleavage planes. The author was not aware of this publication 
since the J oumal in question is not available in Manchester. 

TTie experimental procedure deaoribeil by Siegbalm is the classical t\vo-heam interference 
method of Fizeau, Whilst this much less powerful method is capable of revealing the coarser 
surface structure, the resolving power, being severely limited by the unfavourable sin* 
intensity distribution, is insufficient for revealing the subtle details of structure shown by 
mdJtn^U beam interieronce. As a close analogy it can be considered that the resolving power of 
this multiple beam method is to that of the two-beam procedure as is the resolving power of a 
30 Une jgrating to that of a ttoo Une grating. The accuracy of measurement is correspondingly 
affected. 



The crystal structure of cholesteryl iodide 

By C. H. Carlisle and D. Crowfoot 

Department of Mineralogy and Crystallography^ Oxford 

(Communicated by J. D. Bernal, FM.8. — Received 19 June 1944) 

[Plate S] 


The X-ray analyeis of cholesteryl iodide is an example of the use that can. bo mode of the 
prosouce of a heavy atom, here iodine, in working out the structure of on organic molecule 
containing a number of asymmetrio centres. The method of analysis employed has been to 
calculate the electron density within the tmit cell, using the observed F values and, at first, 
phase angles derived from the contributions of the iodine atoms ^one. The electron density 
pattern so deduced necessarily has a centre of symmetry, since the positions of the two iodine 
atoms in the unit ceil are related to one another by a centre of symmetry. It therefore shows, 
somewhat approximately, the positions of all the atoms in the molecule superimposed on 
those of a spurious mirror image molecule. Selection of the atomic positions belonging to one 
molecule was made througlx a consideration of normal oarbon«carbon bond lengths and 
valency angles. The analysis was greatly assisted by the comparatively simple crystallo- 
grapliic character of the compound. Cholesteryl iodide crystallizes in two forms, A and B, 
of closely related crystal structure, both monoclinic, with n»=2. Fourier projections on 
(010) were derived for both forms and show clearly the outlines of the sterol molecules and 
their general arrangement. Tlie resolution of the atomic positions is best in the case of B and 
three-dimensional analysis was therefore attempted on this form only. 

The crystal structure derived confirms the general view of sterol crystallography put 
forward by Bernal and also the present accepted chemical structure of the sterol skeleton. 
The accuracy with which the positions of the individual atoms are fixed is not great, but it 
axjpears auftloient to estabUah their mode of Unking and to provide new evidence on their 
stereochemical relations. 


Tho present X-ray analysis of cholesteryl iodide (I) is an attempt to determine the 
detailed structure of the sterol skeleton using as little chemical information as 
possible. It is the natural continuation of the crystallographic measurements on 
sterols begun by J. D. Bernal in 1932 and UluBtrates some of the general problems 
involved in the application of X-ray methods to the determination of the ohemicctl 
structure of complex organic molecules. In the interval sinoe Bernal’s first measure- 
ments the actual chemical structure of the sterol skeleton has been very largely 
established, but there still remain problems in detail, particularly of stereochemistry, 
which need further investigation. There is a partic^ar interest in finding how far 
information can be gained on these points, quite apart from the general interest of 
attempting to check the structure as a whole by X-ray methods. On the other hand, 
it has become clear from the crystallographic side that for such a purpose some 
approach to a direct X-ray analysis must be sought. This is chiefly because the usual 
methods of trial and error analysis become almost impossibly difficult where the 
molecular structure is both complicated and at least partly unknown. The point has 
been illustrated already in tlie sterol series, both during the survey of a variety 

[ 64 1 
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of sterol crystal structures (Bernal, Crowfoot & Fankuchen 1940) and by the 
more detaded examination of, for example, the choleic acids (Caglioti & Giaco- 
mello 1939). 



In the analysis of cholesteryl iodide we are making use of the fact that the phases 
of the X-ray reflexions aie largely controlled by the contributions of the heavy 
iodine atoms, Fourier series calculated by the usual equation, (1) (Bragg, W, H. 
1915; Bragg, W. L. 1929), using the observed ¥ values and the heavy atom 

Pxv> = SSS 1 Am i cos{ 27 r(fci: + % + te)-a*„), (1) 

— 00 

phase angles (a;,^), should therefore give directly an approximate picture of the 
electron density (Pgcy») within the crystal structure (cf, Robertson & Woodward 
1940; Huse & Powell 1940; and also Cox & Jeffrey 1939). How closely this picture 
approaches to the truth depends upon the actual crystallographic conditions present. 
The most favourable circumstances are those found by Robertson & Woodward 
(1940) in the crystal structure of platinum phthalocyanine where the platinum atoms 
are at a crystallographic centre of symmetry and by their contributions exactly 
determine the phases. In the general case, of which cholesteryl iodide is one particular 
example, this is not true; here both the molecular and crystal structure are asym- 
metric, the heavy atoms are not in special positions, and the true phase angles must 
differ from those calculated on the positions of the heavy atoms only. The most 
serious difficulty is that, in general, the positions of the heavy atoms in the crystal 
will be related to one another by higher symmetry than are the molecules as a whole 
— in the present example by a centre of symmetry. The phases deduced from their 
contributions alone, in turn, introduce this symmetry into the calculated structure. 
Consequently, although peaks sliould appear in the derived Fourier syntheses at 
approximately the correct atomic positions, they will also occui* at additional posi- 
tions, related to the first by the extra symmetry element. At best the use of these 
phases deduced from the heavy atoms alone only limits the position of any particular 
atom in an asymmetric crystal structure to certain alternatives. 

One further point should be mentioned. In the molecule of cholesteryl iodide, 
unlike that of platinum phthalocyanine, the atomsiiave a non-planar arrangement, 
and X-ray analysis in three dimensions is essential. 

The preliminary examination of cholesteryl iodide carried out during the sterol 
survey sliowed that this crystal structure had certain favourable characteristics 
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which might make a direct and detailed analysis possible, in spite of these com- 
plications* In the crystal unit cell there were only two molecules, related by a 
twofold screw axis of symmetry. And the fact that this symmetry axis was parallel 
to the least refractive index of the crystal suggested that it was loughly normal to 
the sterol ring system. A projection on a plane normal to the axis might therefore 
be expected to show well -resolved atomic positions. And further, since this pro- 
jection is crystallographically centro-symmetrical, its accuracy should not be 
affected by the symmetry introduced into the tlxree-dimensional structure by the 
use of the iodine phase angles. 

With these considerations in mind, the following procedure was suggested for the 
systematic analysis of the structure of cholesteryl iodide: 

(1) Measure the intensities of all {hkl) reflexions, 

(2) Deduce the positions of tlie heavy atoms from them by the calculation of 
Patterson series (Patterson 1935). 

(3) Calculate the phases from the heavy atom contributions alone, and using 
these and the observed F values form Fourier series to reveal the positions of the 
remaining atoms. This process is Conveniently broken into two: (a) the calculation 
of a Fourier projection on the crystallographic 6 plane which should give as 
much resolution as possible of the atomic positions in two dimensions; (6) the 
calculation of three-dimensional line series through the peaks revealed in the first 
Fourier series in order to determine their third parameters (Barker 1936; Goodwin 
& Hardy 1938). 

(4) Distinguish the correct alternative among the possible positions of the 
atoms shown so far by considerations of, for example, bond distances and 
valency angles. 

(5) Recalculate phases and rej^at Fourier summations to correct the structure 
deduced at (3) and to determine as closely as possible the true atomic positions. 

At the outset of the analysis a complication occurred. A second metastable crystal- 
line modification of cholesteryl iodide, B, was found in the preparation, very similar 
in unit cell dimensions and optics to A but differing from this in the intensities of 
the X-ray reflexions. Since to a first approximation both appeared equally suitable, 
detailed examination was begun on the two crystal structures together. The first 
Fourier projection obtained at stage 3(a) showed greater resolution of the atomic 
positions in struoturo B than in structure A, and the complete three-dimensional 
analysis was therefore continued on jB alone. 

In the account which follows the tables numbered in italics liave been omitted for 
reasons of space. Copies are deposited with the Royal Society and they also occur, 
together with additional information on the calculations cc^rried out, in a thesis by 
one of us (Carlisle 1943). 

Strxtctiteb detebmikation 

The sample of cholesteryl iodide xised was that prepared by Beynon, Heilbron & 
Spring (1936) by the action of hydrogen iodide on t-oholesteryl ethyl ether and 
t-eholesteryl benzyl ether.* The first X-ray measurements were carried out on this 
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preparation by I. Fankucheu in Cambridge in 1937-8, At the start of the present 
investigation the crystals had become reddish brown in colour, presumably through 
partial decomposition, and the material was therefore recrystalHzed by slow cooling 
from hot acetone. X-ray examination showed that the recrystallized preparation 
contained two crystalline varieties, A and B, the proportion of which varied in 
different recrystallizations, suggesting that they were polymorphic modifications. 
Further evidence on this point w'as obtained by microscopic observations on the 
effect of heat on the two (hot-wire method). A transformed on heating to a meta- 
stable form, melting simultaneously with B. On cooling, the two preparations 
behaved exactly similarly, the metastable form gi’ew in both melts followed by the 
stable form. By rapid cooling a prej)aration could be obtained showing the two forms 
in contact with one another for an indefinite length of time. 

The preliminary X-ray data on the two forms are summar^ed in table 1. Once 
their difference was recognized it was found j)o8sible to distinguish them morpho- 
logically by inspection under the microscope. Their character^tica are as follows: 

Cholesteryl iodide A. The crystals are small, almost colourless, inonoclinic laths, 
elongated along [010], showing {001) dominating and (100). The birefringence is 
positive, 2F — 56° (in glycerine), a is parallel to 6, y lies approximately 6° to c in 
the obtuse angle. , 



a 

b 

a 

p 

P 

space group 

n 

oholestexyl iodide A 

10-93 

10-34 

21-47 


1-300 


2 

cholesteryl iodide B 

12-57 

904 21-89 

i mm 

149® 

1-276 

P2, 

2 



FiatniK 1 . CrosB-seotion of crystal of cholesteryl iodide B normal to the b axis. 

ChoUateryl iodide B. The crystals are usually larger than those of form A and pale 
yellow in appearance. The colour deepens on keeping, probably owing to slight 
decomposition with liberation of iodine. They are irregular, platy, monoclinic 
crystals, elongated along [010]. Their usual cross-section normal to [010] is as shown 
in figure 1, the forms developed being far from clear, probably {001} and {102}. 
The birefringence is positive, 2E ~ 88°, a is parallel to 6, y lies in the obtuse angle 
at approxim&tely 15° to c. 

* Apparently the same compound has since b««i isolated by Helferioh & Cunther {1939) 
by the action of HI on cholesteryl toluene sulphonate and cholesteryl methane sulphonate. 
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The density in both oases was measured by flotation in potassium mercuric iodide 
solution. 

These preliminary observations suggested strongly that in both forms an open 
projection of the sterol ring system would be obtained on (010), normal to the 
symmetry axis. The analysis then followed the scheme suggested above. In both 
structures JJiqq = 620, 2/^1 « 106. 


( 1 ) The estimation of the intensities 

Two types of X-ray photographs were taken of both forms, oscillation photo- 
grai)hs and Weissenberg photographs, but only the latter were used for the estima- 
tion of the intensities. For form A, only the hOl reflexions were recorded on zero layer 
Weissenberg photographs, rotation axis 6, with exposure times of 3, 6 and 12 hr. 
For form B all hkl re^exions were recorded. The main series were equi-inclination 
Weissenberg photographs, rotation axis h, zero and five layer line photographs. 
Two zero layer phot6grai)hs were taken in addition to act as correlating photographs 
and showing hkO and 3 hkl reflexions respectively. Varying exposiire times were used 
for all photographs showing strong reflexions. 

Considerable difficulty was experienced in the photography of form B owing to 
the fairly ra})id decomposition of the crystals which appeared to be hastened by 
exposure to X-rays. It was found neyoessary to use a different crystal for each in- 
dividual Weissenberg layer line photograph in order to get comparable results. The 
sizes of the crystals were all of the order of 0-6-0*8 x 0' 2-0*4 mm. The weights varied 
from approximately 0*05 to 0*10 mg. 

The intensities of the X-ray reflexions were all estimated visually by comparison 
with a standard series of spots of varying exposure. Their relations were carefully 
checked owing to the large number of photographs taken, but it was realized that 

The intensities of the reflexions gradually faded out on the photographs taken, no 
reflexions with values of sin 0/A greater than 0-66 being observed. In aU only 
301 hkl reflexions were measured for form B, 

To obtain a series of relative values the observed intensities were corrected by 
the method of Warren & Fankuchen (1941) for the Lorentz and polarization factors. 
An attempt was also made to apply a correction for absorption to the intensities of 
the hOl reflexions in form B, The linear absorption coefficient /i of the crystal 

required in the expression 1 = was calculated from the formula /i » 

where n is the number of molecules in, and V the volume of, the unit cell, and 
the atomic absorption coefficient. For cholesteryl iodide *107. The path 
distance, d, could only be found approximately through the procedure of projecting 
on to a sheet of graph paper the cross-section of the crystal normal to the axis of 
rotat ion and measuring path distances through the crystal from the centre of the 
cross-section. ' Here our chief difficulty was the i^gular form of the crystal in cross- 
section. In the actual experiment a small crystal (weighing 0*06 mg.) was first 
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photographed on the Weissenberg camera to obtain the series of hOl reflexions 
(rotation axis b), then removed and remounted to oscillate about the y vibration 
direction. An oscillation photograph fixed the relation of the crystallographic axes 
to the rotation axis and consequently to the irregular crystal cross-section parallel 
to (010). A magnified image of this cross-section was then thrown on to a sheet of 
graph paper by means of a projector (see figure 1) and the path distances evaluated 
gra|)hically. 

The relative F values deduced for forms A and jB are recorded in tables 2 and 3.* 


(2) Calculation of Patteraon projections 

Tlie first step in the structure analysis was the preparation of Patterson pro- 
jections on the plane (010) for both oholesteryl iodide A and B using relative 
values for .the hOl reflexions. These Patterson projections are reproduced in 
figures 2 a and 3 a, and both show clearly recognizable peaks due to the iodine- 
iodine vectors. Since the y parameters of the iodine atoms in the structure may be 
assignedtfrom crystal symmetry, the parameters of the iodine atoms were deduced 
as follows: 


A 


Parameters of the iodine atoms 

B 


= 0-043 -0-043 

y s= 0*25 0-75 

s = 0-248 -0-248 


a? = 0-217 -0*217 

y = 0-26 0*75 

« = 0-042 -0*042 


(3) Calculation of Fourier series using phase angles deduced from iodine contributions 

(a) Fourier projections on (010) of electron density were then derived for both 
structures using the phase angles calculated from the contributions of the iodine 
atoms alone (figures 26, 36). In both these projections it is relatively easy to pick 
out the outlines of the sterol ring system and the side chain attached to it oriented 
aa expected within the crystal. In the stable form A, the two molecules overlap 
throughout their length and this produces some confusion in projection, one ring 
being obscured by the iodine atom of the second molecule. In form J5, on the other 
hand, the arrangement is more open and only a small amount of overlapping in 
projection occurs. The position of almost every atom in the sterol skeleton is fairly 
obvious here, and the structure determination was therefore continued for the time 
being on form B alone. 

Since the projection (figure 36) is centro-symmetrioal, the phase angles calculated 
from the iodine contributions are 0 or w* and are largely the correct phase angles. 
Very little refinement of the projection could be effected. The insertion of the 
calculated carbon atom contributions only changed the signs of three weak reflexions, 
403, 608 and |09. The effect of the application of the absorption correction is shown 
inflgflre 3c. Some improvement but no very mark^ change in the contours resulted. 

^ Tables referred to by italic numbers are not printed but are availablo for reference at 
Oxford, 
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FiauBJc 3. Cholestefryl iodide B. (a) Patterson projection (Bacat), on (010), The peaks /, 1 are 
due to the iodine-iodine veoftors. (6) First projection of electron density* (f>zz), on (010), 
(c) Projection of electron density on (010) calculated, using intensities oormted for absorption 
and digns corrected for the carbon atom positions. Contours at rather closer intervals than (6), 
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{b) The next stage in the analysis is the calculation of three-dimensional Fourier 
syntheses along lines normal to the projection on (010), using all values of and 
the phase angles calculated -from the iodine contribution only. The oc and z para- 
meters for these lines were chosen from the projections so that they should if possible 
pass through atomic positions. But in attempting to fix these positions as closely 
as possible some 37 series in all were calculated (figure 4) which, as figure 5 shows, 
closely cover all the area of pronounced electron density in the projection. For 
convenience of reference these lines are numbered as far as possible according to 
the chemical formulation I and not in numerical sequence. 

At this stage the phase angles from the iodine contributions are again 0 or tt, and 
consequently the electron density pattern calculated by their use has a centre of 
symmetry. In addition to any particular real carbon atom P, which occurs at the 
positions (I) x,y,z; (2) z in the unit cell, the calculated pattern will show 

evidence of additional unreal atoms, (3) x,y,z; (4) a;, J — y, 2 , produced by the opera- 
tion of this centre of symmetry. Of these, atoms 1 and 4 and atoms 2 and 3 are 
related to one another by mirror planes of symmetry at y == J and f . We have found 
it most useful to consider the calculated pattern as showing the molecule as a whole 
superimposed upon its mirror image, produced by the operation of these mirror 
planes. The lines of electron density calculated (figure 4) are accordingly sym- 
metrical about the planes y = J, f, and the y^ parameter of any particular carbon 
atom at may be dedticed as either J-f y^ or i — y^. 

At this point the direct X-ray analysis is at an end, and it is worth commenting 
on the bearing of the evidence so far obtained on sterol structure. The line syntheses 
of electron density have certain characteristics which should be noted: 

(i) Curv^es for carbon atoms 1, 2, 9, 10, 11, 12, 13, 16, 17, 18, 19, 20, 21, 22, 23, 26, 
and 26 show marked maxima mainly in the region y « 

(ii) Curves for carbon atoms 4, 6, 6, 7, 8, 14, 15, and 27 show maxima mainly in 
the region y = i, y = i- 

(iii) Curves for carbon atoms 18 and 19 show maxima in the region y === 0-25, 
y 0-42. y 0-08. 

(iv) The curves vary in form between tw^o extremes. There are curves showing 
one more or less sharp maximum at y =5 J (cf. 10) or two maxima at y = \±y', 
where y' is generally less than 0*1 (cf. 1, 4, 12). 

ThelSrst two characteristics serve to distinguish between the two molecules in the 
unit cell, since peaks separated by a distance or 4-6 A are too far apart to represent 
directly bonded atoms. The peaks at y » (^08, 0*42 can be correlated with the 
presence of methyl groups attached at Cjo-Cxa in the sterol skeleton. The fourth 
characteristic is an indication of the non-pl|i.nar nature of the sterol skeleton. In 
general carbon atoms either lie not far from the plane y = i or some little distance 
removed at y - i ± y', where the two possible positions have still to be distin- 
guished. The parameters deduced ajre listed in table 4 and are necessarily approxi- 
mate. This is because maxima may at this stage occur at some distance from the 
true position, owing to the incompleteness of the series and may also be confused 
through overlapping with the mirror image form. 
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Fxotjke 4. Choleeteiyl iodide B. Curves showiiig eleotron density along lines parallel to 6 
passing through atoms Cj— C*,, The dotted lines are the curves calculated using the phases due 
to the iodine atoms alone. For the full ciarves phases corrected fo*^ ttie carbon atom positions 
deduced wore employed. The Bgures to the left refer to the x, s parameters for the dotted lines, 
those to the ri^t for the full lines. 
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FiGtTBB 4C 

(4) TAe choice of atomic poaitiona 

In order to distinguish in three dimensions between the possible atomic position^ 
deduced, use was made of our knowledge of normal carbon-carbon bond distances 
and valency aiigles. To assist us a scale model was set up as shown in figure 9 (plate 3). 
The unit cell, projected on (010), was plotted on a sheet of cork matting to a scale 
of 4 cm* I A, and at the atomic positions deduced from projection 36, 28 vertical 
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st^eel noedleB were set up. On each of these needles were placed two pieces of cork 
above ( + ) and below ( — ) a plane corresponding to y i fl^nd at distances from this 
plane deduced from the corresponding line syntheses. The model then showed the 
approximate atomic positions of one molecule and of its mirror image. To separate 


c 



Fiottbe 6. Cholesteryl iodide B. Electron density projection on (010) showing points through 
which line syntheses were calculated, x Positions chosen for first (syminotrical) set of line 
syntheses. ▼ Positions chosen for second (asyininetricai) set of line syntheses. # Atomic 
positions finally accepted. 

the two a small cardboard triangle was constructed with two edges AB, BC (figure 6) 
proportional to 1'64 A, and the included angle 109^“. The position of Cjo at y = 0-26 
was selected as first starting point and the jwsition of Cj arbitrarily fixed at 
y =, J + 0-09 or y = 0-34. Then if one edge, AB, be placed along the line CjoCu the 
point C should fall on Cj. This proved possible only if Cj were 
placed at the position Cj^. or at y = + 0-073. From the 
adopted position of Cj, the position of Cj could be selected 
in the eiame way, and the process continued round the mole- ^ 
oule. The chosen positions were checked by selecting other FiatniB 6. Tnan^w 
s^rting points and by moving round the mdividual rings ing the atomic positions, 
in the opposite direction. 

It is perhaps worth illustrating the procedure by a direct calculation. Using the 
very approximate atomic parameters available at this stage the following bond 
distances and angles were deduced for the first atomic positions selected above: 

Cio-Ci± 1-34 

Ci+-CV 1-44A 114-6“ 

Ci+-Ca_ 2-14 A ^Cio-C,+-C,. 98-46 

Position chosen C 2 +. Actually the choice here is clearer than in the majority of oases 
(tables 6, 7). 

Two modifications in the process described above were made. It was assumed 
in the first trial that, in ring B, a short interatomic distance C-C = 1-34 A would be 
expected betw^n Cg and Cg, and bond angles modified to equal 120“, and also that, 
inring £>, the bond angles might be considerably stmned. In fact, as the calculations 
given illustrate, neither of these assumptions has much meaning since all bond 
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angles and distances deduoible at this stage are very approximate. The atoms C4, 
C5, C«, C7 all appear to lie so near the plane y = I that no great error should be 
introduced by misplacing them. More difficulty was experienced in the neighbour- 
hood of the ring junction C ; though check calculations do favour the configura- 
tion first chosen from the model (tables 6, 7). 

The atomic positions selected as a result of this sorting process on the model are 
shown in the photograph (figure 9, plate 3), by the shaded corks. Since these represent 
very approximate versions of the actual atomic parameters in the crystal a further 
model was constructed, having the stereochemical form actually deduced but theo- 
retical bond distances and valency angles. This was used to amend slightly the first 
set of atomic parameters chosen within the limits of error provided by the Fourier 
series so far calculated. The parameters adopted are listed in table Sa, 

(5) Refinement of the $tructure through calculations of three-dimensional 
Fourier series using corrected phase angles 
At this stage the app'roximato position of every atom in the molecule was known 
and the phase angles were therefore calculated, using both the carbon atom and 
iodine atom contributions. With the observed values and these phase angles 
new three-dimensional Fourier series were derived of two main ty|)es : line syntheses 
parallel to [010] and sections normal to [010], 

The three-dimensional line syntheses, figure 4 (oontinuoiis linos), show electron 
density a|ong lines parallel to [010]. They are, as expected, no longer symmetrical 
about y - f , I and consequently permit far more accurate determination of the y 
parameters. As expected, too, the main peaks have^in certain oases shifted quite 
markedly from the position first selected but in no case in a direction to change the 
molecular configuration chosen. Usually small peaks also occur at the mirror image 
positions indicating that too much weight has still been given to the iodine con- 
tributions. ' * 

The sections show electron density in planes parallel to the plane (010), figure f . 
Their heights above the plane were chosen to pass through as many atomic positions 
as possible in order to obtain better values for the x an<f 2: parameters. Section (a) 
at y J passes through, to a greater or less degree, I7 out of the 27 carbon atoms of 
the sterol skeleton. It shows particularly well the five-membered atoms of ring D. 
Section (6) at y = 0*33 is complementary to this. It does not in general pass so near 
the atomic positions (cf. table 5). Parts only of section (c) at y =« 0* 12 were calculated 
to cover the two remaining atoms, the methyl groups at and Cjq. 

The electron density peaks representing atoms in these three-dimensional series 
are in many cases not sharp and, as the line series illustrate particularly well, often 
not equivalent in strength as they should be theoretically. The series also show 
considerable spurious detail which can be largely correlated with the atomic posi- 
tions of the mirror image molecules. It is clear that the atomic parameters and 
consequently phase angles used for their calculation were only approximately cor- 
rect and are still too close to those given by the iodine atoms only, Kie same point is 
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illustrated by the calculation of F values listed in table 3. There is an apparent 
general agreement which depends largely on the values of the iodine contributions, 
but a more detailed examination of the carbon atom contribution shows several 
discrepancies. From the three-dimensional series, however, a number of improve- 
ments may be made in the atomic parameters, the revised values of which are listed 


c 
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Figuee 7. Cholesteryl iodide B. Sections showing electron density in planes 
parallel to (010) at heights 2 / = 0*25 (a), 0*33 (6), 0*12 (c). 


in table 5i. We should proceed next to recalculate phase angles and then electron 
density employing these parameters. But the calculations involved in the derivation 
particularly of the sections are so exceedingly lengthy that we have felt it best to 
give the results as they stand now without attempting at present further refinement 
of the structure. There is an additional reason for this in that from this point any 
improvement in the structure determination rests mainly on trial and error analysis. 


Discussion 

(a) Crystal sirwciures of cholesieryl iodide A wnA» B 

The crystallographic view of the structures of the two forms of oholesteryl iodide 
founded on the preliminary measurements has been remarkably closely confirmed 
by this more detailed investigation. In both the molecules appear as essentially long 
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with the side chain extending from and continuing the line of the ring system. They 
are also roughly flat, the plane of the ring system being, as predicted, nearly parallel 
to the b plane. Once the actual atomic positions in a molecule of this complexity 
have been deduced, rough calculation of size and shape or inclination of the ring 
system to the crystal axes largely lose their meaning. For interest, however, the 
following figures may be given: 



thickness 

width 

length 

dimension of sterol skeleton first given 
by J. D. Bonial ( 1932 ) 

5*0 

7*2 

17-20 

‘dimensions’ of cholosteryl iodide 

4 3 

7*5 

21*4 


(Here thickness, height of C, a-bove Cg, width, length C,,-!, all + 3*5 A. Inclination 

of ring system: line to 6 plane.) 


The orientation of the crystallographic optic axes to the molecular axes is also of 
interest in this connexion. The direction of least refractive index, a, is parallel to b 
and, as expected, nearly normal to the plane of the ring system. In this particular 
orientation of the sterol molecule to the crystal axes the direction of largest refrac- 
tive index, y, could not in the preliminary examination be correlated with any 
certainty with the length of the molecule. In fact, owing to the overlapping mole- 
cular arrangement in form y does here lie very closely along the direction of 
greatest molecular length. In form B there is no such marked concentration of 
atoms alpng any one line in the plane (010) and correspondingly the positive character 
of the crystals appears less pronounced (compare the optic axial angles measured 
— ^for form 2V « 56^^, for form 2E ^ 88°). The direction of greatest atomic 
density is no longer that of the molecular length; y accordingly diverges from this 
(figure 8). It is noticeable that y is here also nearly parallel to the direction of the 
double bond and, without calculation, it is impossible to say whether this or the 
electron density principally determines its orientation. 

The relation between the molecular arrangements in the two forms is very close 
(figure 8). Within a single layer parallel to the b plane the relative arrangements of 
the molecules are nearly, though not quite, identical. The two crystal structures 
differ principally in the relative arrangement of the layers. In B there is an open 
arrangement; the only overlapping of the atoms in the layers occurs where it might 
be expected, on the side of the molecule free from projecting methyl groups. The 
crystal structure of A is derived from B by sliding one layer over the next through a 
distance of roughly 4*7 A into more closely packed positions. A small readjustment 
of the atomic position within the layers follows— the plane of the ring system is 
probably at a slightly greater inclination to the b plane in A than in B and a rotation 
of about the bond Cj^-Cgo appears to have taken place, bringing C^i almost 
vertically below 0^0 in the 6 plane projection. There are one or two carbon-carbon 
distances of about 3*6 A but the greater number, particularly in form B, are 4 A 
or more. On the other hand, in form the two iodine atoms are much closer to- 
gether than they are in form A, in fact only 6*1 A apart as against lb9 A in A. It 
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seems reasonable to correlate this feature of the crystal structure with the deeper 
colour and more ready decomposition, of the crystals of B which distinguish them at 
first sight from those of - 4 . 




FiauHB 8., Diagram to illustrate the relation between the crystal structures of cholesteryl 
iodide A (a) and B (b). The molecular positions are shown projected on (010), 


(6) Tht accuracy of the detailed structure determination 

The principal inaccuracies in the detailed structure determination of cholesteryl 
iodide are certainly a consequence of the incompleteness of the calculations com- 
bined probably with some inaccuracies in the intensity measurements. In addition 
there are certain other features of the data we have which make it difficult to fix 
atomic positions exactly. 

The first of these is the occurrence of specific diffraction effects as a result of the 
presence of the iodine atom (of Robertson & Woodward 1940). This probably 
accounts for the comparative weakness of the peak due to Cg, particularly as this 
weakness appears also in the projection on (010) which is least likely to be affected 
by errors in the phase angles and intensities. As a result some doubt was felt about 
the exact placing of Cg. 

The second feature is the general weakness of X-ray reflexions from pianos with 
small spacings, which seriously limits the series used and consequently the resolution 
of the electron ciensity peak system . This effect indicates some disorder in the ciystal 
structure, i.e. that the atomic positions are not in fact precisely fixed in space. It 
seems most reasonable to correlate this with the complexity of the molecular system 
present. Where, as here, complicated molecules are held in the crystal by com- 
paratively weak intermolecular forces it is unlikely that the atoms will be so 
precisely ordered throughout space as they are in simpler crystal structures. An 
interesting commentary on the situation is provided by the comparison of the 
crystal structures of cholesteryl iodide A and B, which show varying but closely 
related stable arrangements of the molecules. 
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As a result of these effects accurate measiirements of interatomic distances and 
valency angles cannot be expected from our present data. But the X-ray anal3nsis 
has very largely revealed the structure of the molecule in the sense used in most 
researches in organic chemistry. It is possible to distinguish the different molecules 
in the crystal and to determine which atom is attached to which within the molecule 
and in addition to fix with a considerable degree of confidence the relative orienta- 
tions of the atoms in space. The evidence on molecular structure is the more reliable 
here in that the detailed information obtained from cholesteryl iodide B is con- 
firmed by the data we have on cholesteryl iodide A. 

(c) The molecular structure of cholesteryl iodide 
The molecular structure of cholesteryl iodide derived in the present analysis is 
defined by the set of parameters found for all the atoms in the crystal of cholesteryl 
iodide B and listed in table 56. The meaning of these figures in chemical terms is 
shown more clearly by the photograph of a model (figure 10, plate 3) built up on the 
crystallographically deduced atomic positions. In general form this molecular 


Table 66. Third set of approximate parameters for 

CHOLESTERYL IODIDE, FORM B 


atom 

X 

y 

z 

atom 

X 

y 

z 

I 

0*217 

0*260 

0*042 

Cl4 

0*443 

0*260 

0*560 

C. 

0*083 

0*347 

0*167 

C» 

0*686 

0*220 

0*681 


0*045 

0*280 

0*083 

C„ 

0*613 

0*230 

0*694 


0*240 

0*323 

0*142 

C» 

0*308 

0*307 

0*686 

c. 

0*400 

0*200 

0*249 

C» 

0*117 

0*100 

0*422 

C. 

0*423 

0*220 

0*328 

Ci, 

0*123 

0*083 

0-222 

C, 

0*697 

0*227 

0*443 

Cm 

0*193 

0*260 

0*686 


0*607 

0*233 

0*620 

c« 

0*000 

0*333 

0*402 

C, 

0*417 

0*220 

0'469 

c„ 

0*313 

0*333 

0*696 

C, 

0*233 

0*293 

0*342 

Cm 

0*307 

0*240 

0*762 


0*223 

0*243 

0*272 

c„ 

0*407’ 

0*340 

0*860 

f'u 

0*053 

0*260 

0*297 

c,. 

0*366 

0*237 

0*884 

Cl, 

0*070 

0*333 

0*370 


0*137 

0*237 

0*780 

Cl, 

0*237 

0*240 

0*490 

c„ 

0*460 

0*367 

0*968 


structure is in gcK)d agreement with present chemical views (Rosenheim & King 
1932; Wieland & Dane 1932). The ring system of three six-membered rings A, B 
and and one five-membered ring 1), is nOn planar. The structure of the side chain 
is clear even from the first Fourier projection, and there seems no doubt that the 
methyl groups are attached at Cjo and c„. The interatomic distances and valency 
angles calculated for this model also all agree reasonably well with theory. They 
are given in tables 6 and 7 and may be siunmanzed here: 

C— I 2-08 

C— C 1-47-1-60 Mean 1-55 

C=C 1-30 

^C—O— c 91°-129®30' 

^C=^Cr—C 124“ 46', 126° 33' 


Mean 108“ 36' 




Fi(U!UK 10. Photograpli« of the final nuxlel of cJiolertteryl iotiide. 


{h'fu^bta /). 80 ) 
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Since the accuracy xb not great, it is unlikely that any of the deviations from nomal 
bond distances are significant. The same is true for most of the valency angles 
found, but the most marked deviations do occur near the double bond and within 
and adjacent to the five-membered ring; these aie probably largely real since in 
these regions some strain must be present. 

The stereochemical configuration of rings A and B of cholesteryl iodide are 
largely as wopld be expected from chemical theory. It is unfortunate that the 
position of C3 is so ill-defined in the electron density maps, but the data so far 
obtained definitely favour the position given.* The configuration of the carbon- 
iodine bond is here cis to methyl at (the so-called 'trails^ form of Ruzicka, 
Furter & Goldberg 1938). This configuration is the same as that most favoured 
on chemical grounds for the hydroxyl grouj) in cholesterol, and is therefore in 
generfi^ agreement with other evidence that no inversion occurs in the formation 
of the cholesteryl halides from cholesterol (Rergmann 1937, 1938). The most 
interesting feature of tlie A, B ring system is the distortion that results from the 
presence of the double bond at C5-C3. The atoms C4, C5, C®, and C^o aU lie very 
nearly in one plane. The effect is shown even in the first three-dimensional line 
series. These accordingly provide some independent evidence for placing the 
double bond among the atoms concerned; though it may be doubted whether the 
actual double-bond position could have been deduced with any certainty directly 
from the X-ray data. Apart from the distortion caused by the double bond the 
rings have the Sachse tram configuration. 

As woxild be expected ring C of the sterol skeleton most nearly approaches the 
regular Sachse tram form . The configuration of the carbon atoms about the bonds 
Cg'Cg, C3-CJ4 and C13-C14 are all trails. The first involves the junction between rings 
B and C, and here the present evidence is good (cf. Ruzicka & Thomann 1933). 
The last concerns the junction between rings C and D (Wieland & Dane 1933; 
Dimroth & Jonsson 1941). Here there must in any case be some strain in the 
system, and it was the less easy at stage 4 of the analysis to be certain that the 
correct atomic position had been chosen. All that can be stated is that the present 
data favour the trans configuration. This involves a small but definite distortion of 
the five-membered ring. The four atoms C13, Cj4, lie nearly in one plane with 

Ci7 a short distance from this plane. All the calculated valency angles in the ring are 
sirmller than 108 ®, 

Bo far the detailed X-ray analysis has largely confirmed points on which there is 
also chemical evidence. On the stereochemical relations involved in the%.ttaohment 
of the side chain at the chemical evidence is either conflicting or non-existent 
(Ruzicka, Goldberg & Wirz 1935; Wieland & Dane 1933 fe). Here the crystallo- 
graphic evidence is the more reliable in that it rests principally on the projection 

* Change to the alternative chemical configuration requires cliange in the y parameters of 
both Cj and C4. In the first tltree -dimensional series C, was very near y = and it has moved 
nearer the position expected from its apparent relation to C, and C* in the second series. This 
is some confirmation that the correct rdbtion of the three has been selected. 


Voh 184. A. 
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on (010). It is strongly in favour* of the attachment of the side chain cis to methyl 
at Cj3 as suggested in the earlier work of Caglioti & Giacomello (i 939 )- The. arrange- 
ment of the carbon atoms about the bond is then again irans in form and the 

same is true of the bond C\7-Cao. It is an interesting point that in this region, and 
indeed throughout cliain and ring systems of the molecule, the arrangement of the 
carbon atoms largely conforms with the staggered configuration, the stability 
of which has been demonstrated in other complex organic structures particularly 
by C. W. Bunn (1942). This may indeed be the characteristic of the structure which 
favours the otherwise apparently less stable configurations of the junction between 
rings C and 2 ). 

Our thanks are due to the Rockefeller Foundation for a grant towards X-ray 
aj)paratus and to the Department of Scientific and Industrial Research ^d the 
Trustees of the Carnegie Research Fund for research grants to one of us (C.H.C.). 
Much of the apparatus used was evacuated to Oxford from Birkbeck College, London. 
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The electrical conductivity of stannous sulphide 

By J. S. Andkehon and (Mrs) M. C. Morton 
Department of Chemistry, University of Melbourne 

{Communicated by Sir David liiveU, F.R,S, — Received 26 June 1944) 

The conductivity of stannous sulphide has been measured between the ordinary temperature 
and 400" C, and follows the expression The low -temperature 

conductivity has been studied with particular reference to the effect of chemical treatment 
calculated to change any deviations from ideal stoifdiiometric composition. Treatment with 
hydrogen at temperatures Iwlow those at which reduction to tin can occur brings about a 
considerable decrease in conductivity; exposure to oxygen or to hydrogen sulphide I'estores 
the conductivity. The low -temperature conductivity is attributable to a stoichiometric 
excess of non-metal in the lattice, the current beiiig transported by a corresponding number 
of positive holes. From the rate of diminution or restoration of conductivity, the positive 
holes must be located in the surface layers of atoms of the crystallites. The changes in con- 
ductivity resulting from changes in the stoichiometric defect arise almost entirely through 
the change in the activation energy of the conduction process, Although not coiMaidered in 
the present theory of semiconductors, both E^ and the electronic mobility ore functions of the 
concentration of conducting centres. 

The high -temperature conductivity is attributed to the intrinsic conduction of the lattice, 
and indicates the existence of a conduction band about 1*2 eV above the full baud. 


Most of the c6nsiderable body of observations, amassed in recent years, as to the 
properties of semiconducting solids has related to the metallic oxides, i.e. to com- 
pounds of predominantly ionic character. By contrast, few investigations have been 
made of the sulphides, selenides, etc., in which the magnitude of the polarization 
eftbets leads, as is generally conceded (cf. Mark 1940), to a marked transition of the 
lattice forces towards homopolar binding. This transition is evidenced by the 
chafacteristio properties (colour, metallic reflex, insolubility in ionic or ionizing 
liquids, etc.) of the chalcogenides of the heavy metals. Such compounds also fre- 
quently show a marked variability in composition to wliich, rather than intrinsic 
conductivity, their strikingly high electrical conductivity at room temperature 
is due. 

We describe here experiments carried out on stannous sulphide. This compound, 
of strongly marked semi-metallic character, is (like PbS, studied by Hintenberger 
(1942) derived from the lower of two potential valency states of the metal, and two 

6-a 



84 


J, S* Anderson and M. C. Morton 


possibilities suggest themselves in consequence: (a) that the unutilized valence 
electrons might lie close enough to the conduction band of the lattice to confer a 
marked intrinsic conductivity at low temperatures (of. the last section of this 
I)aper), (iS^) that the potential quadrivalency of the metal should favour the for- 
mation of non -stoichiometric stannous sulphide, of subtractive solid solution tyj^e, 
which would be a deficit, or positive hole conductor. Moreover, stannous sulphide 
(m,p. C) is one of the few sulphides which can conveniently be investigated in 
the fused state. An extension of the work in this direction is very desirable, because 
of our lack of knowledge fcf such liquids. Apart from their general interest, the 
constitution and properties of fused sulphides are of prime importance for a number 
of problems of theoretical geochemistry and metallurgy. 

As will be seen from the experimental results, stannous sulphide does behave 
acicording to the rule of Friederich (1925) and Meyer (1933), which enunciates that 
binary compounds of the lowest valency state of a metal show enhanced conductivity 
by incorporation of excess non-metal while those of the highest valency state show 
enhanced conductivity by elimination of non-metal. Stannous sulphide displays a 
range of composition which, although too small to be detected analytically, is 
paiticularly marked on the sulphur-rich side of the ideal formula, and it is normally 
a deficit conductor. Its specific conductivity at low temperatures is a function of 
the composition, and can be varied within wide limits, whilst at higher temperatures 
the intrinsic conductivity of the lattice prevails. ‘ 

After the main bulk of our work was completed, that of Hintenberger (1942) on 
lead sulphide became known to us. There is a close parallelism between the 
behaviour of the two compounds. 


Thk nature or the conducting process 

Published information about the electrical properties of stannous sulphide is 
scant. Hittorf (1851) concluded that the conductivity was electrolytic, as also did 
(luinchant (1902) and Trey (1925). The latter based his view on the isolated ob- 
servation that the resistance of a polycrystalline pellet was greater in one direction 
than another, but iwssible asymmetry in the contact resistances, and the occurrence 
of rectifi(jation, were ignored. Tubandt & Haedicke (1927), in one electrolytic 
transport experiment carried out by Tubandt’s carefully developed technique, 
found no detectable electrolytic component of the conduction at 260 ° C. 

This last result api)ears trustworthy. It seemed desirable, however, to extend 
Tubandt’s measurements to higher temperatures. Electrolytic conduction in solids 
involves the formation and migration of lattice defects of Sohottky or Frenkel types, 
and as the pot;ential barriers between adjacent lattice sites or interlattice positions 
are usually high, the ionic conduction process in most solids is associated with a high 
activation energy. Qualitative observations on the speed of reaction of metallic 
tin with sulphur suggest that the mobility of the tin atoms in stannous sulphide is 
low; neveriheless, at elevated temj>eratures some 'platzwechseP processes must 
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occur, and a fraction of the electric current may be transported by the ionic 
mechanism. 

To set an upper limit to this electrolytic component of the conduction, we carried 
out a number of transport experiments by Tubandt’s technique, at temperatures 
up to 750^^0, in which the current was passed through a column of compressed 
pellets of stannous sulphide, clamped between electrodes of spectrographic graphite. 
As, owing to a number of experimental difficulties (especially tlie volatility of 
stannous sulphide), no very precise results were obtained, details of the experi- 
ments are not reproduced. It was, however, established that at 750° C the electro- 
lytic conduction was certainly less than 1 % of the whole, and was probably im- 
measurable. Accordingly, stamious sulphide may be taken to be an electronic 
conductor at all temperatures. Direct confirmation that the current carriers at 
ordinary teinj^ratures are positively charged is referred to in a later section. 


Expjbeimbktal 

Our main series of experiments consisted of conductivity measurements, over the 
temperature range 15-500° C, carried out on pressed powder pellets , subjected to 
varied chemical and thermal treatment. From these, the relation of the activation 
energy of the conduction process, the number of conducting centres and the sign 
of the current carriers to the stoichiometric composition and past history of the 
material may be examined. 


Preparation of material 

In view of the role played by impurities in the properties of semi-conductors, 
stannous sulphide was made by direct union of the purest available tin and sulphur. 
The tin was a sample of practically spectroscopic standard quality , kindly presented 
to us by the smelters, Messrs 0. T. Lempriere Ltd., of Melbourne. This was heated 
(of. Anderson & Ridge 1943) with Schuchardt’s ‘pure recrystallized' sulphur that 
had been subjected to a further process of vacuum fractionation. The product was 
homogenized by repeated crushing and reheating, and the crystalline product was 
finally freed from excess of sulphur by prolonged heating in hydrogen at 400-500° C 
until no further formation of hydrogen sulphide was detectable. Material from 
several different preparations showed general agreement in properties. Some 
samples were subjected to further treatment by fusion or sublimation, as indicated 
in the tables'of data. 

Stannous sulphide peUets. Polycrystalline pellets were prepared by compression 
in a cylindrical die, 0-82 cm. in diameter, under a pressure, applied by a screw press, 
estimated at about 0 tons per aq.in. The die and plungers were of hardened steel, and 
the ends of the plungers were precision-ground plane and square to the axis after 
hardening. 

The pellets so obtained were lustrous and reasonably hard. Although too friable 
to be turned or polished in the lathe, they were strong enough to be handled without 
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any loss in weight, and could be strongly compressed without crushing. Prom their 
density and that recorded elsewhere for stannous sulphide, they consistently con- 
tained 10-20 % of intergranular void space. On heating in hydrogen or pure nitrogen 
at SSO*" C, recrystallization and sintering occurred, the pellets becoming notably 
harder and stronger without change in external dimensions or space-filling. The 
pellets used were 0'f>-l -9 cm. in length, and had resistances of 40-400 ohms at 18 ° C 
in their initial state. 

The use of polycrystalline pellets for conductivity measurements has been 
criticized by a number of workers (e.g. Streintz 1902; Koenigsberger 1910, 1914; 
Frey 1930; Fritsoh 1935) on the grounds that unknown high intergranular contact 
resistances may yield quite false values for the conductivity. As against this, in one 
instance where comparable results are available for compressed pellets and compact 
macrocrystalline material, Fischbeck & Dorner (1929) report very fair agreement 
between different specimens of CuS. There is no alternative to the use of poly- 
crystalline pellets if the composition and thermodynamic lattice equilibrium of the 
material are to be closely controlled. The large crystals of many compounds that 
occur as native minerals are invariably too impure to provide significant results, 
while large crystals of pure oxides, sulphides, etc,, can be made, only by fusion or 
sintering at high temperatures. It is noticeable from the literature that, in all work 
on fused and sintered specimens (e.g. the work of Fritsch on ZnO, and of Frey on 
PbS, cited above), abnormally high conductivities have been found, coupled with 
low values of the temperature coefficient and activation energy of conduction. From 
observations of our own on the fusion of stannous sulphide, and from the work of 
Frey, it w ould seem that two potential sources of abnormally high conductivity are 
introduced. First, with compounds of non-stoichiometric character, fusion may 
bring about a change of chemical composition. Thus, we have observed that pure 
stannous sulphide, after fusion in a vacuum, leaves a minute residue of metallic tin 
when it is sublimed, due to decomposition or disproportionation: below the melting- 
point such changes are limited by the slow rate of diffusion through the lattice. 
Secondly, at the melting-point a relatively high concentration of lattice defects will 
be present in thermodynamic equilibrium, and many of these may be ‘frozen in* 
during the solidification and cooling processes. Data quoted by Meyer & Neldel 
(J937) for a sample of TiOg, in which a very high degree of lattice disorder was 
produced, may be cited in illustration of these considerations. 

Apj[>aratm, The pellets of stannous sulphide were mounted between electrodes 
of spectrographic graphite, the faces of which had been turned truly square and 
smooth in the lathe. The whole assembly was then clamped in a small metal press 
{A, figure 1). To eliminate the contact resistance between the carbon plate and the 
SnS, the press was progressively tightened until the over-all resistance decreased to 
a constant value, wdiich remained unchanged on further increase of pressure, and 
which was reproducible if the whole were dismantled and reassembled. Having 
regard to this fact, to the consistent values for the oonduotivity obtained with 
pellets varying in length (and therefore in total resistance) by a factor of 4 to 1, to 
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the strictly linear nature of the logB—ljT curves, and to the lowest values of 
resistance measured in our experiments (about 1 ohm, at higher temperatures), we 
consider that significant contact resistances did not remain. Miller (1941) reported 
contact resistances with the same temperature coefficient as the bulk resistance of 
his zinc oxide specimen; if such were present in our work they would serve only to 
shift the measured conductivity curves bodily by a small amount. The thermal 
expansion of the SnS pellets appeared to be somewhat greater than that of the metal 
press, so that no diminution of the clamping pressure occurred at higher tem- 
peratures. 



The press was contained within the tube B. Electrical connexions to the electrodes 
were made by means of nickel wires, and were carried out of the apparatus through 
a tungsten-pyrex pinch on the upper member of the ground joint. Tube B was 
connected to a vacuum line, with provision for admitting hydrogen or pure hydrogen 
sulphide, both rigorously free from traces of oxygen. The temperature of the speci- 
men was controlled by an electric furnace surrounding the tube B, and was measured 
by a calibrated chromel-alumel couple. 

Hydrogen. Commercial electrolytic hydrogen, containing 0-2 % of oxygen, was 
used. This trace of oxygen was removed by passing the gas through heated platinized 
asbestos, and the water so formed was absorbed in the phosphoric oxide drying 
train (C, D, figure 1). 

Hydrogen sulphide was prepared by direct muon of hydrogen and sulphur in the 
vessel E. This tube, which was originally closed at (? by a glass septum, was loaded 
with an excess of sulphur and evacuated through the connexion F. After again 
distilling the sulphur in a good vacuum to remove traces of air, sulphur oxides, etc., 
hydrogen (free from oxygen) was admitted to a pressure of about 550 mm., and the 
tube was sealed at F. It was then heated at 370° C for 20 hr., when, according to 
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Bodenstein’s data ( 1899 ), practically complete conversion of hydrogen to hydrogen 
sulphide should have occurred; a small proportion of uncombined hydrogen was not 
significant for our purpose. The space above the septum 0 was then connected to 
the vacuum pump and evacuated, whereupon 0 was perforated by means of a gloss 
breaker. This procedure was adopted aft affording the simplest means of securing the 
necessary rigorous exclusion of oxygen from the hydrogen sulphide. 

Eesiatance measurements were made by direct potentiometric; determination of 
current and voltage drop across the specimen. The values found include, admittedly, 
any contact resistances, but, as stated above, we believe no serious error to have 
been introduced thereby. Tliis procedure, rather than measurement of the voltage 
drop between probe electrodes, was adopted to avoid certain experimental diffi- 
culties. The validity of Ohm's law was confirmed by an independent series of 
measurements. 

The general procedure with each specimen was as follows. The resistance-tem- 
perature characteristics of the pellet, as prei)ared and mounted in air, were first 
determined by an ascending and descending run with the apparatus evacuated to 
10 ~®“* 10 “^ mm. As our interest lay chiefly in the low-temperature phenomena, these 
runs were not usually carried out to temperatures high enough to intersect the 
intrinsic-conduction curve (see below). This omission we may i*emedy in a later 
series of measurements. Hydrogen was then introduced, and the temperature was 
raised to 300-360° C, when a rapid change in conductivity occurred. After a steady 
resistance had been reached and maintained for some hours, measurements between 
350 and 1 8° C were made, with descending temperatures. A second hydrogen treat- 
ment, or a run in vacuum frequently followed. Restoration of conductivity ensued 
to a greater or less degree on admission of oxygen at the ordinary temperature (see 
tables), or of hydrogen sulphide, which reacted above 150° C. Such treatments were 
interspersed with reductions. At every temperature, adequate time was allowed to 
ensure that the measured resistance was that of an equilibrium state, and where 
there was any indication of a process producing a slow drift, the temperature was ‘ 
held steady for many hours. In several runs the specimen was cooled as quickly as 
possible from the highest temperature (air quench only), in order to freeze in lattice 
defects, if possible. With ‘reduced’ specimens at least, these experiments yielded 
negative results, 

» Eesttlts 

As has been found for other semiconductors, the variation of conductivity with 
temperature can be expressed by the relation 

Xy = (1) 

wherein the first term, for which Aj, are relatively small (Ai- 1 - 10 ; 
Ey^ = 0‘1 -0'36eV), dominates the conductivity at lower temperatures, while the 
second term (A* » 300- 1200; E^^ ca, 0 * 0 eV) determines the conductivity at 
higher temperatures. 
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From the general theory of semiconductors as developed by Wilson, it is seen that 
(of. Mott & Gurney 1940) for the concentration of free electrons in a semiconductor 
with N potentially conducting centres in the volume V, 




(2) 


where E is the energy of excitation of an electron from a filled band to the lowest 
empty level. As the exponential term in (2) is dominant, and as electronic mobilities 
should not be strongly temperature-dependent at elevated temperatures, (2) leads 
to the relation 

Kj, — n^eY = (3) 

For intrinsic conduction, NjV represents the number of atoms per imit volume, 
E' the energy gap between the uppermost filled levels and the conduction band. 
Owing to the magnitude of E\ the intrinsic conductivity of most semiconductors 
hitherto investigated has been negligible at ordinary temperatures. In the present 
instance we identify the high-temperature term in (1) with intrinsic conduction. 
The relevant data are listed in table 3, and are discussed in the last section of the 
paper. It is generally conceded that conduction at lower temperatures is attributable 
to the presence of impurity centres, the most important of which are furnished by 
deviations of semiconducting compounds from ideally stoichiometric composition. 
The concentration of electrons released from impurity centres is represented by an 
expression exactly analogous to (2), in which NjV is the concentration of impurity 
centres. Results for the conductivity in the lower temperature range (18-300° C), 
summarized for about 50 series of measurements by appropriate values for Ai, 
and Ajgo, are listed in table 1. It is evident that the low-temperature conductivity 
is markedly influenced by such chemical treatment as would be expected to modify 
a stoichiometric defect. 

The results listed in table 1 may be summed up as follows: 

(а) The conductivity of stannous sulphide was (as is the rule with semicon- 
ductors) variable from sample to sample, but was usually of the order 1-2 x 10"® 
ohm"^^ at 18° C. 

(б) Treatment of the stannous sulphide with hydrogen at relatively low tem- 
peratures greatly diminished the conductivity. Thus, pellet III had an initial 
resistance of 289 ohms. Reduction with commercial hydrogen raised this [III. 2] 
to 29,000 ohms, and treatment with pure hydrogen to 560,000 ohms [III. 7]. Sitnilar 
considerable changes in conductivity may be observed in every case (cf. runs IV. 2, 
V. 2, VI. 3, VIII. 2, etc.). At the temperatures employed (up to 360° C), reduction 
of stannous sulphide to metallic tin did not occur; the process reached a limit, shown 
by the attainment of a certain minimum conductivity (cf. III. 7, IV. 14, VI. 3) 
beyond which the removal of conducting centres did not proceed. These values of 
the minimum conductivity were of the same order of magnitude (6“8 x 10“® ohm“^) 
for different samples. 
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(c) On exposure to oxygen at the ordinary temperature, or to hydrogen sulphide 
at elevated temperatures, the conductivity was restored. Thus, in run IV. 18, the 
resistance of the |>ellet dropped almost instantaneously from 77,000 to 300 ohms on 
exposure to the atmosphere; in run VI. 1 the change was from 360,000 to 61 ohms; 
in run IX. 2, from 191,000 to 24 olims. Inspection of table 1 will show that this 
behaviour was quite general, and also that the number of conducting centres intro- 
duced is some function of the partial pressure of oxygen or of hydrogen sulphide in 
the system. This may be illustrated l)y the results for i>ellet III. When the resistance 
had been raised to 29,000 ohms by reduction with commercial hydrogen [III. 2 
III. 3j, admission of fresh commercial hydrogen (representing a partial pressure of 
about 0-8 mm. of oxygen) reduced the resistance to 1130 ohms. Further reduction 
with pure hydrogen raised the resistance to 404,000 ohms [III. 5], but on opening 
the tube to the fore-})ump vacuum (partial pressure of oxygen 0*01-0*06 mm,) the 
resistance again fell to 19,500 ohms [III. 6]. The original resistance was often closely 
reproduced when the samples were exposed to the air. The effect of admitting hydro- 
gen sulphide [III. 9, IV. 6] was similar. The experiments in hydrogen-hydrogen 
sulphide mixtures were originally attempted in order to determine in what manner 
the conductivity was a function of the activity of sulphur in the gas phase. They 
were unsuccessful, however, as the steel of the press reacted with hydmgen sulphide 
at the higher temperatures. We not infrequently observed, therefore, that after an 
initial increase in conductivity, the stannous sulphide was again reduced by hydrogen, 
liberated through reaction with the press (cf. III. 10, VI. 4, etc.). In a number of 
runs (marked in table J, column iii with a double asterisk), the conductivity 
diminished very markedly on heating to 300-400® C in a vacuum. We have some 
evidence that these represented normal reduction, brought about by a trace of 
hydrocarbon vapour from the joint grease or from a wax seal. 

All these facts fall into place on the hypothesis that, in conformity with the 
Meyer-Friederich iiile, stannous sulphide is an essentially non-stoichiometric com- 
pound, the crystal lattice being stable over a certain range of composition for which 
Sn :S “ 1 : 1 -f X. The magnitude of the composition range is discussed in a later 
section. As in other compounds of this type, the excess of non-metal is attributable 
to the occurrence of a proportion of vacant tin lattice sites, and the conversion of a 
corresponding number of Sn®*^ ions to Sn®*^ or Sn^^* ions (less probably, conversion 
of S® ions to ions, cf. l^e Boer & Verwey 1937) to maintain electrostatic balance. 
Every excess anion would thus introduce two positive holes, and stannous sulphide 
should be a positive hole conductor. Treatment with hydrogen diminishes the 
stoichiometric excess of non-metal, destroying positive boles and lowering the 
conductivity. Recovery of conductivity on exposure to oxygen or hydrogen sulphide 
represents the building of excess anions on to the lattice, with creation of new 
positive holes. It is evident that a stoichiometric excess of non-metal may be 
achieved by incorporation of either sulphur, proper to the lattice, or oxygen; also, 
that in the normal condition, i.e. exposed to air, stannous sulphide contains an 
excess of non-metal. 
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Table 1. Summarized data for low-tempebatitbe oonddction 


run 

treatment 




A, 


Pellet I. SnS sample 3, i 

as prepared 



1 

heated in vacuum 

up 

5*7 X 10“* 

0*16 

22 

2 

heated in vacuum 

up 

6*2 X 10*-^ 

01 35 

1*3 

3 

heated in vacuum 

up 

2*4 X 10-> 

0*14 

0*6 

4 

heated in vacuum 

up 

7*1 X 10-» 

0*09 

0*2£ 


after rapid cooling from 460° C 


9*7x 10-* 




Pellet III. SnS sample 46 

as prepared 



1 

run in forepump vacuum 

up 

l*2x 

0*16 

4*6 

2 

commercial Hj (0*2 % Og) admitted 


l*2x J0“* 


— 


heated to 360° C 

down 

1*2 X 10“* 

0*213 

0*6 

3 

reodmission of commercial H , 


3*0 X 10 * 

— . 

— 


heated to 300° 

down 

l*2x 10-* 

see table 2 

4 

on readmitting conunercial Hg 


3*0 X 10 “» 

— 

— 


heated to 360° 

down 

4*6 X 10“» 

0*286 

4*0 

5 

heated in Hg to 350° C 

down 

7*6 X 10“» 

0*345 

6*8 

6 

exposed to forevacuuro 

up 

l*7x 10“* 

0*24 

2*3 



down 

9*6 X 10“« 

0*34 

6*7 


admitted commercial H, 


1*6 X 10-» 

— 


7 

heated in fjuro Hg to 200° C 

down 

6*2 X 10“ « 

0*360 

6*6 

B 

9 mm. HgS admitted 


8*2x 10“« 

— 

— 


heated to 200° C 

down 

1*6 X 10““* 

0*310 

4*0 

9 

29 mm. HgS admitted 

up 

l*3x 10“® 

0*206 

4*5 


heated to 260° C ' 

down 

7*2 X 10“3 

0*160 

4*4 

10 

60 mm. HgS admitted 

up 

9*2x 10“» 

0*165 

4*8 


heated to 260° C 

down 

7*7 X 10“** 

0*205 

2*7 


Pellet IV. SnS sample 46 as prepared 

' 


1 

heated in vacuum 


M X 10-* 

0*140 

2*8 

2 

heated in Hg to 360° C 

down 

3*8 X lO-* 

0*27 

1*6 

3 

fresh Hg admitted 


3*8 X lO"* 

— 

— 


heated to 400° C 

down 

2*4x 10“» 

see table 2 

4 

fresh H, admitted * 


2*4x 10“* 

0*280 

1*8 


heated to 270° C 

down 

l*6x 10 “ 

0*310 

3*4 

5 

33 mm. HgS admitted 


1*0 X 10“* 

— 



heated to 290° C 

down 

lOx 10-a 

0*140 

2*8 

6 

26 nun. HgS + 39 mm. Hg 






heated to 420° C 

down 

7*2x 10"« 

0*145 

2*6 


exposed to atmosphere 


7*2 X 10“» 

— 

— 

10 

heated in Hg to 380° C 


‘anomalous’ curv*es. See 

table 2 

11 

heated in 27 mm. HgS -f 1 1 6 inm. Hg 






to 400° C 





12 

heated in vacuum to 426° C 





13 

heated in vacuum to 400° C 

up 

2*7 X 10“» 

. 0*086 

2*2 



down 

2*7 X 10“» 

0*186 

4*3 

14 

heated in Hg to 340° C 

down 

6*8 X 10“« 

see table 2 

16 

heated in vacuum 

up 

— 

0*36 

10*2 


after chilling from 420° C 


l‘9x 10“« ^ 

— 

, _ 

16 

heated in vacuum: 

up 

c 

see table 2 


after chilling from 470° C 


2*2 X 10“* 




exposed to forovacuum 

* 

9*7x10“* 



17 

heat^ in vacuum to 360° C 


l*6x 10“* 

see table 2 


exposed for foreyacuum 


l*3x 10-* 



18 

heated in vacuum to 260° C 


3*8 x 10“» 

S6^ table 2 


exposed to atmosphere 


1*1 X 10"“ 



10 

heated in vacuum to 400° C 


3*3 X 10"« 

see table 2 
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Table 1 (continued) 


run 

treatment 


ATjg* ohm”*^ 

E^eV 


Pellet V. SnS sample 46 as prepared 


1 

heated in vacuum to 300° C 

up 

2-0 X 10-* 

0-122 2*6 

2 

heated in hydrogen to 400° C 

down 

1-7 X 10-* 

see table 2 


exposed to atmosphere 


1-4 X 10-* 

— — 

3 

heated in vacuum to 450° C 

down 

3-7 X 

0*312 9*2 


admitted 27 mm. H,S 

ti. 

8-3 X 10-* 

— — 


exposed to atmosphere 


3-0 X 10-* 

— 


Pellet VI. SnS sample 46 after sublimation at co. 700° C in high vaujuum 

1 

heated in vacuum to 360° C 

up 

8-6 X 10-* 

0*160 2*7 



down 

31 X lO-*** 

see table 2 


exposed to atmosphere 


2-2 X 10-* 

— . — 

2 

heated in vacuimx to 400° C 


2-2 X 10-* 

0*120 2*6 

3 

heated in to 400° C 

down 

4-9 X 10-* 

see table 2 

4 

admitted 25 mm. HjS 

up 

8-6 X 10-» 

0*260 2*6 



down 

6-7 X lO'** 

see table 2 

5 

heated in vacuum to 216° C, then 

down 

3-6 X 10-»* 

see table 2 


admitted H,8, heated to 320° C 
exposed to atmosphere 


6-3 X 10-* 



Pellet VII. SnS sample 46 fused at 960° 

C in vacuum for 46 min. 

1 

heated in vacuum to 230° C 


2-8 X 10"» 

0*165 2*7 

2 

heated in H, to 410° C 

down 

l-3x 10-* 

see table 2 

3 

26 ram. H^S admitted at 236° C, then 


— 

— — 


heated in vacuum to 300° C. 
Subsequently /Cj^o = !•! x 10”® 





Pellet VIII. SnS sample 4c 

as prepared 


1 

heated in vacuum to 276° C 

up 

3-6 xlO-* 

0*140 9*6 

2 

Hj admitted at 275° C, then heated 

8-3 X 10-‘ 

see table 2 


to 470° C 




3 

after prolonged and repeated treat- 


2-2 X 10-* 

see table 2 


ment with H, up to 610° C 
exposed to 1 mm. air 


7-9 X 10-* 


4 

heated in vacuum to 300° C 

up 

7-9 xlO-* 

0*220 6*4 


subsequently 

21 X 10-«** 

— — 


ox]:>oBed to atmosphere 


21 X 10-‘ 

— — 


Pellet IX. SnS sample 4c fused at 960° 

C in vacuum for 8 hr. and then queuolied 

1 

heated in voomim to 280° C 

up 

1-3 X 10-' 

0*166 6*7 

2 

Hj a<lmitted at 230° C, then heated 

down 

a-7 X 10-* 

0*346 6*0 


to 380°.C 

exposed to atmosphere 


4-5 X 10-» 

— . — 


PelU^t X. Material from SnS sample 4c fused at 960° C in vacuum for 8 hr., 


subsequently heated with H^S 

in sealed tube at 800° C for 22 lor. 

1 

heated in \'ucuum to 290° C 

up 

2-8 X 10-* 

0*106 1*66 

2 

H, admitted at 290° C, then heated 

down 

20 X 10-* 

see table 2 


to 390° C 





exposed to atmosphere 


4-8 X 10-* 

— — ^ 

3 

heated in at 360° C for 48 hr. 


9-8xl0-» 

see table 2 

4 

heated in vacuum to 360° C 


6-6 X 10-* 

see table 2 


Footnote to tabU 1. Values marked vp represent initial conductivity, and JS?, A constants 
for series of measurement® with ascending temperatiire. Values marked down similarly repre- 
sent values obtained with descending temperattlre and subaequent value of 

♦ In these runs an initial increase in conductivity was observed lAirough reaction with 
but was nuUifiecl by reaction wi th the material of the press. 

In these runs a decrease in conductivity was observed without admission of hydrogeni 
attributed to reduction by hydrocarbon vapour. 
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The theory of defect lattices (of. Sohottky & Wagner 1930; Fowler & Guggen- 
heim 1939) suggests that a strictly unilateral departure from stoichiometric com- 
position is improbable, and that under appropriate conditions the existence of a 
tin-rich phase is to be expected, containing the excess of tin atoms in interstitial 
conditions and acting as an excess, or electron, conductor. This expectation was 
verified by ex}>eriments on pellet VIII, which was subjected to prolonged and 
repeated treatment with hydrogen at temperatures up to 510*^ C. Its conductivity 
passed through a minimum, and then rose as additional conducting centres were 
produced by the further abstraction of sulphur from the lattice. Values for the 
resistance of this pellet at 227*^ C, after successive hydrogen treatments, were 275, 
245, 93 and 63 ohms. Following the last-mentioned stage there was some evidence 
of the production of metallic tin as a separate phase, and it may be inferred that the 
range of composition of the lattice on the tin-rich side is narrower than the per- 
mitted range of non-metal excess. 

Pellets IX and X were prepared in order to examine the behaviour of material 
which, through the dissociation of the melt referred to previously, should have 
contained a slight initial excess of tin frozen into the lattice. The minimum con- 
ductivity of these samples was somewhat greater [IX. 2, X.4] than that of the 
original material, whereas that of pellet VI (sublimed material, probably approxi- 
mating most closely to ideal composition) was smaller. The general properties of the 
fused material however w^ei'e not different from those of the original stannous sul- 
phide — a fact that is not without bearing upon the distribution of positive boles, 
considered in a later paragraph. 

The foregoing hypotlujsis was qualitatively substantiated by observation of the 
thermoelectric effect in the system Cu/SnS/Cu. This couple gave a large thermo- 
electromotive force, of about the magnitude computed from the activation energy 
of the conduction process, and indicative of the existence of positive current carriers 
in the stannous sulphide. Quantitative measurements of the effect, now in progress, 
will be described at a later date. 


Discussion 

It will be seen from table 1 that whilst, for any sample, tlie conductivity at room 
temperature, ran parallel with the variations in stoichiometric composition 
brought about by varied chemical treatment, the changes in conductivity arose 
almost entirely from the alteration in the activation energy E, since this enters as 
an exponent into equation ( 1 ), and not from changes in the factor A, E,in fact, must 
be a function of the concentration of impurity centres. Gudden (1934) has already 
pointed out that the relation between conductivity and activation energy is quan- 
titatively the same for a variety of oxide semiconductors, and has justifiably queried 
the generally a6oepted model of an impurity conductor. In figure 2, the shaded area 
represents the locus of values of E and log within which fall practically all the 
recorded data for semiconductors, excepting a few points from the measurements 
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of Engelhard (1933) and Juse & Kurtschatow (1933). Even the very small and the 
negative values of E recorded, for example, by Meyer & Neldel, fall into place in 
figure 2. The relation between E and log is independent of the sign of the current 
carriers, not only as for different conductors (e.g. the positive hole conductor CugO 
and the electron conductor ZnO), but also when a change-over of conduction 
mechanism takes place in one and the same conductor. Most of our experimental 
points refer to stannoixs sulphide with excess of non-metal, but the conductivities 
measured for pellet VIIl, with excess tin, fall equally well within the shaded area. 



Fioork 2 


That E should be a function of the concentration of conducting centres has, at 
present, no satisfactory interpretation. It is not compatible with the concept of 
discrete impurity levels (cf. Schottky 1933) lying between the top of the fuU band 
and the conduction band, possessing energies characteristic of the particular 
impurity and host lattice concerned. 

One attempt to explain the variability of E was made by Nijboer (1939), on the 
assumption that an excess of thermal lattice defects may be frozen in, so that the 
number of electrons is less than the total number of impurity centres N. This 
leads to the relation 

and, making plausible assumptions regarding the magnitude of and E, 

Nijboer showed that ( 4 ) reproduced, with moderate success, the observed behaviour 
of alumina (Hartmann 1936). However, apart from the fact that ( 4 ) cannot give a 
linear relation between log W/ and IjT when N and Uf, are comparable (the important 
case for variability of apparent slope), it leads to the conclusion that the apparent 
activation energy, , lies between the limits E > This is in complete 
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disagreement with the measurements listed in table 1 , as well as with the results of 
Fritsoh and Meyer & Neldel. It may, perhaps, be held that Nijboer’s theory suggests 
one reason for the occurrence of abnormal conductivity curves, exhibiting a dis- 
continuity in slope. This point is discussed below. 

Whereas E is evidently a function of the stoichiometric defect, the factor A 
(equation (1)) — which, by hypothesis, depends upon both stoichiometric defect and 
electron mobility — does not vary greatly with any of our specimens (i.e. compared 
with the effect of the changes in E) and is, indeed, roughly the same for a variety of 
semiconductors. If the values of A (table 1 ) be examined, it will be evident that the 
lack of reproducibility inlierent in the low-temperature process leads to a good deal 
of random scattering: no systematic trend of A is readily discernible. It has been 
considered by some (cf. Nijboer 1939; Seitz 1940) that A is independent of the stoich- 
iometric defect. However, Meyer (1935), in a discussion of this point, concluded 
that A does depend upon the conductivity of the material. His data for titania, 
which can undergo very iqarked changes in composition (from TiOg to approximately 
with correspondingly great enhancement of conductivity, indicate that A 
becomes large for specimens with very high or very low conductivity, all the experi- 
mental points falling on one or other of two intersecting lines when log is plotted 
against log /Cgo* The A values for stannous sulphide (including those for anomalous 
curves and for the high temperature conductivity), when subjected to a similar 
graphical analysis, show a distribution in general harmony with Meyer’s conclusion, 
though the range covered is hardly sufficient to outweigh unambiguously the effect 
of scattering. 

On the assumption that the electrons possess thermal velocities, and have the 
normal effective mass w, the mobility v is given by 

__ ^^0 

80 that for the conductivity at tem})eraturo T 

Inserting numerical values, 

A » 0’024»^ioTl ohm~^cm.~^. ( 6 ) 

Constancy of A would imply that constant. In any case, the electronic 

mean free path must depend upon the concentration of impurity centres in a manner 
not readily interpreted. Such a relation finds no place in the present theory of semi- 
conductors, e.g. in the discussion of the mean free path given by Mott & Frohlich 
{1939). It is evident that in this respect also the theory is in need of review. 

In the absence of direct measureinents of the stoichiometric defect we may reason- 
ably examine the consequences of accepting the assumption (Mott & Frohlich 1939) 
that the mean free path is of the order of a few Angstrom units, in order to calculate 
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from ( 5 ). If, for example, = 6 A, = 6 x If the poorly conducting stan- 
nous sulphide be comparable with the poorly conducting cuprous oxide examined 
by Engelhard, for which = 60 A, = 6x 10“. These figures may be taken as 

reasonable indications of the range of stoichiometric defect needed to account for 
the variation in conductivity observed in our experiments. The compressed stannous 
sulphide contained about 1'6 x 10** atoms of tin and of sulphiu per c.c., so that the 
range of defect would correspond with perhaps 10~* to 10~* atom excess sulphur 
per atom of tin. To determine these quantities directly, measurements of the 
numbers of free electrons, from the Hall coefficients, would be needed. 



Fioure 3 


Abnormal Mnductivity-U.mporaiure ourves. Reference has already been made to 
conductivity-temperature curves exhibiting a kink at a certain teniperatuie, above 
which the relation between logxy and 1/T was again linear, but with a different, 
abnormally small slope. Discontinuities of this kind in the characteristic constants 
defining the conductivity may be seen also in the results of Vogt & Engelhard for 
cuprous oxide, and possibly in those of Jander & Stamm (1931), von Bauinbach & 
Wagner (1933) and Miller (194X) for zinc oxide, though we incline to the view that 
the zinc oxide data are complicated by changes in the stoichiometric defect. 
Figure 3 , representing results obtained on pellet IV, shows the characteristics of these 
abnormal curves; the principal results are collected in table 2, and the previous and 
subsequent history of the samples may be obtained from table 1. 



Table 2. Chabacteristic data for abnormal conductivity ct;B\"ES 
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Abnormal curves were obtained only for poorly conducting material, i.e* when 
the number of vacant cation sites determined by the stoichiometric defect was 
relatively small For such samples the occurrence of kinked curves, though by no 
means invariable, was common, especially after the pellet had been subjected to 
repeated treatment with hydrogen and oxygen or hydrogen sulphide; that is, when 
by repeated addition of anions to the lattice and removal of anions from it, a high 
degree of imperfection could have been created (cf. Nijboer), The lowest recorded 
conductivities were obtained in runs III. 5, HI. 7, IV. 15, IX. 2; these were normal 
curves, although the same pellets in previous and subsequent runs displayed the 
abnormal behaviour. 

From table 2 it will be seen that the activation energy for the low-temperature 
arm of the curve, Ei^ has values comparable with those of normal curves, although 
rather larger than would be expected from the observed values of /c^^. The activation 
energy of the high-temperature segment, Ef^, is frequently round about 0*4r-0-6i5i, 
but may be very small It is characteristic of the abnormal curves that Ai is higher, 
by a factor of about 10, than for normal curves, while Aj^ is smaller by a similar 
factor. These features might be attributable to changes in the mean free path (due, 
for example, to high concentrations of lattice imperfections), or in the effective 
number of positive holes, or to both. Two purely empirical relations may be dis- 
cerned; (a) A for these curves is a function of E, log A/, log being roughly pro- 
portional to El, Ei^ respectively; (6) for all the curves, log is closely proportional 

to Ei-Ei^. These relations may be fortuitous. The temperature % at which the dis- 
continuity in the A, E values occurred showed a general downward trend with 
decrease in stoichiometric defect. Kinks were observed with both ascetiding and 
descending temperatures, but whereas with normal curves the ascending and 
descending measurements made on the same sample witliout change in composition 
were closely coincident, with the abnormal curves successive runs showed a marked 
lack of reproducibility of Ai, Ei, even though the conductivities at 18*^ C and 

at the temperature of onset of the ‘high-temperati^e’ conduction were the same. 
It was carefully established that there was no drift in the measurements. Points 
on both the upper and the lower segments of the curves refer to steady states of the 
material 

We abstain from oflFering any explana^tion for these curves. They cannot be 
assigned (of. Engelhard) to phase transitions; Nijboer’s hypothesis is excluded by 
the range covered by the ratio Ei\Ei^\ Miller’s view, that they represent the onset 
of saturation effects, is not in harmony witji hip own exi)erimental data, and in- 
compatible with the usual linearity of the curves above 2^. 

Production and distribution of laUice defects. There is one other aspect of our 
measurements that appears worthy of comment. This is the rate at which the 
chemical processes concerned in the change in stoichiometric defect occur. When 
stannous sulphide, in equilibrium with air, was treated with hydrogen, no measur- 
able reaction took place below about 200^ C, but at 300® C the reduction process 
evidenced by diminished conductivity proceeded with great rapidity. On exposure 
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of poorly conducting stannous sulphide to air (or to hydrogen sulphide above 
150-180° C) the fall of resistance was, in its early stages, immeasurably rapid. 
Thus, at the conclusion of run VIII. 4 (cf. table 1), the following observations 
were made: 


Besistouce initially 

9600 ohms 

Ltjss than 30 soc. after exposure to air 
(l8t measurement) 

100 ohms 

After 90 sec. 

70 ohms 

After 6 inin. 

30 ohms 

After 60 min. 

16 ohms 

Final resistance 

10 olimd 


Reactions within solids can occur oiJy through the migration of atoms or ions. 
The energy of activation for diffusion in ionic lattices is of the order of 1 eV ; for 
diffusion of atoms in the lattice of metallic sulphides, where the forces are probably 
largely covalent, the activation energy may well be higher. Hence, such reactions 
cannot occur at the ordinary temperature, and we may conclude that the reactions, 
whereby positive holes were created or destroyed, o(?curred exclusively at the surface 
of the crystals. 

It is of interest to examine how far the probable surface area of a crystalline 
powder is adequate to account for the estimated concentration of lattice defects. 
If the size of crystallites, or of blocks in the crystal mosaic, wai^e 10~® mm., or about 
2 X 10* times the averaged unit cell dimension of stannous sulphide, in 1 c.o. of the 
material about 2*5 x 10^® atoms of Sn or S would be present in the surfaces; larger 
or smaller crystallite sizes would give proportionate changes in the, number of 
surface atoms. It is evident that the number of atoms exposed in the surfaces of a 
crystalline material may well be sufficient to allow of changes of composition of the 
order estimated, without affecting the underlying lattice at all. At high temperatures, 
where diffusion can occur, an equilibrium distribution of defects between surface 
and interior would ultimately result; positive holes in the interior of the lattice 
would be withdrawn from ready reaction. It follows, further, that the estimate 
made for the concentration of impurity centres may represent only a fraction of the 
total stoichiometric defect. 

In this connexion it is worth considering the results obtained with sublimed and 
with fused stannous sulphide. The material of pellet VI, formed by condensation of 
SnS molecules from the vapour phase, should have approached very closely to the 
ideal stoichiometric formula. Handled in air, reaction occurred at the surface, with 
the creation of positive holes, as with other specimens, but the maximum con- 
ductivity produced thereby, and the minimum conductivity after reduction with 
hydrogen were similar to those found for other specimens with very different thermal 
and chemical histories. Furthermore, the minimum conductivities recorded for 
fused materiaL (pellets IX, X) — ^which might be expected to contain a high propor- 
tion of frozen-in lattice defects — ^were not markedly different from those of the 
standard or the sublimed material. The conclusion seems inevitable that surface 
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eflects are of great, and even preponderating importance in the low-temperattire 
conduction process. It is probable that these considerations are equally cogent for 
many of the results obtained with other semiconductors. 


The high4emperature conductivity 

As has been found for other semiconductors investigated over a sufficiently wide 
range of temperature, the conductivities at high temperatures fell on a second recti- 
linear arm of the log K—ljT curve, characterized by higher values of the constants A 
and E (equation (1 )). The principal data for this region are summarized in table 3. 


Table 3. Summautzep data for high-tempekature conduction 


run 



E, 

A2 

IV. 3 

2-4 X lO-i* 

2-6 X 10-=» 

0-62 

1320 

IV. 7 

7-2 X 10-» 

3-9 X lO 'i 

0*48 

1190 

IV. 11 

0-0 X 10-» 

2-8 X 

0*62 

233 

IV. 12 

6-6 X 1C-* 

4-2 X 10-2 

0*47 

263 

IV. 16 

6-8 X 10-* 

2*4 X 10-* 

0*61 

1080 

IV. 17 

]-5x 10-“ 

2*8 X 10-2 

0*64 

1830 

V.2 

1-7 X 10-‘ 

3*4 X 10"* 

0*60 

1130 

V.3 

3-5 X 10-“ 

3*4x 10”» 

0*63 

346 

VI. 3 

4-9x 10-* 

2*8 X 10' * 

0*60 

920 

VL4 

6-7 X 10-“ 

2*8x 10~* 

0*69 

890 

VI. 6 

3-5x 10-' 

31 X 10* 

0*61 

1170 

Vll, 2 

1-3 X 10“* 

2*0 X 10“» 

0*66 

390 

Vlll.Se 

l'4x 10-* 

4*4 X 10-* 

0*66 

960 

X.2 

2-0 X 10-“ 

1*2 X 10"* 

0*69 

340 

X.3 

0-6 X 10-“ 

l*6x 10-* 

0*63 

896 

X.4 

6-6 X 10-“ 

1-6 X 10"* 

0*64 

-*1080 


Ah the main concern of this work was with the Iow*temperature conductivity, 
relatively less attention was devoted to the high-temperature measurements. In a 
number of instances the measurements were made over a comparatively small range 
of temperature, and the values of table 3 reiJresent what appear the most reliable 
data. With a few exceptions there is a general accord in the magnitude of .B 2 ; some 
scattering is probably due, in part, to measurement of the slope near the junction 
of the high-temperature and low-temperature curves. Two series of measurements, 
not recorded, carried up beyond the melting-point, showed that there was no 
further change in slope of the conductivity curve at higher temperatures. 

The high-temperature conductivity can reasonably be regarded as the intrinsic 
conductivity of the lattice, corresponding to a conduction band 1-2 V above the full 
band. This view is consistent with the characteristic constants of the process. The 
A values are highly sensitive to variations in JS?, but from table 3, A^ may be taken 
as 200-1 100. Since there are about 1*6 x 10*^ atoms of tin per o.c, of the oompreBsed 
pellets, then by substitution in equation (5) a value of l'4-7 A for the mean free path 
is obtained, or 3-19 cm. sec.^^ cm.”^ sec,'“^ for the mobility. These values are of the 
right order of magnitude. 
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The absolute values of the conductivity of different specimens, irrespective of 
chemical and thermal history, are in moderately close accord, as shown by the 
values of By extrapolation, the intrinsic conductivity at 1 8 '^ is abtiUt 

a value considerably in excess of conductivities usually found for ionic compounds 
(e.g. oxides with inert-gasdike cations), but in keeping with the considerations 
raised in the introduction. 
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Reversible adsorption of proteins at the oil/water interface 

1. Preferential adsorption of proteins at charged 
oil/water interfaces 

By J. J. Elkks,* A. C. Frazer,* J. H. Schttlman and H. C. Stewart* 

Pharvfvamlogy Department, University of Birmingham; Colloid Science Departmeniy 
Cambridge; and Physiology Department, Si Mary\H Hospital Medical School, London 

{Communicated by E, K. Bidealy FM,S^ — Received 13 September 1944) 

[PlateH 4-6] 


The behaviour of positively and negatively charged oil-in- water emulsions* stabilized with 
hexadocyl trimethyl ammonium bromide and sodium bexadeoyl sulphate respectively in the 
presence of protein solutions has been studied. 

Under certain conditions proteins will adsorb to a charged oil/wator interface. When 
finely dispersed oil -in- water emulsion was used to provide this oil/ water interface, adsorption 
of protein resulted in Rooculation of the oil droplets. 

Flocculation of emulsion on the addition of protein is pH conditioned and occurred on the 
acid side of the isoelectric point of Ibe protein with negatively charged and on the alkaline 
side with positively charged oil globules. No flocculation occurred on the alkaline side of the 
isoelectric point with a negative emulsion or the acid side with a positive emulsion. 

The amount of protein required to cause maximum clarification of the subnatant fluid 
corresponded with that needed to give a firmly gelled protein monolayer at the interface, 
namely, 2*6 mg. of protein/sq.m, of interfacial area. With that amount of protein the flo<j- 
culatod oil globules remained discrete and no coalescence or liberation of free oil occurred. If 
only 1 mg. of protein/sq.m, of interfacial area was added, flocculation was followed by rapid 
coalescence of oil globules and liberation of free oil. If smaller amovints still were used, no 
visible change in the dispersion of the oil droplets could be seen mocroscopically. With 
greater amounts than 2-5 mg. /sq.m, of interfacial area, up to ten times the monolayer con- 
centration was adsorbed to tVie interface. 

Sodiiun chloride affected the flocculation range, and instead of the clear-cut change-over 
between the positive and negative interfaces at the isoelectric point of the protein, over- 
lapping occurred. 6 % sodium chloride shifted the flocculation point about I unit of pH. The 
addition of sodium chloride also altered the point .of maximum olorifloation. Thus with 
haemoglobin the maximum clarification point was shifted from 2*6 to 1*7 mg./sq.m. of inter- 
facial area by the addition of 1 % sodium chloride. 

The adsorption of protein on to charged oU/water interfaces was reversible. This was 
best demonstrated with haemoglobin. Thus, haemoglobin was adsorbed at pH 5*0 to a 
negative emulsion— the red flocoules were washed and transferred to a buffer at pH 10. The 
haemoglobin was released and the emulsion was redispersed. 

The effect of adsorption and desorptioi^ on the structure of the protein molecule has been 
studied with haemoglobin. By solubility and colour tests it was shown that the haemoglobin 
molecule was changed to parahaematin by adsorption and subsequent desorption fritm a 
charged oil/water interface. , 

Molecular weight and shape determinations were carried out on the desorbed protein. 

Two proteins have been separated by this adsorption mechanism. This was demonstrated 
on a mixture of albumin and haemoglobin. 

Some appU<iations of the flocculation technique are indicated and the significance of the 
phenomena described are discussed. 


♦ Sir Halley Stewart Research Fellows. 
[ 102 ] 
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Recent work on the significance of emnlsification of fat in intestinal absorption 
(Frazer 1943; Frazer, Schnlman & Stewart 1944), the structure of the chylomicron 
in the blood (Elkes, Frazer & Stewart 1939), and the reversible detoxication of snake 
venom and bacterial toxins by oil-in-water emulsions (Frazer & Walsh 1934, 1939; 
iVazer & Stewart 1940) has encouraged a quantitative approach to the study of the 
charged oil /water interface in relation to proteins by the use of surface physico- 
chemical methods. 

The behaviour of protein molecules when they are brought into relation with an 
air/water or oil/water interface has been extensively studied. The protein molecule 
has three main possible configurations dependent upon its position in the water phase 
before or after adsorption or when it is fixed at the interface. The effects of these 
changes in structure on the biological activity of the protein molecule is of import- 
ance. If the oil/water interface is in the form of a finely dispersed oil-in-water emul- 
sion, the adsor})tiori of the protein to this interface results in changes in dispersion 
and stability of the emtilsion. C^hanges of this nature in the particulate fat in the 
body may have biological significance. The object of this paper is to put forward 
evidence of the pH conditioning and the reversible nature of adsorption at the 
charged oil/water interfacS in oil-in-water emulsions. Evidence of structural changes 
in the haemoglobin molecule after adsorption is given and the preferential adsorption 
of one protein from a mixture of two proteins is described. The possible significance 
of these observations is discussed. 


Techniquic 

1 . Emulsions and interfaces 

The emulsions used throughout the exx^eriments described were 5 % olive oil or 
paraffin emulsions, except where otherwise stated. 0-2 % of stabilizer was used in 
these emulsions, and they wore prepared using the apparatus described by Frazer 
& Walsh (1933). The particle size was of the order of 0 - 5 which gives an oil/water 
interfacial area of approximately sq.m./c.c. of emulsion. 

The stabilizer used to give a negatively charged interface was sodium hexadeoyl 
sulphate, and hexadecyl trimethyl ammonium bromide was used to give a jmsitively 
charged interface. The 0-2 % concentration of stabilizer was chosen since most of 
the agent would thus be at the interface and not in the continuous phase. It further 
ensures a saturated interfaoial film of the stabilizer. 

2. Protein solutions 

Solutions of the serum proteins were prepared by fractional ammonium sulphate 
precipitation and dialysis against distilled water; 0-6 % NaCl was used for y globulin. 
The albumin fraction was recryatallized by the method of Adair & Robinson (1930). 
The oxyhoemoglobin was prepared by lysis of washed cells with distilled water, 
ceutrift^ation and subsequent dialysis against distilled water. A small number of 
experiments have been mode using carboxyhaemoglobin. The concentration of the 
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protein solutions was determined by Adair's refractometrio method and by micro- ' 
Kjeldahl. The haemoglobin concentration was determined by colorimetry and 
protein estimation. The structure of the molecule was studied by spectroscopy, 
determination of osmoticj pressure and molecular weight, sedimentation constant, 
solubility and colour tests as described in the text. 

The serum proteins used for most experiments were from the horse, and the 
fractions were derived from Burroughs and Wellcome’s no, 3 horse serum. A small 
number of experiments were conducted with human protein fractions. The haemo- 
globin used was from human red cells and a series has also been studied using sheep 
haemoglobin. 

3. Buffer mluiions 

The buffer range^ studied was pH 3*5-10*0. The buffers used had the following 
composition, and were all adjusted to a concentration sufficient to buffer against 
strong protein solutions. The pH of ail buffers and mixtures was checked by glass 
electrode measurements: 

Range pH3*5-4*8, Sorensen's citrate/HCl. 

Range pH 4*8-5-5, Sorensen's citrate/NaOH. 4^ 

Range pH 5* 8-8* 6, dihydrogen phosphate/NaOH. 

Range pH 8*0- 10*0, Boric acid/NaOH. 

These buffers were compiled from the formulae given by Clark (1928). 

Di- and triphosphates in acid solution were avoided in the buffer range, since the 
polyvalent anions would discharge the positive interface formed by hexadecyl 
trimethyl ammonium bromide and break these emulsions. 

4. Flocculation method and criteria 

The buffer and protein solutions were mixed, and to this was immediately added 
the emulsion. After mixture, the tubes were kept at robm temperatine and examined 
macroscopically with the hand lens and microscopically with dork-ground illumina- 
tion, Observations were repeated every hour for 3 hr. and finally after 24 hr., which 
allowed for maximum clarification in flocculated specimens. The following pheno- 
mena were observed: 

(а) No chunge: the whole tube appeared as a homogeneous milky fluid. Under 
dark-ground the particles were seen to be single and discrete and in violent Brownian 
movement. 

(б) Floceulaiion: the particles aggregated in clumps and these could be seen 
macroscopically like pepper grains on the side of the tube if it was tilted. Later 
these clumps * lifted ' and formed a thick white layer with no free oil at the top of the 
tube ^hile the subnatant fluid clarified and became water clear. Under dark -ground 
these particles were seen in clumps but the individual particle size did not change. 
There was no Brownian movement (figure 2B, plate 4), 

(c) Breaking of the emulsion : the particles ran together and formed a cream on the 
top of the fluid. Gradually free oil was seen on the side of the tube and finally a layer 
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of free oil separated at the top. Under dark-ground, coalescence and an increase in 
size of the oil particles could be seen. There was no Brownian movement. With 
coloured proteins such as haemoglobin a further aM to interpretation was afforded 
by the transference of the pigment with the protein from the continuous phase to 
the interface or vice versa. 


Experimental results 

1. Flocculation over tlie pH range 4-0-10'0 with positively 
and negatively charged, interfaces 

Each series was put up using equal quantities of buffer and protein solution; to 
this mixture a further aliquot of emulsion was added. The changes in the dispersion 
of the emulsion were noted, and in flocculated tubes maximum clarification of the 
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Fioure 1. Flocculation reactions of proteins with positively and negatively charged 
oil-in-water emulsions. Cross-hatching indicates the flocculation range in each case. 

subnatant fluid was obtained in 24 hr. The changes appeared immediately and 
became more pronounced overnight. The results of these experiments with albumin 
«, and y globulin and haemoglobin are shown in figure 1 and figure 3 A, B, plate 4. 
Probable isoelectric points for the proteins are respectively pH 4*65, 6*2, 6*4 and 6*9 
as determined by other methods (Svedberg & Pedersen 1940). The isoelectric points 
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determined by this method show identical figures for serum albumin and haemo- 
globin, but are somewhat liigher for the globulins, being 5-8 and 6-8 respectively. It 
can be seen tl^at flocculation ooourred with each protein on the acid side of its iso* 
electric point if a negatively charged interface was used, and on the alkaline side 
with a positively charged interface. No change was found on the alkaline and acid 
sides of the isoelectric point with negatively and positively charged surfaces 
resj^ec^ively within the stability ranges of these proteins. 


2. The effect of protein concentration and interfacial area 
on the flocculation phenomenon 

Numerous series of mixtures were studied with variable protein content and 
^ constant interfacial area and using constant protein with varying emulsion con- 
centration. 

(a) Point of maximum clarification threshold (table 1 ) 

The point of maximum clarification of the subnatant fluid was found to be when 
2*6 mg. of protein was added per sq.m, of interfacial area. Identical results were 
obtained with both negative and positive interfaces at appropriate pH levels to give 
flocculation and also in experiments in which the protein was kept constant and the 
interfacial area was varied. At threshold or greater concentration of prot/ein there 
waa no breaking of the emulsion. 


Table 1 


Determination of point of maximum clarification. pH 5*0. 

Variable protein : constant interfacial area. • 

Protein: human haemoglobin, 

Interface: 60 % paraffin-in-water emulsion stabilized with 2 % sodium hexadecyl sulphate. 
In each tube 1 o.o. of dilute protein solution -f 0*1 c.o. of emulsion. 

Flocculation occurs throughout. 
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(6) Subthreshold concentrations (table 2 and figure 4, plate 6) 

When a subthreshold concentration was added, two effects were seen. With grossly 
subthreshold amounts no visual effect was obtained. With a juat-subthreshold level 
of about 1 mg./sq.m. interfaciad area, the emulsion broke and free oil accumulated 
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Fioukk 2. Untouched micro- photi>gra})hH to 8h<»w tJ\c <ivfl'ereuce between fioccvilation ami 
breaking of einulHion. The photograplis wore taken of Hpecirnons under dark-ground illumina- 
tion uHing 1/C in, objoclive and x 8 oyofiioco (inag. x 9C), 2 min. exposure. The omulHion 
before Coixailation allowed a mass of free particles in \dolent Hrownian inovomont. The in- 
dividual particles wore only just visible under this magnific^ation, A. Klocculation. Particles 
in clumps; no Brownian movement; no free oil liberated, B. Breaking. Particles in clumps; 
no Brownian movement; large masses of free oil soparatiag out. 




FimruE 2. Untouched photograph of characteristic flocculation range oxpefiment. Both 
series of tubes ’contain ecpml amounts of protein solution and emulsion with bufler added, so 
that the resulBvnt pH ranges from 4 on the left of the rack to 10 on the right-hand side. In 
series A a positively charged emulsion was used, and in series B a negatively charged emulsion. 
It will be seen that flocculation occurs on the alkaline side of the isoelectric point in A and 
tcj the acid side in B. 


(Facing p* lOtf) 





Elkm and others 


Proc. Boy. Soc. A, volume 184, plaie 6 



ABC 


FKuntK 4. Untouched photograph of tliroo mixturoH of protein and emulsion witli variable 
protein content. A. Kinnkion to which a grossly subthroshold amount of protein has been 
added. There is no floccfulation visible macroseopically. B. Emulsion to wdiich a protein 
concentration of about I tug. /sq.m, of iiitorfacial area has been added. Flocculation an<l 
eoalescenco of the fat globules has occurred. Free oil can bo seen on the surface. C. Emulsion 
to which 2*r> ing./sq.ni. of interfacial area of protein haa been added. Flocculation Jios occurred 
and the flot^<!uIatcd oil globules have remained discreet. No frtjo oil cun be seen in this specimen. 




Fioure r>. A solution of desorbed haemoglobin 
removed from a negative emulHioii at pH 10 and 
ultracontrifuged. It was adsorbed at pJl 5-0. iSix 
‘Schlieren’ photographs are given in course of 
the centrifuging: 
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at the surface. The normal emulsion was resistant to this same pH. The breaking 
can be accelerated if the flocculated emulsion particles are resuspended in fresh 
buffer at the same pH. 

Flocculation at threshold level. Table 

Constant protein, variable interfacial area. pH 4*6. 

Protein : sheep's haemoglobin. 

Interface: 6 % olive oil emulsion, stabilized with 0*2 % sodium hexadeoyl sulphate. 

0‘9 c.c. of a 1/16,000 haemoglobin solution in each tube. 

Emulsion diluted progressively os indicated, and 0*1 c.c. of dilutions added to corresponding 
tubes. 

Flocculation occurs throughout. 


tube 

1 

2 * 

3 

4 

5 

dilution of emulsion 

, 1/1 

1/2 

1/4 

1/8 

1/16 

free oil 

4* 4* 

none 

none 

none 

none 

subnatant fluid 

mony free 

no free 

no free 

no free 

no free 


emulsion 

emulsion 

emulsion 

emulsion 

emulsion 


particles 

particles 

partitjles 

particles 

particles 


(c) Super-threshold com^centrations 

Using haemoglobin, the effect of su]>er 'threshold concentrations was studied: 

(i) When a constant amount of emulsion was added to varying concentrations of 
haemoglobin only a threshold or possibly a double threshold concentration allowed 
of complete clearing of haiemoglobin from the subnatant fluid. Owing to the decrease 
in the interfacial area by flocculation, greater amounts of haemoglobin were not 
adsorbed. 

(ii) When a 6 % emulsion was added to a strong haemoglobin solution (2 %), ad- 
sorption of greater amounts of haemoglobin up to approximately 20 mg. /sq.m, of 
interfacial area occurred. This might be due to the greater area available before 
flocculation could be effective. 

3. Effect of sodium chloride coTWeniration 

Two effects have been observed: 

(а) Increasing concentration of NaCl displaced the flocculation range towards 
the alkaline side with a nogEllive interface and to the acid side with a positive inter- 
face causing an overlap of the two flocculation ranges. This phenomenon can be 
easily demonstrated with albumin or y globulin, but only slight overlapping occurs 
with a and globulins. A gradation of overlapping is obtained with increasing 
concentration of sodium chloride from 1 to 6 %. The maximum overlapping obtained 
with 6 % sodium chloride is 1 unit of pH. 

(б) When sodium chloride was added to the variable protein concentration seiies 
(table 1) a lowering of the clarification threshold concentration of protein was 
demonstrated. Thus in the absence of sodium chloride, the clarification threshold 
occurred with the haemoglobin concentration of 2*5mg./8q.m. of interfaoial area, 
while in the presence of 1 % sodium chloride, the threshold was found to be 1*7 mg. 
of protein per sq.m, of interfacial area. 
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4* Desorjdion of protein from the interface 

Thia has been studied with haemoglobin since observation was facilitated by the 
pigment. The haemoglobin was adsorbed to a negatively chained interface at a pH 
of 5-0. The resultant red floecules were washed thoroughly in buffer solution at 
pH 6*0. They were then transferred into a buffer solution at pH 10-0. Redispersion 
*of the emulsion occmred and the fluid became red. This was centrifuged at 10,000 
r.p.m. and the emulsion formed a whitish layer at the top, while the deep red pigment 
was seen in clear solution below. Adsorption and subsequent desorption readily 
occurred when concentrated solutions were used. If a threshold concentration of 
protein was used, desorption only oocurifed after repeated washing and centrifuging 
in an alkaline buffer, the emulsion breaking towards the end of the experiment. 
Since breaking also occurred in control emulsions repeatedly centrifuged without 
protein at pH 10, it was concluded that the stabilizing soap film was removed by 
this procedure. The deBorl)ed pigmented material has been studied in order to 
determine what changes, if any, have occurred in the molecular structure as a 
result of ad8orj)tion to and desorption from the oil/water interface. The results of 
these investigations are shown in table 3. The sedimentation diagram obtained from 


Table 3. Effect of reversible adsorption on the haemoglobin molecule* 



before adsorption 

after desorption 

pigment colour 

red 

red 

spectral bands 

two well-marked bands at 
678 and 640 

three very faint bands, 
one in red and two in 
green part of spectrum 

effect of reduction: 

colour 

purple 

reddish brown 

spectral bands 

one broad band at 565 

two marked bands at 
668 and 520 

offoot of addition of 1*6 M-phosphato 

pigment freely soluble 

pigment precipitated 

buffer at pH 6*8 

effect of heating 

no change 

red colour changes to 
brown 

effect of subsequent cooling 

no change 

brown colour changes 
to red 

effect of pH change 8-12 

no change 

reversible red to brown 
colom change 

tsodimentation constant x 10'* 

4*48 

3*0 

fmolecular 8hai>eorhydration///(j (in 

M6 

1*33 

uJtracentrifuge) 

molecular weight by osmotic pressure 

68,000 

68,000 

conclusion 

pigment : oxyhoemoglobin 

pigment: parahaematin 


* Blauk results with the stabilizing agents without the oil were carried out and gave no 
significant results at the conoentrationB used, 
t See hgurt^ 5 on ultraceutrifuge results. 



Reversible adsorption of proteins at the oiljwaier interface . 109 

the ultracentrifuge is shown in figure 5 (plate 6)* The conclusion arrived at from 
these investigations was that human and sheep haemoglobin was changed by adsorj)- 
tion into pure soluble parahaeniatin (Keilin 1926), 

5, Preferential adsorption of protein from, a mixture of two proteins 

A mixture of haemoglobin and albumin was taken and placed in a bufter solution 
at pH 6'5. Flocculation occurred and the floccules were red in colour ; the subnatant 
fluid was decolorized. When these floccules were removed by (jontrifugation and 
further emulsion was added to the subnatant fluid no fresh flocculation occurred, 
but if the pH of the subnatant fluid w^as changed to 4‘6, white floccxilation readily 
occurred owing to adsorption of the albumin. The proteins can be readily 
desorbed from the oil/water interface by transference into an alkaline^ buffer. 


Discussion 

It has been shown that the results of a study of molecular interactions at an air/ 
w'atey interface can be directly applied to phenomena occurring at an oil/water 
interface, or at an emulsion particle interface (Schulman & Cockbain 1940). Nearly 
all proteins spread, or can be made to spread, by suitable dispersion in solutions of 
alcohols and salts, at the air/water interface and better at the oil/water interface in 
the form of a monolayer over a large range of pH in the underlying solution. This 
process entails a radical alteration in the structure of the protein molecule, which 
has been considered by many workers in this field to be an irreversible change 
(Langmuir & Waugh (1940) ; Langmuir & Schaefer (1939)). The experimental results 
show that adsorbed proteins can readily be made to go back into solution again, 
although the structure of the adsorbed protein in the various cases quoted has still 
to be established. The protein molecule has three main configurations. The structure 
of the regenerated protein in relation to the other two forms, and the biological 
activity of a protein molecule in these three configurations are of considerable 
interest. 

Form L Before adsfyrption 

There is evidence from ultracentrifuge studies that the protein molecule in 
solution is globular or nearly globular in form, with the ionized carboxyl and amine 
groups at the end of short hydrocarbon chains orientated into the aqueous solution, 
and the associating non-polar side chains orientated towards the centre of the large 
molecule. The charge and isoelectric points of the protein molecule are directly 
related to the ratio of the positive NHg and negative COO ionic groups at the end of 
their side chains. 

Thus on the acid side of this isoelectric point, suppression of the ionization of the 
carboxyl ion tdke» place and the protein molecule behaves as a positively charged 
colloid. Conversely on the alkaline side the protein behaves as a negatively charged 
colloid. 
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Form IL Adsorbed protein 

When a protein molecule of the above description comes into contact with an 
oil/water or air/water interface, the non-polar portions of the molecule will be 
separated from the polar and ionic groups owing to the strong asymmetric field at the 
interface. Thus, the molecule with other unrolled molecules, forms a triplex mono- 
layer. The non-polar side chains will be i)ulled towards the oil phase or air, and the 
side chains with the ionic or polar groups towards the water phase, leaving the keto- 
amido backbone in between. The protein molecules will adlineate to one another 
according to the stresses placed on the valence linkages by this separation of the 
non-polar portions (due to the asymmetric field at the interface) and the intra- 
molecular association of these groups (Schulman & Cockbain 1939). 

The approach of a protein molecule to a charged oil/water interface is more 
specific than at the uncharged oil/water interface. At the air/water interface where 
the surface is covered by a monolayer which does not interact with an injected 
protein solution, no change as measured by surface potentials, surface pressure, 
surface viscosity, or rigidity takes place. Examples are: serum proteins injected 
under lecithin (Hughes 1935) or long-chain ester films (Schulman, unpublished). IC 
the proteins can associate with the film-forming molecules, j)enetration of the inter- 
facial films takes place with radical changes in the above-mentioned film properties 
(Schulman, unpublished). 

It is a known fact that if protein is adsorbed from a solution to the interface of 
either oil/water or air/water, the adsorbed film can become thicker than that of a 
monolayer obtained by the surface-spreading technique. The structure of the pro- 
teins in these thick layers is of great interest. Whether these thick layers are unrolled 
proteins in a laminated monolayer form, or due to adsorption in a globular form, or 
primarily a monolayer followed by a globular adsorption, will be discussed later 
(Danielli & Davson 1943). 

Form II L Desorbed protein 

If surface pressure is exerted on an intorfaoial protein film, besides increase in 
surface concentration, two things may occur; the molecule may be forced back into 
solution again, or it may become so involved with its neighbouring molecules that 
the interfaoial film collapses, forming pleats and rolls. These pleats and rolls, having 
a hydrophilic core with the non-polar side chains on the outside, can be spmx off 
the surface as threads which do not spread again on the aqueous solution (Schulman 
& Cockbain 1939). The ease with which a protein molecule can be pushed back into 
solution again is dependent on its size and on the lipoid content of a mixed film. Thus 
it has beeii shown that, in a 20 % cholesterol mixed protein film, the protein molecule 
can be readily forced back into solution again without the film crumpHng (Schulman 
& Rideal 1937). Desorption of a protein molecule from a charged oil/water interface 
can be brought about in a much more convenient way than at the air/water or 
uncharged oil/wat-er interface. This is achieved by simply suppressing the ionization 
of the associating group of opposite sign smd the bringing into action the repulsive 
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forces between ions of like sign. Another method is to break the emnlsion by removal 
of, or interference with, the stabilizing agent. The structure of the desorbed protein 
has been investigated by determination of its molecular weight, shape (sedimentation 
constant), and, if pigmented, by its absorption spectnim and, if biologically active, 
by comparable biological tests with the unadsorbed protein. 

It will bo seen from the experimental results that these general principles of the 
behaviour of protein molecules at an oil/wator interface can be applied to thf study 
of the reactions which occur when protein solutions are mixed with finely dispersed 
oil-in -water emulsions. If an emulsion is used in which the oil particles are stabilized 
with a soap so tliat the oil globule carries either a positive or a negative charge, 
adsorption of the protein to the interface is indicated by flocculation of the emulsion 
particles. This flocculation is due to the reduction of the surface charge on the oil 
particle. Brownian movement ceases and repellent fioroes between individual 
particles no longer exist. The oil particles will, however, remain as separate and 
discrete globules provided that there is a sufficiently large concentration of protein 
present. 

A number of factors affecting the adsorption of protein, consequent flocculation 
and the stability of the flocculated pafticles have been studied from the experimental 
results. The most important factors can be seen bo be: The reaction of the con- 
tinuous phase, the relative concentrations of protein to interfacial area, the nature 
of the stabilizing agent and the presenoo of electrolytes, and the molecular weight 
of the protein. 

Effect of reaction of cmitinmiis phase 

If protein solutions are taken at concentrations above 2 mg. /sq.m, of emulsion 
interface over the whole range of pH from 4 to 10 for negatively and positively 
charged emulsions, adsorption, as signified by flocculation of the emulsions, occurs 
at pH levels below the isoelectric point for negative interfaces, and above this point 
for positive interfaces. No flocculation occurs above the isoelectric point of the 
proteins for negative interfaces or below for positive interfaces. 

For serum proteins with a molecular weight up to approximately 70,000, the 
change-over from adsorption to no adsorption over a pH range is very sharp. With 
high molecular weight proteins such as y globulin there is an overlap. This might be 
due to the size of molecule giving it extra Van der Waals associating forces as com- 
pared with a smaller molecule; this would enable it to adsorb against a small surface 
charge. The overlap with y globulin is about l'5pH units on either side of its iso- 
electric point of pH 6-8. It will be seen that serum albumin in distilled water gives a 
shaip change-over at the isoelectric point of pH 4*65. The addition of electrolyte to 
the albumin creates a flocculation overlap at the isoelectric point similar to that seen 
with y globulin 0*6 % of NaCl solution. A pH shift of 1 on either side of the isoelectric 
point is obtained with a 6 % concentration of sodium chloride. This may be due to 
the effect of electrolyte reducing the g potential and thus extending the flocculation 
range. 
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The, effect of protein concentration 

The initial flocculation of the emulsion occurs at a protein concentration of 
approximately 1 mg. /sq.m, of oil/water interface. This concentration is that at 
which a protein film forms a coherent monolayer at the air/water interface. Alex- 
ander & Teorell (1939) show from surface studies of proteins at the uncharged oil/ 
water interface that the oil can expand the protein monolayer uniformly beyond the 
point of a coherent monolayer which would be formed at an air/ water interface. 
These expanded protein films are fluid but the gelation point remains the same at 
air/water and oil/water interfa<ies. The flocculated emulsion with this low protein 
concentration breaks up into large oil droplets (figure 4, plate 5), and it is significant 
that the protein monolayers at low surface pressures are fluid and possess low vis- 
cosity as compared with a4>rotein film at its equilibrium spreading pressure where it 
is a strong gel. Thus the oil droplets have become discharged by adsorjition of the 
protein monolayer, but the protein coat around the droplets at this surface con- 
centration is too fragile to stop the discharged oil droplets from coalescing. At a 
protein concentration of 2-6 mg. /sq.m, of interface a firmly gelled monolayer is 
farmed. The emulsion is flocculated in large clUmps, each droplet remaining discrete, 
no free oil being visible and the subnatant solution becoming completely clear of 
the emulsion droplets which float to the top of the solution as a white layer. If 
emulsion is mixed with a protein concentration series, this clear tube with stable 
flocculated emulsion droplets rapidly becomes apparent. This concentration is 
approximately 0* 15 % of protein per 1 c.c. of 5 % emulsion with 0*6 sq.m, of interface. 
This gives a figure of 2*5 mg. of protein/sq.m. which agrees well with that obtained 
for a strongly gelled protein monolayer compressed to its equilibrium spreading or 
collapse })ressur6 (Schulman & Cockbain 1939). 

Further, an adsorption of protein in globular form can here be ruled out since the 
smallest globular unit would have a diameter of 66 A which is five and a half times 
greater in thickness than that obtained for the monolayer at 1 mg. /sq.m, and some 
two or three times thicker than the strong gelled monolayers giving maximum 
clarification of the emulsion. The emulsion particles have a mean diameter of 0* 5 jii 
and one rarely obtains any particles in the emulsions used above 1 fi. 

It can be shown that an emulsion will go on adsorbing protein beyond the mono- 
layer concentration in a manner similar to the adsorption of the strong and thick 
gel films obtained from a floating protein solution at the air/water and oil/water 
interface. This can be demonstrated more reQ^dily with pigmented proteins. Thus, 
the concentration of haemoglobin which can be removed by an emulsion to give a 
(!olourlos8 solution is of the order of 10 monolayers in thickness. This can only be 
obtained by the use of a strong ^^rotein solution, i.e. 2 %. The structure of these 
films of adsorbed protein is at present not quite clear. Whether they are laminated 
monolayers comparable to soap films or adsorbed globular proteins must be 
established by work on biologically active proteins. The first view would appear 
more in lino with the available facts since adsorbed haemoglobin comes oflF as para- 
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hsiematin, showing that a change has occurred in the protein molecule which would 
be unlikely if it had been adsorbed in its globular form. This denaturation may, 
however, only occui* with proteins which possess large oil soluble pigmented pros- 
thetic groups. These might iiTeversibly distort the protein portion of the molecule 
by their separation at the oil/water interface. 

Desorption of protein from charged oiljwater interface 

The experimental results described show that a protein molecule can only approach 
a charged oil/water interface when the charges of the two colloids are of the opposite 
sign, and that the protein molecule occupies the same area at the interface os a 
protein molecule in the form of a monolayer at the uncharged oil/water or air/ water 
interface. If a protein such as haemoglobin is adsorbed at pH 6*0 on a negative emul- 
sion or at pH 8*6 on a positive interface, and the pH of the solution is now changed 
so that the sign of the two colloids is the same, repulsion takes place between the 
adsorbed protein layer and the adsorbed emulsion stabilizing agent (i.e. at pH 10 
and 4-6 respectively). With the pigmented haemoglobin the desorption of the 
protein back into solution again can bo readily observed. The flocculated emulsion, 
which was led in the case of haemoglobin, becomes white again and redisperses to 
form a fine emulsion. The solution whicli was originally red becomes decolorized 
when the emulsion is added under adsoiption conditions and the emulsion becomes 
red. This agglutinated emulsion can be washed with the appropriate buffer solution 
and then centrifuged. When it is placed in a buffer solution of the opposite reactiori, 
repulsion occurs between the ions of the stabilizing soap film and the ionized groups 
of the protein molecules in the mixed lipoprotein monolayer at the emulsion inter- 
face. Under these conditions the protein molecule redisperses into solution again, 
and, in the case of the pigmented proteiiis, colours the solution. That this intorfacial 
film is a mixed monolayer can be seen from penetration experiments at the air/water 
interface by injecting protein solutions under monolayers of ionizing compounds 
(Schulman, unpublished). Work with the ultracentrifuge (figure 5, j^late 5) suggests 
that the molecular weight and shape of the desorbed protein, paraha-ematin, repre- 
sents a modified haemoglobin in which the position of the pigmented prosthetic 
groups and its attached groups have changed. This might be duo to the reorientation 
of the porphyrin group on adsorption at the* oil/water interfa(je, so that on desorption 
it associates non-specifically with the protein molecule. From the osmotic ])ressures 
and membrane potentials as measured by G. S. Adair, the evidence shows that the 
charge but not the molecular weight has changed from that of the original haemo- 
globin. 

Prefer eMial adsorption of proteins from mixed solrdions 

From a study of figure 1 it can be seen that at pH 6*6 on a negative emulsion, 
haemoglobin will be adsorbed, but serum albumin will not. In a mixed protein 
solution at pH 5*6, haemoglobin should therefore be adsorbed leaving albumin 
behind in the solution. This occurs readily; the emulsion at tliis pH agglutinates into 
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red floccules. When this fiocculated red emulsion is Centrifuged off and fresh emulsion 
is added, it remains sus|>ended. But this emulsion gives a white ffocoulation if the 
pH of the solution is now moved to pH 4*6 showing that the albumin has now become 
adsorbed. 

These adsorbed proteins on the two emulsion fractions can now be desorbed by 
placing them in an alkaline solution of pH 10 . Thus it can be established that proteins 
can be preferentially adsorbed out of mixed solutions as a function of their isoelectric 
points, the sign of the charge on the oil/water interface, and the pH of the solution, 
and can readily be desorbed. Adsorption and desorption with large foreign prosthetic 
groups results in some change in molecular structure (figure 5, plate 6 and table 3), 
but it is possible that other protein molecules may be adsorbed and desorbed without 
any change in structure. 

Work on possible changes in biological activity of ferments adsorbed in the form 
of monolayers and multilayers at solid interfaces has been canied out by Langmuir 
and his co-workers. This work has been discussed and enlarged upon by Lawrence, 
Miall, Needham & Shih-Chang Shen ( 1944 )* 

The standardized flocculation technique can be used for the study of certain 
properties of proteins or for the separation of some protein mixtures. It is also being 
used for the measurement of interfaoial area in emulsions and for the determination 
of film structure at the oil/ water interface. This method is being employed in the 
study of fat particles during and after absorption from the intestine, and in the 
investigation of the factors concerned in the stability of particulate fat in the blood. 
The whole of this work is being continued and extended in order to determine 
the possible changes in the relationships between proteins and interfaces in vitro 
and in vivo. Such changes undoubtedly occur in immunological and other reactions, 
and it is hoped that the study of the simple system described in this paper may be 
of assistance in the elucidation of more complex biological phenomena of a similar 
typer 

We are indebted to Professor H, R. Dean for much help and encouragement in 
the initial experiments. We should like to thank Dr G. S. Adair, P.R.S., for assistance 
with the experiments on haemoglobin, Dr P. Johnson who carried out the centrifuge 
experiments on the haemoglobin fractions, W. J. Pardoe for assistance in the 
preparation of figure 1 and photographs, and Professor E. K. Rideal, F.R.S., for 
much helpful criticism and advice. We are also indebted to the Sir Halley Stewart 
Txmt for financial assistance in carrying out this work. Thanks are due to Mrs G. S. 
Adair for giving us fractions of the serum proteins. 
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Supersonic dispersion in gases 
II. Air containing water vapour 

By M. Mokhtak and E. G. Biohabdson 

King'd College, Nemasde-upon-Tyne 

{Communicated by W. E. Curiia, F.B.S. — Received 4 December 1939) 

Inteoduction 

It has long been known from incidental observation that humidity 
affects the propagation of sound in air. Not only is there an increase in the 
velocity of sound waves, but, refraction due to irregularities apart, there 
is a change in the attenuation, so that distant sounds may often be heard 
more clearly under conditions of high humidity than when the air is dry. 
Similar effects of humidity on the absorption of sound in reverberation 
chambers were reported by Sabine (1929), but it was left to Knudsen {1931, 
1933) to show that the absorption of sound in air as derived from rever- 
beration experiments at audible frequencies reaches a maximum (as the 
humidity increases) at first and theij falls, and that when the frequency is 
changed the position of the maximum also moves. This anomalous be- 
haviour of sound in moist air was pursued into the supersonic range of 
frequencies by Pielemeier. In 1937 (after the present work was com- 
menced) he reported two humidity regions exhibiting abnormal velocity, 
with sources of sound covering the range 500-100 kc./sec* This year (1939) 
he has compared his measured velocities with those given by a formula of 
Miller, based on outdoor experiments, which indicatas a steady rise of 
velocity with humidity. Whereas the earlier experiments of Reid (1930) 
and Ishii (1935) had shown no measurable departure from the MiUer for- 
mula, Pielemeier attained values definitely higher at certain values of 
humidity and temperature. 

Measurements of absorption in moist air in the supersonic region are 
scanty, and the methods employed open to criticism (vide infra). Rogers 
{1934) reported maxima of absorption at 45 % humidity in air (mixed also 
with carbon dioxide) at one frequency (410 ko./sec.), while Pielemeier 
showed the existence of a critical vapour pressure (for maximum absorption) 
which was a function of the frequency, similar to that deduced by Knudsen 
for lower frequencies. 

Vol 184* A. (3t* August 1^45) I 117 J * 
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In view of the uncertainty and conflict between the existing results it 
was decided in 1937 to adopt the hot-wire method, previously used by one 
of us to measure dispersion in pure gases (Richardson 1934), to measure 
the wave-length and attenuation coefficients of the radiation from sources 
covering a range of supersonic frequencies in air containing water vapour. 
It may be mentioned that dispersion has been detected in other gaseous 
mixtures, but since air and water vapour formed a typical and common 
mixture, it was decided to confine the experiments to these gases. Though 
dry air is, of course, itself a mixture, careful experiments have shown no 
dispersion over the range of frequencies we intended to employ (of. Parker 

1937)- 


Apparatus and method op measurement 

The general form of the apparatus was the same as that used in the first 
research (Richardson 1934, figure 2). A quart^ oscillator produced standing 
waves between its radiating face and a movable ebonite reflector, while a 
platinum hot-wire detector could be passed along the wave system so set 
up, and the amplitude measured from point to point. One imfirovement 
which was made within the vessel was to have the hot wire so mounted 
that it could be pushed along rails in one direction by the head of a screw 
of a dividing engine, instead of being mounted on a threaded rod directly, 
as shown in thq sketch of the original apparatus. This change was made 
because it appeared that aberrations in the readings periodic with the 
thread of a micrometer screw could be introduced by the first arrangement, 
and backlash was sometimes evidenced by slight disagreements between 
the direct and return readings of the hot wire. Apart fi*om this and the 
introduction of a thermometer, the gas container and its appurtenances, 
the method of taking hot wire or reflector readings and calculating there- 
from the propagation constants for the gas remained as described in the 
first paper. 

The methods used by other workers, though excellent for ware-length 
determinations, suffer from the disadvantage when used to obtain the 
attenuation constants in gases that they involve the reaction on a nearby 
quartz oscillator of the same frequency, or on the sender quartz when a 
reflector is moved, or again, on a toi^jion or reactive vane placed in the 
path of the supersonic beam. Movement of the body receiving the reaction 
is bound to upset, to some extent, the supersonic source and its radieted 
beam. It is for this reason that the present authors favour an apparatus 
in which the standing wave system is kept unchanged, while the amplitude 
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from place to place ie measured by some detecting device presenting a 
very small surface to the beam. In this case it was a length of platinum 
wire one-thousandth of an inch in diameter. There have been occasions, 
howeA^er, with the crystals of the highest frequency, when the amplitude 



Fioubb !• Standing waves in a supersonic beam in moist air at 96-8 kc./st^.; 
above, stationary hot wire and moving reflector; below, stationary reflector and 
moving hot wire. 


in the supersonic waves was too weak to be detected by this means. In 
such cases the hot wire was kept still at a suitable distance from the quartz 
and the reflector moved. In some instances, for the sake of comparison, 
we employed the two methods consecutively under identical conditions. 
Typical plots of supersonic amplitude, as recorded by the hot wire in the 
two methods, are shown in figure 1. (It must be remembered that the hot 
wire ddes not discriminate phkse, and to compare these with atationaiy 
waves, as usually pictured, one must imagine alternate segments replaced 
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by their images in the axis of zero amplitude.) The moving hot wire and 
stationary reflector plot gives a good approximation to simple harmonic 
motion (apart from the effects of attenuation, and a suspicion of the octave 
of the fundamental frequency), whereas with a stationary hot wire and 
moving reflector sharp-pointed peaks are obtained, which, if used to calcu- 
late absorption, usually gave a higher value. Whenever possible then, the 
reflector was kept still for absorption measurements, though the moving 
reflector was preferred for velocity measurements, owing to the sharper 
peaks. 

A modification of the hot-wire circuit was introduced, by which the wire 
with its heating battery was made to form the grid bias of a valve so chosen 
that the anode current of the valve was directly proportional to the velocity 
of the draught on the hot wire and hence to the supersonic velocity am- 
plitude. Over th^rango required in these experiments a variable-mu valve 
(VS 24 ) was found to fulfil this requirement. The relative amplitudes at 
points in the standing wave system could then be read off directly from 
a galvanometer in the plate circuit of this valve. 

The humid air to be experimented on was pi'epared in the desired state, 
passed into the acoustic interferometer, and its humidity measured on 
leaving. The air was first freed from carbon dioxide by passing it through 
potassium hydroxide and subsequently bubbling it through concentrated 
sulplnmc acid. This was done because small concentrations of carbon 
dioxide are known to effect some dispersion, and it was not desirable to 
complicate the experiments by double dispersion (cf. Rogers 1934). From 
the sulphuric acid bottle the gas could pass by alternative routes. One 
gave it further dryness hy passing it over phosphorus pentoxide. The other 
kd through aqueous solutions of salts whose saturation vapour pressme 
gave the air the approximate humidity desired. 

The whole of this apparatus, as well as the interferometer, was in en- 
closures which could be raised to any temperature up to 80 ® C by means of 
external heating coils, and such portions of the connecting tubes as could 
not be accommodated in the chamber were heavily lagged with asbestos 
heated by coils to somewhat higher temperatures than the air passing 
through, to avoid risk of condensation. 

After leaving the preparation chamber, the gas could pass directly 
through the hygrometer, for calibration purposes, or — ^when the supersonic 
measurements were being made — first through the interferometer and then 
through the hygrometer. This procedure was adopted as it was iiioonvenient 
to evacuate the interferometer before introducing the gas. The known 
vapour pressures over the solutions could, however, be used to calibrate 
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the hygrometer since, when the interferometer was out of oironit, the 
remaining connexions were completely airtight. 

The hygrometer was also of the hot-wire type, in whioh the electriosl 
resistance of a thin platinum wire fitted axially to a tube is used to meanuro 



Fiocsb 2. Hot wire hygrometer. 


the thermal conductivity of any gas in the tube. As the conductivity of air 
changes but slowly with the addition of water vapour, the single tute type 
of katharometer did not give sufficient sensitivity. Instead, four con- 
ductivity cells with associated hot wires were fitted up, two to contain 
moist and two dry air. These four wires were connected in a Wheatstone 
' bridge so that each similar pair formed two conjugate arms of the bridge, 
thus doubling the sensitivity. The final design of the hygrometer is shown 
^ in figure 2. Each cell consists of a platinum wire, 0*001 in. in diameter. 
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motmted in a copper tube 1 cm. diameter and 10 cm. long. At its ends the 
wire is soldered to two thin brass rods, each brought through an ebonite 
cap and held under tension by nuts, sealed in position with sealing wax 
and covered with a cement (Insalute). The whole is mounted in a thermo- 
stat kept at 60° C. 

The humid air passes through two of the cells in succession, then through 
the phosphorus pentoxide tube, and through the remaining pair of cells. 
The object of using the humid air after drying it as a standard gas is to 
make the readings independent of impurities other than water vapour, and 
of casual changes of pressure and temperature in the hygrometer. It is, of 
course, very necessary in using such an apparatus to ensure that all four 
cells remain at the same temperature. The calibration curve was obtained 
in the form of the positions of the galvanometer lead on a slide wire placed 
between two of the bridge arms, for a series of known vapour pressures 
over the aqueous solution employed. 


Rbsults 

Measurements of amplitude were obtained by the hot wire in the standing 
waves produced by supersonic sources at five different frequencies. To 
obtain the propagation constants in the gas it is sufficient, as shown in the 
first paper, to measure the position and amplitude at successive maxima 
and minima in the pseudo-stationary waves set up between the source 
and the reflector. By plotting the logarithm of the amplitude against 
distance from the source, the (amplitude) absorption cpefficient // is ob- 
tained. From the average separation of peaks the half wave-length 
is obtained. Knowing the frequency from the readings of a wave-meter 
(guaranteed by the makers to be correct to 0*1 %), the velocity is at once 
given. Typical results are shown on figure 3 of the drift of the maxima and 
minima in the standing waves, and the log amplitude : distance curve 
whose slope determines /*.♦ 

At higher frequencies a larger number of peaks were covered within the 
usual separation of sender and crystal (about 10 cm,). A cyclic variation 
in the amplitude which was found to have a * Vave-longth ” equal to the 
pitch of the reflector and liot-wire screws was eliminated when these were 
pushed continually in the one direction by the dividing engine before 
mentioned. 

* Father details of tho ros\ilts and methods of oalc\ilation are given in an Ap* 
imndix, which has been deposited with the Society. 
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The complete set of absorption coef8oient:hunaidity ourves for the five 
frequencies is shown on figure 4, while figure 5 shows the corresponding 
velocity : humidity relationship. (On classical theory the latter ourves 
would run steadily without points of inflexion from a value of 331*6 m./sec. 
for dry air to 337 m./aec. at a vapour pressure of 10 cm. of mercury.) The 



FiouBii 3. Maxima and minima and attenuation of amplitude in standing wave 
system (ZOOko./sec. in air at 20° C and 1*76 cm. water vapour pressure). 

humidity at which the absorption is greatest corresponds closely to that 
ali which the velocity shows its greatest departure from the theoretical 
value. The results are summt^izod in table 1. 

The experimental values of (shown in brackets) at the lowest frequency 
have been corrected in tho %ht of the data obtained in cross-traverses of 
the hot wire through the supersoilic field (vide next section), which in- 
dicate the proportion of energy diffracted out of the central supersonic 
beam. At liigher frequencies the correction falls within the experimental 
error in the determination of ft and so has been neglected. 


absorption coefficients 
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Tablk 1 


Vapour pressure 
(cm. Hg) 


Frequency 



/iA** 

V 

At 

At 

kc./sec. 

Dry air 

At max. 

Dry air 

At max. 

in. /sec. 

max. /I 

max. V 

42*3 

0*16 

0*7 

0*09 

0*46 

337*6 

3 

1 


(0-3) 

(0*86) 






66*0 

0*25 

0-55 

0*065 

0*15 

337*5 

2 

2 

96*8 

0-36 

0*76 

0-04 

0*09 

336 

1*7 

1-7 

200-2 

0*45 

1*0 

0*01 

0*026 

336 

1 

0*8 

706*0 

1*2 

1*9 

0*003 

0*006 

^5 

0*8 

0*6 


* Tho St<)keB-Kirchliofr formula would giv'o /xA® = 0*0004. 


The following general conclusions may be drawn: 

(1) Tho velocity in dry air is independent of frequency (cf. Parker 1937). 

(2) The measured absorption coefficients in dry air are several times 
larger than those calculated from the Stokes-Kirchhoff formula, and while 
tliis would have (i depend on the square of the frequency, the results 
indicate an approximately linear dependence. Consequently /tA® decreases 
as the frequency increases, instead of remaining constant. 

( 3 ) In humid air /* reaches a maximum, two or three times its value in 
dry air, at a vaj)our pressure which decreases as the frequency increases. 
(The absorption curves of figure 4 oaii be nearly superposed if plotted 
against the logarithm of the vai3our pressure divided by the frequency.) 

( 4 ) The maximum of dispersion in the velocity decreases as tho frequency 
increases. 


Discussion of BEStiiiTS 

, Before discussing the import of these results, some investigation is 
needed of the disposition of the supersonic field in front of the quartz. 
We have, in fact, assumed in the foregoing calculations that the radiation 
all falls on the reflector and is there sent back towards the source in the 
form of a sensibly plane wave. The criterion for the production of such a 
beam without marked diffraction is, as in the corresponding optical case, 
the relative size of wave-length and radiating face of the sender. For the 
high fre(]uen(do8, where one had wave-lengths of the order of fractions of 
a millimetre coming from a quartz disk about 2 cm. wide, the amount of 
energy diffracted out of tho central beam was very small, but at the lowest 
frequency (provided by a quartz slab with radiating face 2 cm. wide, 
delivering radiation with a wave-length in air of 0*85 mm.) diffraction was 
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evident first by reflexion of the radiation from the walls of the glass tube — 
reduced by coveiing it internally with gauze — and an exaggerated absorp- 
tion coefficient in dry air due to departure by the supersonic radiation 
from plane waves. In spite of this diffraction at the lowest fiequenoies, 
the increased absorption shown in humid air at these frequencies may still 
be regarded as a specific property of the humidity and not of the apparatus. 
It is possible, however, that the abnormal absorption with certain con- 
centrations of^water vapour may be due to scattering of the radiation, os 
was previously found in like circumstances when the interferometer 
contained pure carbon dioxide {Richardson 1934). To test this, and to 
verify that the supersonic field in dry air was the same as that which one 
would expect on theoretical grounds, the field in front of certain of the 
sources when radiating through a linear slit was explored by means of the 
hot-wire detector. For this purpose the reflector was removed, the in- 
terior of the walls and the far end of the tub© covered with felt, and the 
field in front of the slit orifice traversed across plane sections of the gas 
perpendicular to the supersonic rays and with the hot wire parallel to the 
long edges of the slit. This was clone both ixx dry air and afterwards with 
a moisture cjontent at the concentration corresponding to maximum 
absorption for the frequency concerned. It was apparent that while the 
field in humid air does show greater divergence from theory than that in 
dry air there is not the marked irregularity in the field which led to the 
‘^absorption” in carbon dioxide being ascribed to scattering. We should 
indeed not expect so much divergence from “piston radiation” in this case, 
for the extent of the recorded dispersion (both of velocity and amplitude) 
is much less in humid air at its greatest than in carbon dioxide in the 
appropriate frequency range. Incidentally, the making of the traverses 
with the hot wire across the supersonic field enabled one to verify that the 
beam was in fact proceeding out at right angles to the crystal face and 
axially to the tube, by noting the relative position of the central maximum 
at various distances from the sourc^e. Needless to say, any faulty setting of 
this type, which would result in the beam not hitting the reflector squarely, 
could produce a serious error in the calculated results for absorption 
coefficient. 

The significance of supersonic dispersion from the point of view of 
molecular characteristics has been discussed both in the first paper and 
elsewhere (Richardson 1938). The argument lies between the relaxation 
theory, in which a postulated lag in the transfer of energy between the 
various degrees of freedom of the molecule produces a peak of absorption 
hand-in-hand with a rise in velocity to a higher and mamtained value ; and 
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some form of seleotive absorption, characterized by a sharp rise in velocity 
followed by a gradual fall to a normal value (of. anomalous dispersion in 
optics). It is not the purpose of this paper to enter into a theoretical 
discussion of the merits of these rival theories. It suffices to point out that 
the velocity after it has risen to an abnormal value does in fact fall slowly 
to normal as the frequency rises. So much may be deduced from figure 6, 
if a succession of values of velocity corresponding to a single value of the 
humidity is read ofi* from the curves. The drop in velocity pirior to the rise 
at a frequency corresponding to maximum absorption, which should 
accompany anomalous dispersion, is less evident, because in the supersonic 
gamut the maximum occurs at low vapour pressure, but velocities less 
than those given by the classical formula were occasionally recorded at 
very low values of the humidity. 

The authors desire to express their best thanks to Professor W. E. 
Curtis, F.R.S., for his encouragement during the course of this research 
and for placing the facilities of the laboratory at their disposal, and to 
Professor E. N. da C. Andrade, F.R.S., for helpful criticism in the later 
stages of this work, as a result of which they were able to bring greater 
precision into the measurements. 
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Complex potentials in two-dimensional elasticity 

By a. C. Steyenson 

{CimmuniccUed by 0, JS. Jeffery, KR,S, — Received 25 May 1940) 

This paper gives an approach to two-dimensional isotropic elastic theory 
(plane strain and generalized plane stress) by means of the complex variable 
resulting iii a very marked economy of effort in the investigation of sucli 
problems as contrasted with the usual method by moans of Airy’s stress 
function and the allied displacement function. This is effected (i) by con- 
sidering ospecsially the transforriiation of two-dimensional stress ; it enlarges 
that the combinations xJ + ^ ^ -f 2ixy are all -important in the treat- 
ment in terms of complex variables; (ii) by the introduction of two complex 
potentials (ji}{z) each a function of a single complex variable in terms of 
which the displacements and stresses can be very sunT)ly expressed. 

Transformation of the cartesian combinntiorLs w + xx + ?/y * — yy 4- 2^^ 

to the orthogonal curvilinear combinations 
is simple and speedy. 

The nature of the complex potentials is discussed, and the conditions 
that the solution for the displacements shall be physically admissible, i.e, 
single -valued or at moat of the possible dislocational types, is found to relate 
the cyclic functions of the complex potentials. 

Formulae are found for the forct^ and couple resultants at the origin 
« =s 0 equivalent to the stresses round a closed circuit in the elastic material, 
and these also are found to relate the cyclic functions of the complex poten- 
tials. 

The body force has been supposed derivable from a particular body- 
force potential which includes os special cfises (i) the usual gravitational 
body force, (ii) the reversed moss accelerations or so-called ‘centrifugal* 
body forces of steady rotation. 

The power of the complex variable method is exlubited by finding the 
appropriate complex potentials for a very w'ido variety of problems, and 
whilst the main object of the present paper has been to extend the well- 
known usefulness of the complex variable method in non- viscous hydro - 
dynamical theory to two-dimensional elasticity, solutions have been given 
to a number of new problems and corrections made to certain other previous 
solutions. 


Introduction 

The power and elegancje of complex variable methods of dealing with 
two-dimensional problems of hydrodynamics is now weU recognized (e.g. 
see Milne-Thomson 1938 ). The gain over earlier methods is comparable 
with the gain in three-dimensional work by a systematic use of vectors, 
and, indeed, the fact that the symbol i is the vector operator [k, ] so that the 
vector velocity <1 is linked with a complex velocity u -f iv by the relations 
q « wi + vj « t^l4-v[k, i] = 

[ 129 ] 
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gives one reason for this likeness. The student whose chosen bi:anches of 
study embrace both hydrodynamics and elasticity cannot fail to notice 
a complete contrast in the approach to two-dimensional problems involving 
the same boundaries. 

For although it is well known that states of plane strain in two-dimensional 
isotropic elasticity can be determined in terms of functions of a complex 
variable (e.g. see Love 1927, p. 204 ), points of application of force corre- 
sponding to poles and logarithmic singularities of these functions, which 
are coiiserved in conformal transformations, yet such transformations do 
not transform a boundary free from traction into a boundary free from 
traction. ^This defect of corresjwndence has been regarded as the main 
diiRculty in the way of advance in the theory of two-dimensional elastic 
systems (Love 1927, p. 214 ), and the use of complex functions has been 
practically restricted to the study of isolated nuclei of strain (but see Mac- 
Gregor 1935, p. 177 ). 

As a consequence, problems of two-dimensional elasticity are usually 
approached by means of Airy^s stress function t/)> satisfying the bi- 
harmonio equation V^x — ^ when body forces are absent, coupled with 
a plane harmonic displacement function y), related to x(^^ I/) t)y the 
equation V^x =* ^^^jdxdy (e.g. see Coker and Filon 1931, p. 130 ). Many 
interesting problems have been solved in this way by the aid of appropriate 
orthogonal curvilineai; co-ordinates, as, for example, with polar co-ordinates 
(Michell 1899, X901), elliptic co-ordinates (Inglis 1913 a, 6), and bipolar co- 
ordinates (Jeffery 1921). But the path to these solutions is by no means short. 
We have to consider, in terms of the curvihnear co-ordinates, (i) the trans- 
formation of stress components, (ii) the transformation of the biharmonio 
equation, (iii) solutions for ^ involving double boundary conditions, (iv) the 
solution for rfr. Now all these stages involve much partial differentiation, 
and the algebra is generally very heavy and tedious. Also, unlike Laplace’s 
equation, the biharmonic equation is not invariant in form for these trans- 
formations. Further, although the work is sometimes shortened by omitting 
to consider the displacements, this is a dangerous practice as it sometimes 
leads to stresses satisfying boundary conditions but which can only arise 
from physically impossible displacements. 

Recognition of some of these complexities have led one or two writers to 
consider these problems entirely in terms of plane harmonic functions {e.g. 
see Love 1927, p. 204 ; Carothers 1920, p. 110; and particularly Bricas 1932, 
p, 11, who dispenses altogether with Airy’s stress function). But these 
writers make little or no effective use of the complex variable in this con- 
nexion, with the result that their methods still retain very much of the 
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causes responsible for the long and somewhat heavily algebraic path to the 
required solutions. 

What is required is (i) a means of making a rapid change from one set of 
orthogonal co-ordinates to another, and (ii) a modus operandi which does 
not entail the solution of fresh differential equations whenever the co- 
ordinates are changed. We shall show that the stress combinations S-f 
^ ^ + 2i£y and ^ H ^ + 2i^ in curvilinear co-ordinates are very 
simply related and admirably fulfil our first requirement, and we shall 
further show that the solution of two-dimensional elastic problems for the 
stresses and displacements, incsluding cases with body force, depend upon 
two functions Q and a) of a single complex variable, and which we term 
complex potentials. The method arises naturally from a consideration of 
these problems in terms of co-ordinates z instead of a:, y where 2 = a: -f iy, 
z sr and since it side-tracks the biharmonic equation, it fulfils our 

second requirement. Like the method of Ericas, to which it is more nearly 
related than the Airy stress function method, it dispenses altogether with 
Airy’s stress function and the allied displacement function. 

The cyclic constants of the complex ])utentials are shown to occur in 
(i) the criteria for the displacements to be single-valued or to be at most 
dislocational in character, (ii) the expressions for the stress resultants round 
closed circuits, and this narrows down considerably the search for the 
appropriate complex potentials in any given problem. By considering a 
number of by now classical problems, notably those in elliptic and bipolar 
co-ordinates, generahzing and correcting certain other solved problems, as 
well as by giving the solution of certain new problems, the writer shows that 
the method of complex potentials represents a very considerable gain in 
elegance and algebraic simplicity over previous methods. 

1. Two-dimensional elasticity 

We shall consider the fundamental problem of two-dimensional statical 
isotropic elasticity to be that of plane strain, since the solution of problems 
of plane stress and generalized plane stress can be made to depend largely 
upon that of plane strain. In plan© strain the restrictions upon the dis- 
placements u, V, w ore 

u^u{x,y), v^v{x,y), w ^ 0. (M) 

* 

If J is the dilatation, and tnk is the rotation, these are given by 

du dv Sit 

” dy' ^ Bx By' 


(1-2) 
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From (I’l) and the stresa-etrain relations we have 


TO = 0, ^ = 0, TO Ad 

and xa; = Ad+2/i^, yy>=A#+2/t^, 

where A, ft are Lamp’s elastic constants, so that 

( a JS V 

In a Htate of generalized plane stress (see Coker and Filon 1931, p. 126) 
in a plate*Kke material bounded by z = ± c, we take zz ^ 0 throughout the 
material, with xz and yz vanishing over the surfaces 2 = ± c. The displace- 
ments ~Uy V and stresses py, xy averaged across the thickness 2c of the 
plate, are then functions of z, y only, and are related in precisely the same 
manner as the actual displacements and stresses in plane strain, i.e, as in 
(1'4), provided the Lam6 constant A is replaced by a modified Lam6 con- 
stant A' given by 

A'«2/^A/(A + 2/i), (1*6) 

so that the problems of plane strain and generalized plane stress are mathe- 
matically identical to this extent. 

The problem of plane stress is defined by 

55 ^ STO TOs 0. (1*7) 

Here again the remaining stresses are given in terms of the displacements 
by equations (1‘4| when A is replaced by A'. They are not, however, inde- 
pendent of z in general, so that the problem of plane stress is less strictly a 
two-dimensional one. We shall not consider it further here, but remark 
only that its solution can be effected by the use of complex potentials in 
much the same way as the problems of plane strain and generalized plane 
stress. 


(1-3) 

(H4) 


2, ThK complex mSPLAOKMENT 

We use a complex displacement D related to the vector displacement D 
by the relations 

D wi-f =x + *= + Df, (2*1) 

and, instead of the variables x, y we use the complex variables 


( 2 - 2 ) 
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There will be no occasion to use z hereafter as the third spatial co-ordinate 
in any section which uses the customary symbol z fpr the complex Tariable, 
so that no confusion need arise from the double use of 2 , With these variables 
we have 


d _d d 
dx 02 02 ’ 

0 ./ 
05, “i 

'0 0\ 

,02"’0i;’ 

{2-3) 

A 0 ® ^ ‘ 

and 

OZ ex Cj 

^ T 

It 

# 

(2-4) 

Hence (1-6) and (2-1), (2-4) give 




2^^ = d+2OT, 

02 


cx~yy + 2ixy. 

(2-6) 


3. The complex booy-steess equatioh 

We assume the body force per unit mass to bo derivable as the negative 
gradient of a body -force potential V. In plane strain and plane stress one 
body-stress equation shows that the resolute of body force perpendicular 
to the x-y plane must vanish, and we suppose in all cases that 

F == F(a:, ty) = (7(2, 2 ); (3-1) 

also we find it convenient later to introduce a body -force function W(z, 2 ), 
such that 

W(Zf z) = ju(z, z)dz. (3*2) 

In particular, we consider two oases of body force included in the form 

11 (z, z) - C 2 -f*C 2 -f d 2 Z, (3*3) 

where d is real. This makes 

dW 

W{z, z)^ -f czz + HzHy -p « cz +1^2*, (3*4) 

If d - 0, (3*6) 

we have the ordinary constant gravitational body force g acting at an 
angle a with the z-axis. If 

c = ln%, d = - Jn®, (3-6) 

we have the body -force potential of the reversed mass accelerations (treated 
as body forces) in a steady rotation of the elastic material in its plane about 
the point with constant angular velocity n. 

Vol. 184. A. 
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The two remaining body -stress equations in plane strain and plane stress 
are 

-^^( xx ~ pV ) + ~xy = 0 , lxy + ~(r^-/>7) = 0. (3*7) 

and we merely replace the actual stresses by the mean stresses in the pro- 
blem of generalized plane stress. Multiply the second equation of (3*7) by 
i and add to the first, and make tise of (2*3); we have 

jjB:-yy + 2ixy) + ^^{B:+gy-2pU)=>^0, (3:8) 

as the complex form, of the body-stress equations iq two-dimensional 
elasti<j problems. This is entirely independent of the third spatial co-ordinate 
in the two cases of plane strain and generalized plane stress. Suppose 
Ha (P» ^ V) sets of stresses satisfying (3-8), then the 

stresses == pqi — ph clearly satisfy the body-stress equations with no 
body force. Hence if we form a second solution pq^ of the equations by 
superposing a complementary solution upon a particular solution 
then 

nt^ni+m> ( 3 - 0 ) 

where the complementary solution moat hp derived from the equation 
(3’8) with no body forces. 

4. Teansfobmation of stress components 

Consider a change to axes On, Os obtained by rotation of Ox, Oy through 
an angle a (see figure 1), and let n, s be unit vectors parallel to the new 
axes. Then n « and s - where ^ a, and if R„, R^, R^, R^, 

are the stress vectors across elements perpendicular to n, 6, i, j, respectively, 
we have, from the equilibrium of the infinitesimal wedges of figures 2 and 3, 
that 

R„ = cos aRy + sin aR^, R^ « cos + si” (^' i ) 

But Rj. =* Si + -h iS^} i, R^ « {xy + iyy} i. (4*2) 

Also R„ =s rmn + ms « { 7 m^iSh}n 

or R,, = (w + iSn} eH, R, « {Sw 4* iS$} eH, (4*3) 

From (4-l)-(4*3) we find 

{nh 4- = cos -h ifj} H- sin ac{xy 4- 

{Sw 4- tSS} =* — sin 4- i£y} + oos a{^ 4- 
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and adding and subtracting these equations in turn, and dividing by 
we have 

^ + ( 4 * 4 ) 

TO — SJ 4- 2im = e”^’^{xx — ^ -f (4*6) 

The result ( 4 * 4 ) is well known and widely used; on the other hand, the 
almost equally simple equation of transformation ( 4 * 5 ) does not seem to 
,be known or at any rate used in this form.* Its usefulness may already be 
realized from equations (2-5) and (3-8). These stress combinations turn out 
to be all important in a complex variable treatment of two-dimensional 
elasticity, and their consistent employment will be found to be a large 
factor in the algebraic 8iini)licity of the method of complex potentials. 



We next deal with two elementary states of stress for use later on. Con- 
sider the state of stress represented by 

^ = T, % ^ 0 , (4*6) 

A change to parallel axes through any point of the plane does not affect 
these stresses, and if we choose as origin any point on a curve in the plane 
whose normal at the point makes an angle a with the ir-axis, and then change 
axes so that Ow, Os are the normal and tangent respectively, (4-4) and (4-6) 
at once give 

TO ^ S3 = r, S5? = 0, (4*7) 

♦ The following xnnomonio aym holism has been brought to the writer^s notice by 
H. G, Hopkins and by Professor L. M. Milne-Thomson, 

Let a?* (i.e. asx), wy, y* denote Ji, Jy, yy respectively, then 

2 ;*=;a!» + y» and z* = a;* - y* + 2t>y 

and so denote Sc + ^ and Si - ^ -f 2iSy roapectivoly, and if we change to new axes 
by turning through an angle a, ao that z' = n + w ss ze“'«, then z"z' and z'* denote 
tm-f S? and to - S? + respectively. But zT “ zz and z'* :== so that 

and TO- 3? (SS-^+2tSy). 

While not a proof, this is a quick moans of recovering (4-4) and (4*6).. 



136 


A, C. Stevenson 


and since this holds at all points on any such curve, any curved boundary 
is only acted upon by an all-round tension ^ « T, 

Again, if the material is in a state of simple tension in a direction making 
an angle a with the a;-axiB, so that 

wn = T, « 0, = 0, (4*8) 

equations (4*4) and (4*6) at once give the results 

xx^yy ^ Ty iS — =« Te*^, (4*9) 

which we shall find useful in this combined form later on. Separation 
gives 

Sc = iTcos^a, ^ « jTsin^a, xy « Tsina cosa, (4*10) 

and analyses the simple tension in a direction a into simple tensions T cos® a, 
T sin® a parallel to the axes, together with a shear y sina cos a. 


5. CURVIIilNEAE CO-ORDINATES 
We take curvilinear co-ordinates tf defined by 

Z=/(C), Z = »4iy, (6*1) 

80 that* dz =/'( 0 dC = Je^d^, ( 6 ' 2 ) 



where J and a are real, so that 




dzdi' dz^' 


Consider increments dz^, dz^ in z along the corvee ij 
P (see figure 4). Then 


(63) 

const., ^ s const, at 


dzi * Je**d^, dz^ =» Je^idif = Je^^-*^^dii, 

and since increments of position vector r lae given by dr > dd and 
argdsj w ar^(iz;i-f|7r, the curves are oleariy orthogonal. Hence we may 
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change to axes at P where the directions i increasing, ij increasing re- 
spectively can be taken as the axes On, Os of the last section. Beplaoing n 
by s by i), and using (5*3), equations (4-4) and (4*5) become 

^ (5'4) 

(5-5) 

These, used with (6*1), are the simple formulae for the transformation of 
stress in twp-dimensional orthogonal curvilinear co-ordinates. 

# 

0. The complex potential ftjnctioKwS 

Now it is clear that the complex body-stress equation (3*8), in the Jwo 
oases of plane strain and generalized plane stress, is satisfied by the intro- 
duction of a new function F(z, z) of the co-ordinates z,zia terms of which 

£c + yy-2/>(7 = (6-1) 

xx-yi/ + 2tiy = - "K (6-2) 

From (2-5) and (6-2) we find 

3/> dF(z,z) 

^ • 

whence 4^D == /(z) - F(z, z), (6*3) 

where /(*) is a function of a jfinffle complex variable z. Also from (1'6) and 
(2'5) we have 

djD 

4(A + /i) -j, - ^ x3!+t/f + 4t(A+/i)m. (6-4) 

vZ 

Hence from (6-1), (6'3) and (fl-4), writing 

/(z) = 2(l-v)m, * (6-5) 

where, in plane strain ^ is Poisson’s ratio defined by 

If = A/2(A+/t), (fi'fi) 

and in generalized plape stress must be replaced by the modified Poisson’s 
ratios’ obtained by replacing A by A' of (l-B) and related to Poisson’s ratio 7 
by the equation 


we find 


(l-cr)(l+j,) = 1, 


(6-7) 

( 6 - 8 ) 
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with the usual notation for the differentiation of a function of a single 
variable with respect to the argument. There will be no occasion to confuse 
the elastic constant j; witii the curvilinear co-ordinate 7. 

Now, from (6'1), (6-5), (6*6) and (6*8), using (3*2), we have, for plane strain, 


^dF (z,’z) 

"dz 


i2'(2} -f - 2/>| j 


l--27;\dW(z,z) 

w 


where ) is derived from S?( ) by changing i to —i wherever it occurs in 
the definition of fJ( ). On integration with respect to z we may write 

2F(z,z) « Q(z)^zS'{z)^y/9lV(z,z)^(o'(z), (6-9) 

where w(z) is another function of the single complex variable, and y is 
given by 

7 = 2(1 -2^)/(l“?y) or y=2(l-T;), (6*10) 


according as we are dealing with plane strain jor generalized piano stress. 

Hence (6*3), (6*5) and (6*9) give the solution for the disj)lacement8 in 
terms of the two complex potential functions 0 }(z) as 

8//.(w + fr) ^K^J(z) — z^3'(z)-w'(z) + ypW(z,z), (fi’ll) 


where a: is an elastic constant, in terms of which y is always given by 


7==4(/c~-1)/(/c+1), (6*12) 

and we have (1 + a:)/(1 - 7) «= 4 or (1 4 -a*)(1 + 7) = 4, (6*13) 

according as we are dealing with plane strain or generalized plane stress. 
From (6*1), (6*2), (6*9) and (6*12), the stresses are given in terms of the 
tM^mplex potentials and the body-force function W(z, z) by the equations 


XX 




XX -^/ + 2»xy = - H {2'j3"{z) + (t>”{z) — yp 


dW{z, z) 
dz 


(6-14) 

(0-16) 


We can readily find the stresses and displaoements in terms of curvilinear 
co-ordinates. For if u^, are the displacements at P (figure 4) resolved 
along the directions g, ^ increasing respectively, we have 


(« + iv) i a= D = + tM,)n = (W| + »«• ) c<*i, 

so that, from (5-2) and (6*11) we have 

1 dz 

t= J ^^{Acfi(s)-*iJ'(z)-e5'(2) + yplf(z,2)}, (6-16) 
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whilst (5'4), (6*6), (6-14) and {6'16) give • 

g + « - + A®'’*'!, (6.17) 

g-?;, + 2iS - -1 gS {*fl-(2)+iD-(l)- (6-18) 

.which latter can be written 

Q-rjrj^ii^ = -y^^{z[i'(z) + <o'(z)-ypW(z,z)}. (6-19) 

In these formulae we suppose z and z to be expressed in terms of ^ by means 
of(5‘l). 

7 6 Restrictions on the complex potentials 

There will be certain restrictions on the nature of the functions jO(z), 
o){z). Clearly the stresses must be single valued; on the other hand certain 
many-valued displacements are capable of physical interpretations as 
dislocations, which can be realized in a two-dimensional region of multiple 
connectivity by drawing a curve which reduces the connectivity when the 
material is cut along this curve, displacing the material so that the curve 
is given a small rigid body displacement, the material between the two 
positions of the curve being cut away and the edges then recemented (e.g, 
see Coker and Filon 1931 , p. 503). If we start from a point P{z, z) in the 
elastic material and return always to P via a path in the material, the 
change in a function ^ must have the same value for all circuits reducible to 
one another and must vanish if ^ is single- valued. Following Filon, we 
term this change the cyclic function of ^ for the circuit typical of a given 
particular connectivity and write it Cy<j>. It is readily shown (e.g. see Coker 
and Filon 1931 , p. 513) that Cy and djdz, d/dz are commutative symbols of 
ojieration. 

When there are no body forces the conditions that the stresses shall be 
single-valued are, from (6*14) and (6*15), 

(7y{r/(z)+i5'(5)} = 0, (7-1) 

and (7y{zi5''(s)+aJ'(s)}»0, 

which gives Cyo)''{z) = 0, Cyi7'(5) = 0 (7'2) 

separately. 

. Further, since the stresses must be single-valued, it is clear that if 
Cy («+tv) -« V + iV, then U, V are displacements due to a system of aero 
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Btreases, ao that in fact they forn»a two-dimenaional rigid body displacement, 
i.e* we may write 

Cy (w -f- iv) » a -f iySz, (7*3) 

whore a is a small complex constant representing a email displacement 
of translation, and /? is a small real constant, the corresponding terms repre- 
senting a small rigid body displacement of rotation of angle Hence from 
( 6 - 11 ) 

Cy{KQ(z) — zD'{z)-ii)[i^)) %iA(ix^ipz)j (7*4) 

and differentiation with respetjt to z and z respectively gives 

Cy{KQ\z)’~D'ffi)} = 8/^i/? (7*5) 

and ecpiations (7-2) once more. From (7*1) and (7-5), we find 

(7-6) 

which is clearly consistent with (7*1) and (7-2). So far, therefore, the re- 
strictions upon the complex potentials Q{z),<o{z) are given by (7-2) and (7‘6). 

When the body forces are of the type given by (3*4), it is clear, since 
dWl^z and dWjdz are single-valued, that the restrictions upon and 
o){z) are, so far, the same as in the case of no body forces. To understand 
fully the nature of CyQ(z) and Cy(i}(z), we must next consider the stress 
resultants round a circuit. 


8, Thb; stress resultants round a cirottit 
For an element ds of a circuit C we have 

whence =»= ^ ^ « 1. (8-1) 

ds dads 

The stress vector R„ across the element is 

R„ « (8*2) 

hence from (4*3) + -f iSii} (8*3) 

Now tlie force and couple resultants R = {JT-f $ F} i, M « Mk. at the origin 
z 0 for the stress system exerted upon the material within the closed 
boundary C are . 
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where r zL Hence, making use of (8-1) an^i (8*3), we have 

X + i r = 1* {Sk + i^i) ds ^ —i( {im + 

Jc Jo 

if J (x^‘-yxh)d8 = real part of •^ijz{im-j-i^)ds, 
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^ds 


ds* 


(8-5) 


Qr we may write M -f iM^ = — i I z{xn 4- wi) ^ 

J V « 

Now, from (4-4) and (4-5) 

^mh + iSii) = 2{xx + yy) 4- 2{xa: — ^ 4- 

and so, in terms of the complex potentials from (6*14) and (6*15), using 
( 8 -!) 

4(^ + im) =- Q'{z) + D’(z) + + iw''(3) - yp | + . 



whence 


Hence from (8-4), again using (8-1), also (6*12), 

4i(X + iT) -fja'(t)+i}'(i)t^<h 

J a [K -h 1 ds ds da ) } dz ds 

JC + 1 r „ _ ^ jfl(2) +s£?'( 2) + w'(s) + W(Z, 2)j d» 

. f dW(z, 2 )dz j 

or with the body forces of tyjw given by (3-4), we have 

Jr + » r - -\iCy {i3(t) + tQ\z) + ®'(2)} + vj^(cs + {dz') dz. 
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Now, converting line integrals round the bounding curve 0 to integrals 
over the area 8 enclosed by ( 7 , we find 

j zdz = — 2iS, J* z^dz = — » — 4izQSy (8*6) 

where the point z Zq is the centroid of the area 8. Hence, finally, 

X^iY ^-^iiCy{Q(z)^zD\z)4^<;i'{z)}-¥2pS^^ (8-7) 

In similar fashion (8'5) becomes 
4(jlf -f iM*) 


i 


f c 

+ 4/0 


rfL>{2) «!z- rfw'(2) di3'(2) »p dW(z,z)\ 

,(• 

J C ds , 


zzn'{z) + 'zu>'{z) — (t){z) + ~^~zW{z, s)! ds + 


-f " 

Jr* 

, r ,.dzdW{z,z)^ C 


«•+! 

d^{z)-d9iz) 
ds ds 


K + 


-.dz. 


ds. 


The last integral can be dropped without affecting ilf, since the integrand 
is a pure imaginary. Using body forces given by (3*4), we have 

jW + iJlf* ^ — iC2^{s2lT(2) + 2w'(2) — eJ(t)} + — “ f z^dz 

+ 2p|^-^jj|2cJ 22^2 + dj 2^2 dsj. 

Again ccinverting line integrals to surface integrals w© find 

I zzdz = 2i2o^, I 2 * 2^2 = ~ 4i j zzdS = — 4t7, (8*8) 

J c Jo J « 


where / is the second moment of the area 8 about the axis through z « 0 
perpendicular to the area jS. But d is wholly real in the cases considered 
and from (7*6) Cy{zzD'(z)} is a pure imaginary, so that again modifying the 
meaning of J/’" without affecting My we may write 


M + iM* = JCj/ - zw'(2)} - {2 c2o + (at + 3) cgj, 

• /C *7“ 1 

or equally well, changing the sign of i, 

M =. real part of \Cy{u){z)- zta'{z)] + (2cz^ + (ac + 8) c*,). (8-9) 

AT + 1 



Comphx potentials in two-dimensional elasticity 143 

The reaults (7*2), (7*4), (8*7), (8*9) oonoei'ning the cyclic functions of 
the two complex potentials are immediately useful in particular problems 
as will be seen in the later sections. 


9. Effect on the complex potentials of change of omorN 

Since the stresses cannot change with a change of origin, it follows from 
(6*14) and (6*15) in the case of no body forces that iy{z) and zQ*'{z)’^a}''{z) 
must be independent of the choice of origin. Hence, if 
complex potentials appropriate to the origin at (7 (s =« c, = 0), then 

ifiz) - 

and W{z) + ej^z) = (z - c) Qa(h) + 

or + ci3''(z). 

Hence we may write 

Qcih) - Q{z)y (Ocizi) = (i>{z)i-cQ{z), (9*1) 

and these will be seen later to [>rove helpful in combining elementa^ry 
solutions referred to different origins. 

The displacements must also be independent of the choi(^e of origin, 
and the relations (9*1) are readily seen to satisfy (6*11) in this respect. 


10. Relation to other methods 
When there are no body forces let us write 

X + ^X* =‘ i{~^>(2) + w(2)}, 

whence =• + w"( 2 )}, 4 +i3'(2)}. 

Hence, using (2*4), (6*14) and (6'15) become 

+ = -4-g = - + 


xx^yy = 4-g^ = + 


and separation gives 


^ 0*;^ _ 0®A' ^*X 


( 101 ) 


( 10 - 2 ) 
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so that, when there is no body force, we have identified Airy*8 stress function 
X with the real part of ^{zQ(z) -f <w(2)}. 


If we write Q(z) ^ wfz) « 

we find, using (2*3) and the Cauchy -Riemann relations, that 

r.>(z)= = 


(10-3) 


zQ'{z) = X 


30 30 


dV 0«P\ 


3z ^ 3y 


y 5r + * 


3x ” 3y ^ 


, 3(^ .3<j> 


Hence (6'11) gives, when there are no body forces, 

„ ^ / 00 a0\ 3<p 

„ / 3*P 3^\ 0^4 


(10-4) 

( 10 - 6 ) 


These show that 0, are merely simple multiples of plane harmonic 
functions used by Brioas (1937, p. 75), and that in terms of these functions 
Airy’s stress function is given from (10*1) as 


X* ^(x0-¥yW ■¥<(»). 

Again, if we write 0 » ~ » J{fi'( 2 ) + i7'(5)}. 


( 10 - 6 ) 

(10-7) 


zfj {z)^Zz^^{x+ty)\^-^ + t-^j 
dO d0 A do d0\ 


2\9a? dxdp 


0 a;* dxdj/ 0y* dxdy* 
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« 

Hence^ in the case of no body forces, (6*14) and (6*15) can be written 
B: + yy “ O, 

^ I i dG ?0 d^6 J dS d& \*| 

, - j*+ 2.a, - - 2 + .(j-gj , 


XX- 


whence 


XX 


20 - 


{ d& 

a©' 


r 0x ' 


1 ay*j 

f 06> 

a©' 


r ai’ 


raa:*) 


_ U 00 00 02M ) 


( 10 - 8 ) 

(10-9) 

( 1010 ) 


giving the stresses in terms of two plan© harmonic functions 0, which 
are simple multiples of plane harmonic functions used by Bricas (1932, p. 1 1 ; 
1937. P- 76). 

In curvilinear co-ordinates, still taking tlie case of no body force, wo 
have 

= Tx-¥yy (10-11) 


(10-12) 


and, writing zz = r*, =« h, (6-19) becomes, changing the sign of i through- 

out, 

g 2»i^- p r 

„dr'^dSr(z) Idr* .dr^\id& .de\ 

- [ra,6»l-»(r>,6>), 

where [V, F], (f/, F) are abbreviations given by 

ac/aF dvdj wdv dvdv 

{u,v]~ - S,- 0, « 0g 0, + 0, 0| • 






(10-13) 
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Hence from (lO-ll) and (10-12) separation of the Btaressee gives 

n = - 1 6 >] + [h*, 4>] + 2A» |tj , (lO-U) 

- i© + i ^h^[r\ &] + [h\ - 2&* |*|j , (10-16) 

^ = _ 1 9) + {h», ^) + 2A« , (10-16) 

which are equivalent to the resultB obtained by Bricas ( 1937 , p. 98). 

It cannot be too strongly emphasized here, however, that the resolution 
of the complex potentials iuto such plane harmonic functions as W, 
(j), and the use of & is entirely foreign to the spirit of the method proposed 
in this paper. Such resolution is entirely unnecessary, and leads to almost 
as much labour in fitting solutions as does the Airy stress function method, 
although, in side-tracking the biharmonic equation, Bricas’s method has 
some advantages over the Airy stress function method. In the method of 
this paper, a single complex boundary condition replaces the double cour- 
dition of the usual methods, and this is indeed a guide to the form of the 
solutions required, whilst separation of reals and imaginaries is deferred 
until the final stages of a problem with a very marked economy of effort. 
It should perhaps be mentioned here that when the present writer first 
developed these methods, he was unaware of the interesting plane harmonic 
methods of M. Bricas. 


11 . Solutions tN oartissian and folab oo-obdinatbs 
C onsider the transformation of co-ordinates given by 

^ = logz = logr-^iO^ (IM) 

which makes ^ i , J « r. ( 11 * 2 ) 

dzz 

Equations (6-16)-(6-18) become, with the body forces of (34), 

== e^^{KQ(z) — zD*{^) — uy{z)-Y\yp{cz^'¥2czz'\-dzH)), (11*3) 


fT4-(?5 =:^i^D'{z)+n'{z) + ^^{cz+ez+du)^, 

( 11 - 4 ) 

-f ~ i |*/5''(2) + ^ m’{z) — yp{ci -f ^daz )\ . 

( 11 * 8 ) 
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Sclutions far a concentric ring space 

Here we obtain the complex potentialy for the following problems 
relative to the ring space bi^r^a: 

(i) equilibrium under uniform shears applied to the boundaries, 

(ii) equilibrium under constant internal and external pressures, 

(iii) equilibrium of a dislocated annulus, under no tractions round the 
boundaries, so that the strain is due entirely to the dislocation; wo 
shall refer to this as the pure dislocafional problem of the annulus, 

(iv) steady motion of the annulus with angular velocity n about the 
centre; also steady rotation of the complete disk bounded by r = a. 

Of these, the first three are supposed to be under zero body force, the 
fourth is regarded as a statical problem with the reversed mass accelerations 
as body forces. 

Assuming no body force, the boundary stresses over the circle \z \ ^ r 
are given from {11-4) and (11*5), following a change of sign of i, as 

4:(rr^ird) = Q’{z) + Q'[z)-zQ"{z)~Im"(z). (11-6) 

z 

Consider first the solution given by the complex potentials 

fj(z) « 0, (i)(z) - Clog 2 , C === Ci + iCj, (11«7) 

where Cj, are real. For circuits in the elastic material and embracing 
the origin ^ 

Cyii>{z) = 2niG, 

so that from (7*4) we see that the solution is non-dislocational in character^ 
whilst from (8*7) and (8*9) it is clear that the stress resultants for the 
boundary are Jf = y = 0, Jf Also from (11-6) 

4(rT “ ifd) = — Cjzz = — (Cl 4* iC^)lr^, 

Hence the complex potentials for the annulus under a uniform positive 
(anti-clockwise) oouxfie Jlf applied uniformly to the outer boundary, 
balanced by an equal, opposite and uniformly applied couple M at the 
inner boundary, are ^ 

' «(s)*0, 0 J( 2 ) = -2‘- logz. (11-8) 

The solution given by C, in (11’7) ‘san l)e combined with the elementary 
solution £?{z) » 4z, w{z) « 0, where ^ is real, which gives from {11-6) 

- 4(rr — ir^) = 2^ — C,/r*, 
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Note that an imaginary constant A merely gives rise to a rigid body dis- 
placement of rotation. If now we put fr = for r = a, and for 

r = b, we find on solving for A and Cy that the solution for the equilibrium 
of the annulus under internal pressure and external pressure is given by 
the complex potentials ' 

Q{z) = - j 2, w(2) » ^**>*(al^*) *• 

Next cousider the complex potentials 

Q(z) ^ Bzlogz, w{ 2 ) = 0, (11-10) 


where B is real. From (8-7) and (8-9) the stress resultants vanish for a 
circuit embracing the origin, but from (7*4), since CyQ{z) ^ 2niBz, the 
solution corresponds to a rotational dislocation of (small) angle given by 

B ^ 4.fiPjn{K^\). (IMl) 


From (ll’b) and (11*10) we readily find 

4{fr — ir&) «« i?( 1 -f 2 log f ). 

To obtain the complex potentials for the pure rotational dislocation of the 
annulus, we need only combine this solution with the previous, taking 


Po = iB(l + 21oga), Pi ^ JB(l-h21og6), 


80 that, with the value of B given by (IMl), the appropriate complex 
potentials are 


Q{z) 




7r{K + l) 


« log a- ('2 


1 ^ o«logo-6»]og6 jJ ] 


a^-b' 


8p/? o*6®log(6/(x), 


(1M2) 


This well-known problem, first solved by MibheU, is often referred to in a 
less descriptive manner as the pure dislocation of order zero (see, for example, 
C'/oker an# Pilon 1931, p. 319), from the manner of its derivation firem 
‘ zero-order’ solutions of the biharmonic equation in polar co-ordinates. 
Next we consider the solution given by 

U{t) D\ogz, e> Xizlogz, (11'13) 

where D is a complex constant. Equations (8-7) and (8’9) show that this 
gives zero stress resultants roimd a oirooit typical of the connectivity. 
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whikt (7*4) shows that the solution corresponds to a dislooationt of tram* 
lation ail + a^j « + == al, given by 

Z) — “4/na/7r(/c-f* 1). (11*14) 

From the boundary stresses, (11*6) gives 

4(fr-^ir0) = 2Dlz, # 

and for the pure dislocation of translation of the annulus, we must annul 
these stiesses over the boundaries r = a and r s= 6. To do this consider the 
additional complex potentials 

Q(z) = o)(z) = Bjz, 

where A and B are complex constants. The combination gives boundary 
stresses, using (11*6), 

A{fr - iid) »= + A- , 


which vanishes over the boundaries if, for r — a and r ~ 6, 

"Y 4 — 0. 

r* r* 

Solving for A and B and substituting for D from (1M4), we find that the 
complex potentials for the pure translational dislocation, often referred to 
as the pure dislocation of order unity (see Coker and Filon 1931, p. 370) are 




(1M6) 


where a is the small complex displacement defining the dislocation of 
translation. 

For the two problems (j v ), from (3-fi) we put c = 0, d =» — iw* in equations 
(ll-3)-(ll'5), and by adding the last }>air and changing the sign of i we 
find 

4{fr-iid)’=‘iJ'(z)+n'iz)-zi}"(z)-r.(i>'’{z)-pTn^zz, (IMO) 

z 

where t = («■ + B)/{k + 1 ), 

and = (3-2*/)/2(l-i/)or(3 + i7)/2, (1M7) 

according as, we, are dealing with plane strain or generalized plane stress. 
Now take ij{z) » Az, (o(z) = Blogz, 
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where A and B are real. With these (1 1-16) beeomes 

4(fr — i^) =5 2A + ( B/zz) — pmhz. ( 1 1 • 18) 

Taking 5 == 0, 2.4 ^ pTuVy we have zero stresses on the rim r <=« a of a 
complete rotating disk, with finite stresses at the origin, and clearly from 
(7-4) this is non-dislocational solution, hence the appropriate complex 
potentials for the complete uniformly rotating disk or cylinder are 

Q(z) — c<>(z) 0» (1M9) 

Again, choosing A and B to make the right-hand side of (11-18) vanish 
for r — a and r />, we find that the appropriate complex potentials for the 
rotating annulus are 

Q{z) =a \pTn\a^ + h^)z, a)(z) =*= —pnha^b^hgz. (11*20) 

We then find, from (11*18) and (11-4), that 

fr = j;pTn^(a‘^ - r*) (r® - b^)lr^, rO ^ 0, 

This agrees with the well-known solution (e.g. see Timoshenko 1934, 
p. 68), but disagrees with that given by Brioas (1937, p. 256), which is free of 
elastic constants. Biicas does not solve for the displacements and discuss 
their physical admissibility, and although his stresses satisfy the boundary 
conditions, they correspond to inadmissible (many -valued) displacements. 

Solutions for an unstressed hole in an infinite pUUe 
Here we consider: 

(i) an unstressed circular boundary in an infinite plate, with no body 
forces, and under an all-round tension at infinity, 

(ii) the similar problem for the material at infinity in a state of simple 
tension making an angle a with the cc-axis, 

(iii) similar problems under gravitational body force, 

(iv) similar problems under gravitational body force and with dis- 
location. 

Take the complex potentials 

f3(3:) Azy <t){z) ^ JSlogz, 

where A and fi are real. Then with no body forces, ( 1 1 ‘6) gives 
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BO the boundary stresses vanish along r « a, if J3 « — 2a*-4, and the state 
of stress at infinity is clearly an all-round tension of amount T := 
Accordingly the appropriate complex potentials, since they clearly give no 
dislocation^ from (7-4), are 

Q{z) - 2Tz, (o(z) ^ -~4a«3riog2, (11*22) 

For the second problem take the complex potentials 

Q(z) » B/z, ij(z) =« C' log 2 + i)/ 2 * + ^ 2 ^ (11*23) 

where, of the complex constants, A need only be real, but C must be real, 
from (8*7) and (8*9), to give zero stress resultants round the boundary. 
From (7*4) the solution is non-dislocationaL Then (11-6) gives 

Mfr-i^) = 2A-3§-^ + ^-2EI-6^, 

which becomes, along the boundary zz — a®, 

4{ff-ifd) = U2Aa* + C)-';~{B + 2Ea*)--^^^(Ba*+2D). 

€v . (A as 

so that the hoie is unstressed if 

C^-2Aa\ B = D=Ea\ (11-24) 

Also, from (11-23), (6-14) and (6-16), with no body forces, 

_ _ .1/5 5\ 

*x + yy = A-2(--i + =i|. 

xx-yy + 2txy - - j« + 5^3-2 _j-l-3^j, 
hence as r->oo, the stresses tend to values given by 

xx~^ + 2ixy -E, 

and, from (4-9), we have a state of simple tension T at in&nity, in a direction 
making an angle » with the x-axis where, 

A^T, -E-=Te**». (11-26) 

Accordingly the appropriate complex potentials fur the second problem 
ate, from (11*23)-^ 11*26), 

Q(z) » J'(* + 2o*e“*/z), m(z) * -T(2a*logz + e-«» 2 »+o«c»<*/ 2 *). (11-26) 


tO'4 
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A dislocational solution for the space outside the circular hole is readily 
found, but it should be borne in mind that the rotational dislocation will 
inevitably give rise to infinite displacements at infinity, so that we should 
restrict the solution to a finite region and imagine the appropriate stresses 
applied to the boundary of the finite region. Taking the complex potentials 

D(z) = A log 2 H- jffr log z + Cz, (o{z) == Az log z-^D/z, 

where B and C are real, A and 1) are complex, we find from (7*4) that the 
solution corresponds to a dislocation if 

A = — 4//ia/7r(/c‘-|- 1), 5 = 4/ty?/7r(x+ 1), 


whilst from (8*7) and (8*9) the stress resultants round the boundary vanish, 
there being no body force. Also from (11*6) the boundary stresses are given 

by 

4(f? - irO) = ^ — ^) + -B log zz + + 2C, 

and vanish along zz = if 

D =* a*A, C = — loga). 

Hence the complex potentials for the large plate pierced by a circular hole 
under no body forces, undergoing the general dislocation a -f are 


j " + sr?+ 1 j ‘■>8 » - (4 + ‘“8“) *)■ 

w(3) = -^-^^-j-^{aalogz-aaVz). 


{11-27) 


When the body force is gravitational, acting along the negative y-axis, 
we must put c - \ig, d « 0 (putting a «= — in (3*5)), and then, taking 
com])Iex potentials, 

Q{z) ^-{ipgyz^, io{z) ^ 0, (11*28) 

(ll*3)-(li*5) give 

^ —ipg{z — z), fr — + 0, 

whence the boundary stresses for the particular solution (11*28) are given 
by 

4(fri — tV^j) 2ipg(z^z)» (11*29) 

From (3*9) other solutions can be formed by adding to this particular 
solution any solution derived from the equations with no body forces. 
Siip}X>se we take 


sa iJi log z, ojfiiz) =« iBz log 
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where B is real, and form a complementary solution from the equations 
with no body forces, the combined solutions give boundary stresses 

4(fr * irO) = 2i{z — z) {pg -f 


which vanishes over | s ( = a, if ^ — pga^. Hence, substituting for y in 

(11-28) from (6-12), 

Q(z) « — + a)(z) « ^ipgahlogz, (11*30) 


are complex jiotentials which make the stresses vanish over the boundary 
r » a. The stresses in the heavy plate j>ierced by the circular and unstressed 
hole are then 

ff == pgr sin 0^ 1 ^ =* pgr sin 6, = 0. (11*31) 

These appear to be the results obtained by Bricas (1937, p. 247) in this 
case. But the result is not satisfactory, since (7*4) identifies this as the 
solution for a translational dislocation parallel to the x-axis of amount 
7r/>gra*(Ar+ 1)/4/4, which is not apparent in the work of Bricas as he does 
not in this case discuss the displacements. His solution, identical with 
(11*31), mpi'eover, purports to be for the body force in the opposite direction 
to that which we have taken. This discirepancy was eventually traced to 
incorrect body-stress equations (Bricas, 1937, p. 12; cp. Love 1927, p. 85), 
in which the body forces have the wrong signs. Quite apart from this error, 
which would seem to vitiate all his results involving body forces, the general 
results obtained by Bricas in his chapters xxii and xxiv need a further 
discussion of the displacements before they can be applied with safety. 

To find the correct solution for the heavy infinite plate pierced by a circular 
hole, with no dislocation and no stresses round the boundary, we take the 
particular solution (11-28) with the complementary solution 

Qq(z) = iA log^:, = iAKzlogz^-iBjz, (11*32) 

where A and B are real. Then (7*4) shows that this is non-dislocational in 
character, and (8*7) and (8*9) show that the stress resultants for the boundary 
r « a in the combined solution are 


JT + i y « i7r(i(/c- + 1 ) -4 -f pga^], ibf « 0, 

and so vanish if -d - 2pga^l{K -hi), w-bilst the combined boundary stresses 
are given, from (11*6), as 

a* 2a» 1] UB 


4(rr if^) « 2ipg{z -z) + 2ipgl j ^ ^ ^ ^ 


ZZ' 


2 • 
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This vanishes over zz ^ if B pffa^(/c^ l)/(K-h 1)* hence the complex 
potentials for the heavy infinite plate pierced by a circular hole which is 
unstressed, are, substituting for y in (U*28) from (6*12), 


— -jj 2 *- 2 t/)g— log*, 


* (11-83) 


This corresponds to a state of stress at infinity given by 
fr ^ pgy + 0(\lr), ^ = 0(l/r), 


and vre should restrict the solution to a finite region and imagine the 
appropriate stresses applied to the boundary of this finite region. The 
complementary solutions (11*22) and (11*28) may be added to (11*33) 
leaving the hole unstressed but altering the necessary stress system round 
the other boundary. 

The solution to the corresponding problems of type (iv) is obtained 
simply by combining the dislocational solution (11*27) as a complementary 
solution to those of type (iii). 


Nuclei of strain in an infinite plate 
Suppose body force absent and consider the complex potentials 

From (7*4) this is clearly non-dislocational in character throughout an 
infinite plate, and from (8*7) and (8*9) the stress resultants for a circuit 
embracing the origin are given by 

so that the complex force X + iY applied to the infinite plate is + F- 
Similarly the (complex potentials 

Q{z) =« 0, (o(z) = 2i - log 2 (11-35) 

7T 

give a non-dislocational solution involving stress resultants 

Z + tF = 0, M^-0, 

so that the stresses apply a couple + 6 to the infinite plate. Hence (11-34) 
and (11-35) give the solutions for an isolated force and an isolated couple 
applied at the origin to an infinite plate under no body force. 
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IfS 


Nuclei of strain in a semi-infinite plate 

Here wc (consider the problems of the isolated force and couple applied at 
the point z ^ c {c real and positive) in the semidnfinite plate for which x is 
positive, the boundary x ^ 0 being unstressed and the material under no 
body force. 

Consider first the couple nucleus. Putting z—c, the complex poten- 
tials for the couple 0 applied at C (z^ « 0) in an infinite plate would be 

Hcizi) = 0, 2i ^logafj, (11*36) 


giving rise to boundary stresses which are given, from (6-14) and (6-16), by 
4(x2;-fia^) 3 = i2'(2i) + iJ'(Zi)-2ii3''(Sj) — ?5''(Zj) (11*37) 

or 4(^5 -h ixy) = — 2iQlnz\. 

Along the boundary a: =« 0, we can write this 

4(xi -f i^) = ““ 2if?/7rs|, 


where =* z + c, since the boundary has the equation Zj + Zg « 0. These 
stresses have to be annulled by solutions possessing no logarithmic singu- 
larities or poles in the positive half-plane. Consider therefore the complex 
potentials, appropriate to the origin C\ ~ 0, given by 


f?f,.(Zg) *= At/zjj, <^*>^'(^ 2 ) iH\ogz^^iCcjz^, (11*38) 

where A, J5, 0 are real constants of the same dimensions as (?, Since the 
origin Zg = 0 is a point outside the material these potentials will give 
admissible stresses and displatjements, the boundary stresses being 


4{xx^ixy) 


Ai , At , . .Z 2 Cc 

4 + ^ -f 2Ai * - 1 - 

2 * 


^2 

^2 


zl 


or, eliminating c from the combined stresses arising from the complex 
potentials (11*36) and (11'38), since Zg-f Zg = 2c, we find 

\ ^ H H 

so that the straight boundary x 0 is free from stress if 

4 --2 -, B == A + C ^ 2- . 

n Tf It 

From theae values of v4, B, C, and using the results of (9*1) to change the 
origins of the two sets of potentials (11-36) and ( 1 1 -38) to the origin O, z *» 0, 
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the complex potentials appropriate to the couple nucleus of strain in a 
aemi-inhmte plate are 

= <o(2) =2i^{log2i2*+^|. (11-39) 

nz 2 n\ Zg] 

From this and (lO-I), Airy’s stress function for the problem is the real 
part of i ~ (log Zj z* - Zj/Zj}, or 

(ir-40) 


where == Zg = This agrees with the solution due to Ghosh 

(1937, p. 177^. 

Next consider the solution for the complex force F applied at the point 
C, z ^ c. From {11»34) the complex potentials for the infinite plate can be 
written 

= -^^logZi, w(zi) = /Cj8?Zilog2„ (H-^l) 


giving rise to boundary stresses 
4(£r*f « 


\Zi Zi Zi Sj ) 


from (11*37), or, since + = 0 along the boundary a? 0, 

+ ^ -i^ + {E + KE)l-+E^\. (11-42) 

G2 *^2 *2/ 

To annul these boundary stresses, consider the complex potentials, relative 
to the origin C\ for which 2: — c, « 0, 

QcA^g) = Alogzg^ Bcizg, o>c'(h) = {Cz2-\-Dc)logZ2+Oc^lZg, (11*43) 


which give rise to boundary stresses 


+ (Il*44) 


92 


From the combined solutions derived from the oomjdex potentials (11*41) 
and (11*43) relative to the two origins C and C\ we find, on eliminating c 
from the combination of (1 1*42) and (11*44) by means of » 2c, that 


4(a + i^) =- {I-€~E-^B + iD-iO)^+{A-E-KE-{B)~ 

Zg Zg 

-(r+iJ?)i»+(I-f5-fi7J-S)|-(5+J(?)|. 
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The stresses vanish along the boundary if the expressions in the five brackets 
vanish. These lead simply to the determination of the five constants A, B, 
C, D, 0 as 

A=kE, B--2E, C = -E, D^2{E~kE), (11-46) 

Hence the complex potentials for the problem, relative to the ori gin 0, 
are from (11-41) and (11-43), using the results of (9-1), 

^(*) = {-^ log 2, - 2l*c/2 J, 

2 — 

(,,{z) = ™ I j { - kFzi log Zi - Fzi log 2a - Fc log z^ - kFc log z^ + ifc^lz^. 

(11-40) 

From these complex potentials and (lOd), Airy’s stress function x for this 
problem is the real part of 

Tj ~ ~ ~ 2f c2,/2a}. 

Since, in generalized plane stress (1 -f /c) (1 + ^) = 4, from (6-13), this yields, 
on dropping an irrelevant constant, 

a: {y(l9j + da) _*^ ( 1 _ ^) (a; _ c) log (r^jr^) - ( 1 + ^) cx{x + <!)/r|} 

Y 

+ ;y- { - (a: - c) (^i -f djj) - J ( 1 - ^) y log (r,/r,) + ( 1 -f 17) cxy/r|}, (11-47) 


which agrees with the two results found separately for X and Y by Melan 
(1932, pp. 346, 346). Comparison of the methods reveals the saving of much 
labour. 

Nuclei of strain in a circular disk 


Those results, with their general resemblance to liydrodynamical pro- 
blems possessing the same boundaries and involving 
the same points of singularity, inevitably suggest 
the problem of a circular disk, with its boundary 
free from traction, in equilibrium uiider the action 
of two nuclei of strain only, there being no body 
forces. We shall suppose the disk, of radius a, to be 
under the action of a force F = Fi = and a 
couple Ok, both at the centre O, together with a 
force -F at <7 (2 «= c, ^a\ c is real), as in figure 6. 

For equilibrium of these external forces we must have 

* 0 ,Bcsina =» - Jic{jP— 
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and, if zi = z-c, the complex potentials for these nuclei of strain are 
from (11'34) and (11'36): 

..G. c 


(i) for 0, a(z) = 0, w(z) = 2i-\ogz * -?'(i’-J)log*, 

(ii) for F at 0, . 

- - ?(l+ 1 j "*'* ■ ijicTif'”**- 

(iii) for -F at C, using also (9-1), 

2Fk . 2Fc - 

w(z) » a)(.(Zi)-c.O{z) = 

From (11-6) these lead to stresses ff, rd given by 

2F ( I 2 2 rz I 


(11*48) 

(11*49) 

(11*50) 


^ n[K + 1 ) Ui ^ ^ 


Now, along the boundary we have « ■=■ a* and, writing *, - * o*/®’ 
have 

a® 


a* 2^0 

C ar — C-.. 

2 2 


SO that 


1 


1 


CZo 


c r*i :2 ’ z 


'o*”o* c' 


z*~ \ZZy)zi CZjVC cHj c% C*2| 


z 1 J 

f 2 \* 

1 / 

Z 2 \* O* 

zz^ zz^ 

k)- 

Z 2 \ 

"s;; 

s ^ 1 / 


1 

S* «■ c 

5\ 

^czj 

3 = 

z 


and with these results the boundary stresses can be interpreted in terms of 
Z{, Zt as 

2F 


4(n‘-i>®) 


■ Jr{x+ 1) 


lc\c? ^/z| O* c 2o»' } 

2F ir 
~"n(K+i)\zt 


2^_.J^+jg.+?t + ? + ll(x + l)l. (11-61) 
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Consider the complex potentials, relative to the caigin O, given by 

L 

i3{2) SS ^log 23 -l-— + + <t}(z) =» Ggg log Zj + ^ log 2 ^ + — , (11*52) 

2 a 2 a 

where, of the complex constants A.,.L, we take E to be real. Since 
the point 2 = 2 a is outside the material, these complex potentials will 
certainly lead to physically admissible displacements and stresses. We 
find, using ( 11 * 6 ), 


4(fT — ird) 


A B 


^2Cz + 2E^2(!z 


b A 




■ 4-4 + 2 -?+ 2 C 

t z\ z| 


zlO K 

^+ 2 - 

Z 2a 2^ ^2 


which, on the boundary zz «= a®, since 2 — can be written in terras 


of 22 and 22 as 


4(fr — irO) 




23 2 . 

-f 


2^-2^, + 2--;sG} + 26’z,-^,s, 




G 


22 


3/i+-'A'-4^ 


G K\ 


^.2 o\d rx 


+ 2 ^- + 2 A -2 + 




(Jl-53) 


We now add the solutions for the stresses ( 1 1 -51 ) and (11 -SS) arising from 
the complex potentials (11'48)-(11’5<1) and (ll'62),’and derive the values 
of the constants ^,..L from the condition that the boundary is to be un- 
stressed. From the vanishing of the coefficients of l/z,, 1 /«|, is„ z,, l/z|, we 
find 


2Fk „ 2F a* , », 2F 1 

7r(x+T)’ jr(/c+i)c»^ " ff(x+ l)a*’ 


(?-- 


2F 


2F o* 




(11-64) 


w(x4-l)’ rr(K 4 - 1 ) 0 * 

and the vanishing of the coefficients of 1 /z, and l/z| then each lead to 


2J 1, 


2Fkc 


whilst the constant term vamshes if 


(11-65) 


( 11 - 6 «) 
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From (ll'48)-( 11-60) and (11-62), usii^ the results of (ll-64)-(ll-66), the 
complex potentials for the problem can be written 

2 F 

£?(2) = + X) -iogZ + K log 2j + 02} 

2F (2> a» , . 1 

/ _4.-^ra» — c*l — 


7r(x+l)la* c® 

where a is the real constant given by 


■f-3(o»-c®)-- + a2 . (11-57) 




4a®' 


( 11 - 68 ) 


and 


2 Fc 


w(z) * "(^XT) ( + ^ ) 2 - log 2, - log Zi} 


2F I 

■ ^+1 ) ( i('^ + 1 ) 0 log 2 - 2 log 2 + KZi log 2i + 2* log 2j 


- (a® - c®) log 2j 4- (a* - «*) 7} . 

C Z2I 


( 11 * 59 ) 


The present writer has been unable to find a previous solution of this 
problem in the literature of the subject. 


12. Solutions in elliptic co-ordinates 

Here we shall take curvilinear co-ordinates given by 

2=*cco3hf, ^ = ^ + (12-1) 

and, assuming no body forces, we consider the problems of 

(i) an unstressed elliptic hole, whose boundary is given by g «= a, in an 
infinite plate, under an all-round tension at infinity; 

(ii) the similar problem when the state of stress at infinity in the in- 
finite ]3late is one of a tension making an angle with the major 
axis of the eUiptio boundary of the hole; 

(iii) a rigid cylinder of elliptic boundary g = a filling the hole and turned 
about 2 w! 0 through a small angle yff. 

Prom {12*1) we find 

cdC/dz ^ coaech^, zd^/dz ^ ooth^, (12*2) 

and substituting these in (6-17) and (6* 19), with no body forces, we have 
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In the first problem the boundary conditions are ^ « 0, = 0 over | « a, 

and the all-round tension T at infinity requires, from (4*6), (6-14) and (6*15), 
that at infinity 

1/(2) -f D'(z) 4r, zfriz) -f w''(2) 0. (12*4) 

Taking the complex potentials 

Q{z) ^ Ac^mhZ. it){z) ^ (12*5) 

where A and B are real, we see from (7*4) that the solution is non-disloca- 
tional in character, whilst from (8*7) and (8-9) it is clear that the stress 
resultants round a circuit embracing the hole all vanish. Since coth4"->l 
and cosech^"^0 as the solution (12*5) satisfies the conditions (12*4) 

at infinity, if J « 2T, and then (12*3) becomes 

4(^ — ) = coeech ^{2 T coth f sinh ^ + 2 T cosh f coth^ if cosech f coth f ) . 

This will vanish along the boundary ^ 2a - if 

cosech ^{2T cosh 2a + if} = 0, i.e. if B ^ — 27 cosh 2a. 

Consequently the solution of the first problem is given by the complex 
potentials 

£i(z) ^ 2Tc sinh (i)(z) = - 2Tc^ cosh 2a (1 2*6) 

This corresponds to an Airy’s stress function y given, from (10*1), by 

X = ic*7(sinh 2^ - cosh 2a), (12‘7) 

a result due to Inglie (see, for example, Coker and Filon 1931, p. 542); 

In the secojid problem, the stresses again vanish over ^ — a, but 

from (4*9), (6*14) and (6^15), we see that the conditions at infinity are 

Q\z) -f D\z) 27, 2/7(2) -f w"(2) -> - 27c' ( 1 2-8) 

Now take the complex potentials 

Q{z) = Ac cosh f + ife sinh (12*9) 

^i>(2) = + Dc^ cosh -f Ec^ sinh 2^, (12*10) 

where, since an imaginary A only leads to zero stresses and rigid body 
displacements, we take A to bo real. Again, we take C to be real so that 
Cyw(z) is a pure imaginary for circuits embracing the hole, but B, D, E are 
complex constants, which we shall write as JB = JSi -f iB^, etc., where /jf,, if^, 
Dj, D*, El, are all real. We then see that these complex potentials give 
zero stress resultants for o^ireuits about the hole, from (8*7) and (8*9), whilst 
from (7-4) the corresponding displacements are seen to be non-dislocational 
in character. Then (12*8) leads to 

A-^Bi^ 7, 2(D-h E) « 


(12-ilX 
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Also, from (12-3) the complex potentials (12-9) and (12-10) give boundary 

Htrmsm 

) == 2A-{-B ooth f ^ cath ^ + JS oosech® ^ coth ^ 

+ oosech ^{(C + 2M) oosech f coth 4(D ainh J5? ooah ^)}, 

or, on using (12*11) to eliminate A and D, 

= co8ech^{(2?’-2Bi + BcothC)sinh^-KS-f J5co8ech*Ooo8h^ 

+ (C -f 2£) cosech f coth f + (4JS + 2Te~*^fi) ainh ^ — 4fi cosh £}. 

This vanishes along ^ a, i.e. ^ = 2a — if 
2 cosh — sinh 2a — i jB* cosh 2a — 2 E} 

+ 2 sinh ^{Te~**^ ~{T — B^) cosh 2a + ifit sinh 2a + 2E} 

+ oosech C ooth ^{B cosh 2a4- C + 2A’} = 0, 

which is satisfied if the expressions in the brackets vanish separately. The 
resulting equations are oonsistent and demand that 

(jT — iij)sinh 2a - 2A\ = 0, j?, cosh 2a+ 2if, « 0, 

Bi cosh 2a + C + 2JS?i = 0, 

T 008 2/J - (T - J5i) cosh 2a + 2A\ = 0, 

— T8in2^+jBj8inh2a+2iB, *• 0, 

hence, solving for By, B^., Ey, C, we readily find 

0 =* - r(oo8h 2a — 008 2/J), 

5 = r( 1 - «*»+«/!'), E » sinh 2(a + ♦/?), 

and then from (12-11), 

A = Te^ COB 2p, D - cosh 2(a + ifi). 

Accordingly the solutions for the complex potentials for the unstressed 
elliptic hole in an infinite plate under a tension at infinity in a direction 
making an angle y? with the major axis of the hole, are 

ii{z) ■» Tee** cos 2/? ooeh ^ + Tc(l — e**+**^)sinh (12-12) 

w( 2 ) - - Tc*(co8h2a-oo82/?)^-iTc*e**ooeh2(f-a-»/?). (12-13) 

The relative simplicity of these results is in strong contrast to the apparent 
complexity of the Airy stress function, built up by similar tentative methods. 



Complex potentials in ttvo-dimensionai dasticity 163 

but not given explicitly by Coker and Filon (1931, pp. 542-4, 548-51). 
A» some check, we deduce the peripheral stress We have 

11 + ^ ~ real part of 

whence =« real part of 7*{e*®co8 2/?+ (1 — + 

OT ” Tlsinh 2a + cos cos 2(/?— 7/)}/(co8h 2a — cos 2?/), 

(12*14) 

agreeing with Coker and Filon (1931, p. 550). 

In the third problem, we have an example of boundary conditions in 
terms of the displacements instead of the stresses, At infinity the displace- 
ments must not be infinite, whilst over the elliptic hole ^ — a, the displace- 
ments are given by 

u-i-iv — ifiz =a ific cosh 

so that over the boundary of the elliptic hole where f = 2a - f , we must 
have 

8/i(M4- iv) == 8/i^t/?c(co8h 2a cosh^-siuh 2a sinh^}. (12*16) 

Consider the complex potentials 

Q{z) « Aer^, 0}{z) - i/icf-j- (12*16) 

where J? is real. From (7*4) this solution is non-dislocational in character, 
and from (8*7) and (8*9) the stress resultants for any circuit embracing the 
ellipse g a are 

jr-y = o, ( 1217 ) 

From (6*11) the displacements are given by 

S/i{u + iv) = KAe-^ + Ae~^ cosech f cosh f + {iB + 2^e-*f) cosech 

which satisfactorily tend to zero at infinity, where £ becomes infinite. On 
the boundary 5 = 2« - this can be written 

8/t(« + iv) » KAe^~*“ + .le~? cosech ^ cosh (2a — ^) + (iB + 2€’e-*f ) cosech 

a cosh ^{KAe~^ - Ae^ — 4^} + sinh + Ae*“ + 4C} 

+ cosech J3 + A cosh 2a + 2C}. 

« 

and this can be made to satisfy the boundary condition (12*16) if we choose 
KAe~** - - 4C = 8/ii/9c oosh 2a, 

KAe~’‘* + jie** + 4^ = - 8/iific sinh 2a, 
iB+ A ooah 2a +■20 ^ 0, 
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the solution of these giving 

A = ijiipclK, B = 2/ty?c(e*“ + O' == fiific(K~- l)e**/K. 

Hence the appropriate complex potentials for this problem are 

Q{z) = 01(2) = 2 ^ + 

K fC K 

(12*18) 

and the couple which must be supplied by the rigid ellipse tilling the hole 
^ a to the rest of the material is —if or + e“*^®//c}. 

The solution can be identified with that given by Love (1927, p, 273) or 
Edwardes (1893, p. 270). 


13. Solutions in bipolar co-ordinates 
Here the co-ordinates are given by 

2:-ctanK, (13*1) 

and with these co-ordinates we investigate solutions, assuming no body 
force, for 

. (i) the ring space between two eccentric circles under internal pressure 

Py and external pressure 

(ii) the eccentric ring space under uniform boundary shears, 

(iii) the pure dislocational solutions for the ring space, 

(iv) a circular region under equal and opposite forces at the ends of a 
chord, the circular boundary being otherwise unstressed, 

(v) an infinite region containing an unstressed circular hole, save for 
equal and o|)poKite forces at the ends of a chord. 

Of these problems, the solution for (ii) appears to be new, that for (v) 
has been given for the particular case when the chord is a diameter. 

If z— Ic ^ ^ s-f-tc = ^2 = (13-2) 

then (13-1) is equivalent to 

21/2, = or S-w = r*log(V2*). ' (13-3) 

whence g - tt H- - £^2 — i log (r^Jr^)) 

so that the curves ^ (constant are circles with === 0, ^2 ==» 0 as oommon 
y)oints, and the orthogonal family 1 ^ = constant ai-e circles wi^h these points 
as real limiting points, given by 17 =» + 00, and ?/ » -oc respectively, W© 
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take ^ positive to correspond to x positive, the segment of the y-axis between 
the limiting points to be given by ^ = 0, then outside this segment, ±n 
along the ^-axis, so that there is a discontinuity of 2n in ^ on crossing the 
y-axis outside the segment connecting the limiting points. For 7 positive 
the circles if = constant surround the limiting point z = ic, for if negative 
they surround the point - ic (see figure 7). 



The eccentric annulus is defined by and is the ring space 

between circles of radii a, b with their centres a distance / apart, where 

a «= c cosech a, b — c coscch /9, / ~ c (coth a ~ ooth /?). (13*4) 

From (131) cd^/dz = 1 4 cosf, zd^dz - sin^, (13*6) 

and so the equations (017) and (fi l9) become, when there are no body 
forces, 

11 + ^ +i?'(2)}, (13-6) 

a-VV + 2ifj - + + (13-7) 

The boundary atresaes for the annulus are ^ and and from (13-6) and 
(18‘7) they can be combined as 

4(# + t|^) + + + (13-8) 

f c 


Vol, 184. A. 


XI 
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Consider the complex potentials 

Q{z)^-2'pz, io(z)^0 (I3‘9) 

where p is real. Equation (1 3*8) gives 

+ = -p, {13*10) 

so that (13'9) gives the solution for annulus under the same internal and 
external pressure p. 

Consider next the complex |)otential8 

Q(z) = 0, io{z) = (13-11) 

where C is real* From (13-3), (7*4), (8-7) and (8-9) we see that these give a 

non-dislocational solution with zero stress resultants for closed circuits 
reducible to the boundaries of the annulus. Equation (13-8) then givers 
boundary stresses. 

4(i^ -h sin f( 1 + cos Q = C{sinh 27j - i(sin 2g + 2 sin ^)}. 

(13*12) 

We now seek a combination of complex potentials which will make the 
boundary stresses constant. Consider the functions 

^( 2 ) “ csinf, C{z) » ccosf, (13*13) 

which make 

S*{z) = 4 ( 1 + 008^+008 2^), C'{z) ^ - 1(2 sin C + sin 2^), (13*14) 

= -(sinf+8in20, “ - (cos ^+ cos 2^). (13*16) 

Hence, if we take the complex potentials 

Q{z) = Ac sin m(z) = (13*16) 

where A is real, they clearly give rise to non-dislocational solutions in- 
volving zero stress resultants round a closed circuit typical of the con- 
nectivity of the eccentric ring space, aij^d (13*8) leads to boundary stresses, 
making use of (13*13)*“(13*16), 

4(^ + i|^) = il{l-coB(^-^) + |(co82C-co820 + 2sinfsm(f-^)} 

or 4(^ + i|^) « 4{1 — cosh 2^ + i ainh 2 i 7 ( 8 in 2g + 28inC)}, 


( 1317 ) 
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in which the expression in the inner bracket is the same combination which 
occurs in the inner bracket in (13*12). The same combination also occurs in 
the stresses derived from the complex potentials 

Q{z) = iBcoos^, o}(z) «= — t^c^sin^, (13*18) 


where B is real, since from (13*8), using (13*13)-(13*16), we find 

+ iif)) — «i?{sm (? — ^) + ^ (sin 2^ -f sin 2^) -f 2 sin f cos (f “ ^)} 

or 4(^-t-i|^) = JB{ — sinh 2?; 4 - 1 cosh 2^ (sin 2^ -h 2 sin 0}. (13*10) 

If we now combine the stj^lutions given by the complex potentials (13*11), 
(13*16) and (13*18), the boundary stresses are given, from (13*12), (13*17) 
and (13*19), by 

4(^^ + 4|^) = ^(1 - cosh 2//) — (i? — 0)sinh 2?/ 

+ i(sin + 2 sin f ) [A siiih 2?/ 4- cosh 2^/ — (7}, 

which makes 


« 0, rfTj ^ (cosh 1)4- (-S- CO^inh 2r)\ = “P(^?), (13*20) 

over 7 = a, ^ if A sink 2^ -f B cosh 2^ - 0 = 0 


for = a, ly = yff, whence 


sinh(a + //) -co8h(a + )?) 

^ ^ cosh(yS^^a)’ cosh p^a)’ 

leading to 

P(fx) = IC sinh* a tanh {/i ~ a), P{/^) - - sinif-* /? tanh {f!-<x). 

The complex potentials of the combined solution are 


(13*21) 

(13*22) 




and the solution is that for the eccentric ring space under an internal 
pressure P{^) and an external pressure P(a). To obtain the solution for 
the ring space under any internal pressure and external pressure we 
need only combine the solutions given by (13*9) and (13*23), since (13*10) 
and (13*20)-(13*22) make 

Pi==p + P{P), Po=P + -P(a). 


whence 


ja<ainh*a4-/ Jo s inb'°/? ^ ^ 2(p „ -p t)cot h (fi-a) 
Binh*a + Binh*/9 ’ 8inh*a+sinh*^ 


( 13 - 24 ) 


. 11-a 
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which can be expressed in terms of a, 6, /from (13'4). The complex potentials 
for the eccentric annulus under internal pressure p, and external pressure 
are accordingly 




8inh*a + sinh®/? 


(Pf sinh® a, + p„ sinh* fi)z~ ic 


iPo-P i) 
sinh (fi — a) 


cos 


K-i(a+/9)]j, (13-26) 


w(z) 


8inh*a + sii)h^/^ \ co8h(yiy— a) |* 


<13-26) 


This problem was first solved by Jeffery (1921 » p. 283), and is given in 
Coker and Filon (1931, p. 311). The Airy stress function is not there given 
expli<!itly, and the easier way to compare results is to find the peripheral 
stress We have, using (13*6), (13*9) and (13*23), 

H ^ « real part of — 2p - iC sin [f — i{a 4* y?)] ( 1 + cos f )/cosh (y5 — a) 


-2p-f 


cosh (/? — a) 


{cos 1 + cos ^ cosh 17) sinh (^ — a — /?) 

— sin* g sinh ij cosh /?)}, 


so that over 7} ^ a, for example, using (13*24), 


y, 2(p. sinh* a 4 p. sinh* B) 

6 ,-. - Po rinh» a + idnP/j' 


or 

H,-, = -P„- .JJ^-fl^^S-^fcos^l + coHgsinh^cosech^ 

4 sinh a cosh a coth (y? - a)] 

“ - “ sinSof^fi'V ® ® (/? - a) + cos g)}, 

/ (13-27> 

which agrees with Jeffery’s result for the peripheral stress, when due account 
is taken of differences in the co-ordinates used. 

Consider next the solution for the eccentric annulus under boundary 
shears uniformly applied so that the annulus is in equilibrium under equal 
and opposite couples M. Prom (7-4) the solution given by the complex 
potentials 

Q(z) = 0, u>(z) - 2tCc*log {*is,/2c») - - 2iCcMog (1 -1- cosf), (13-28> 



169 


Complex potentials in two-dimensional elasticity 


is non-dislocational in character, and from (8*7) and (8-9) the stress re- 
sultants round a circuit reducible to the inner boundary are 

= M^-nCcK (13-29) 

The boundary stresses are then given, from (13-8) and*(13-28), as 

2iC cos ^ (1 + cos 0 = tC'fcosh 27} + (cos 2^ + 2 cos f )}; (13-30) 

* 

We now seek complex potentials which make ipj vanish and constant 
along the boundaries^ =* a, ^ == /?, when takenin combination with (13-28), 
and give physically admissible stresses and displacements. Coixsider the 
complex potentials 

Q{z) = — (o{z) = ^c®8in^, (13*31) 

where A is real. Using (13*13)-‘(13-15), (13-8) gives boundary stresses 

4(^ + ) = - ^ {sin (f - f ) + ^sin 2^ - sin 2^) + 2 cos ^ sin (C - f )} . 

or 4(rpi + i^) — — i^lsinh 2i/ + sinh 2^{oo8 2^ + 2 cos Q}. (13-32) 

Again, the complex potentials 

Si(z) = Bci sin fti(z) = BcH cos ( 1 3-33) 

where B is real, give, from (13-13)-(13-15), using (13-8) 

4,{7jri + i^l) - -i7i{eo8({{-0-f J(co8 2f +cos2Q + 2oo8f cos(^-^)}, 

or 4(^ + iiri) = - i J5{oo8h 2 j/ + cosh 2?/(co8 2^+2 cos ^)}. ( 1 3-34) 

The combination of the comjtlex potentials (13-28), (13-31) and (13-33) 
yields boundary stresses, using (13-30), (13-32) and (13-34), given by 

4(^ -f t|^) =* — i[A sinh 2)) + {B — C) cosh ‘27j 

+ {A sinh 2ri + B cosh 2ij — C) (cos + cos 2Q} 

which becomes 

+ = - t'(A sinh 2r/ + (J? — C) cosh 2^}, (13-35) 

along If = a, ij /3, if A and B are given in terms of C, a and /? by (13-21). 
Hence, using (13-29) and (13-4), we have, along the boundary if - a. 



M 
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The complex potentials for the solution of this problem are therefore 

Q(z) = -*ilfsin[f— i(a + /?)]/jrceosh(y?— a), (13*37) 

(o{z) = 2i — log (1 + cos Q — iM cos K— i (a + cosh (/?— a). (13*38) 

TT 


The present writer has been unable to find a previous solution of this 
problem in the literature of the subject. 

We consider next the dislocational solutions for the annulus* Taking 
the complex potentials 

a(z) «= iA^z, 0 }(z) = iAc% (13^39) 


where ^ is a real constant, we see from (8‘7) and (8*9) that this solution 
gives zero stress resultants round the boundaries, but that, from (7'4), it 
corresponds to a rotational dislocation of small angle y given by 

f A ~ 4:/jy/n(K+l), (13*40) 

From (13*8) the boundary stresses are given by 

Hvv + iiv) = »-4{^-C-8in(C-^)}, 

whence = 0> ipi = \A{aTin2Tf — 2-q), (13*41) 


so that the solution corresponds to tensions pj, Po round the boundarie(f 
rj = rj ^ a respectively, given by 


p< = iA(8inh2/('— p„ = |A{8inh 2a — 2a}. » 

If this solution is combined with the solution for the annulus under corre- 
sponding uniform presnurea p^, p^, the complex potentials for which are 
given by (13*25), (13*20), we obtain the complex potentials for the pure 
rotational dislocation of the annulus as 


i){z) = iA^z-2Pz + icC cos [f - ((a + /?)] sech (/? — a), 
m{z) == i.i4c’f+2t(7c*(^-»c*C'sin[(^— t(a+/?)]8ech(/J-a), 
where P - U * sinli/? sinh (a+/?)- (/fsinh^a + asinh*/?) 

'slnh^ 'a + sinP'^ " 

C ^ A ~ — a) — cosh (a + /?) oosh (/^ — a) 

sinh* a + sinh*/? ’ 

and A is given by (13*40). 

Consider next the complex potentials 

Q(z) = Bc^, w(s) =r — JBcfz, 


(13*42) 

(13*43) 

(13*44) 

(13*46) 


(13*46) 
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where B is a real constant. From (8*7) and (8*9) these give zero stress 
resultants round the boundaries, but, from (7*4), there is an a:-resolute of 
translational dislocation of amount given by 

B — ^puJnc(K’\- 1). (13*47) 

From (13*8), the boundary stresses are 

4(fil + i^) = 5{l-cos(f-0} 

or ^ = 0, 1 )^ = — 

Hence the complex potentials (13*46) with B given by (13*47) give a dis- 
looational solution corresponding to tensions p^ round the boundaries 
y =a yff, ^ = a respectively, given by 

Pi = == ~|J8sinh*a, 


A combination of this solution with that given by (13*0) is given by Ericas 
(1937, p. 216) as the solution of Jeffery’s problem (13*25), (13*20); the dis- 
locational character of the solution appears to have been overlooked 
because the displacements have not been investigated. 

If the solution (13*46) is combined with the solution (13*25), (13*26) for 
the annulus under uniform pressures Pi, we have the appropriate com- 
plex potentials for the x-resolute of pure translational dislocation for the 
aniiulus, namely ^ 


where 


w(2) — - Bc^z 2iCc%- ic^C - x), 

^ sinh-asinh'-*/? 

7rc(A: + i ) sinh* a *f ’ 

^ 4puQ sinh(^-(-a)cosh(ytf-a) 

"*7rc(/c+l) sinh®a + sinh*^ * 


(13*48) 

(13*49) 

(13*50) 

(13*61) 


and B is given by (13*47). 

Next we consider the complex potentials 


SJ{z) ^ iCc^, w{z) ^ iCc^z, (13*52) 


which give zero stress resultants round the boundaries, from (8*7) and (8*9), 
whilst, from (7*4), they correspond to a «/-resolute of translational dis- 
location for the annulus, of amount given by 


C ^ 4pvJnc(K + 1), 


(13*63) 



172 A. C. Stevenson 

with boundary stresses, from (13*8), given by 

+ - iqi+2co8C'f co8(C+g)}. (13-64) 

Consider also the complex potentials 

Q(z) = 0, it){z) = tDc* log (1 + cos Q. (13*65) 

From (7*4) this is a non-dislocational solution, from (8*7) it corresponds to 
zero force resultant round the boundary, but, from (8*9), we have a couple 
resultant M given by 

D = 2Mlnc\ (13*5«) 

This corresponds to boundary stresses 

4(^ + i|^) “-i/>{c08C+co8^ cosf), (13*57) 

fiom (13*8). If now we i)ut D = 2C and combine the complex potentials 
(13*62) and (13*55), so that 

Q{z) = iCc^y U)(z) =s iCc^2 + 2iCc* log (1 -fcosO, (13*58) 
and (13*54) and (13*67) combine to give boundary stresses 

whence rj^ - 0, |^ = -APsinb*^, (13*59) 

» 

and the solution corresponds to a state of strain involving the y-resolute Vq 
of dislocation of the annulus, maintained by opposing couples of torque 

M ^ 4/icvJ{k^I), (13*60) 

arising from uniformly applied boundary shears. If now we combine the 
solution (13*58) with that given by (13*37) and (13*38), in which M is 
replaced by -‘4/tcro/(x+ 1), we find 

j) {?- sin [^- i(a + fi)] sech (/?-«)}, (13*61) 

w(«) = -^^'“^'’~{CtanJ^:-cos[£-<(a+/?)]8ech(;ff-a) + 4log(l + oo8C}. 

(13*62) 

as the complex potentials giving the j/-resolute of the pure translational 
dislocation of the annulus. The Airy stress functions for the three oom> 
ponents of the pure dislocation of the annulus were obtained by Ghosh 
(1926, p. 186), 
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The fourth problem proposed in this section is an example of a different 
type, for a oiroular region defined by the arcs ^ — a, ^ “ ^r—a, under 
equal and opposite forces applied at the ends of the chord joining the 
limiting points z ^ ±ic. By suitably varying c and a, we have the solution 
of the problem for any chord of any circle. The boundary stresses for this 
region are, in the absence of body force, 

(13-63) 

Consider the solution given by the complex potentials 

Q(z) — Bzy a>{z) = Ac^z, (13*64) 

where A and B are real. From (13 03) 

A~2B-A cos 1), 

which vanishes along the boundary f ^ — 2a or 2n — 2a, if 

B ^ A sm“ a. 

The complex potentials possess no cyclic ftinctions 
for circuits within the material, but have singu- 
larities at z = ± ic, corresponding to isolated forces 
at these points on the boundary. Consider the 
stress resultants round the limiting semicircles 
about these points and within the material. These 
are clearly one-half of the values obtained from 
the complete limiting circles. Hence from (8-7) 
and (8*9), we find at ^(0, ic) (see figure 8) 

X — Jkf = 0, 

i.e. we have a force F acting upon the disk at A along the positive y-axis, 
given by 

F ^ inAc, 

whilst at 5(0, —ic), since description of the limiting semicircle in the same 
clockwise sense now makes i decrease, we have 

X-iY = -\iTTAc, iff 0, 

and hence at B we have an equal and opposite force F along the negative 
y-axis. The appropxiate complex potentials for the circular disk under 
equal and opposite forces F at the ends of a chord are therefore 

o r» 2F 

0{z) s - sin* a tan^^}, <a(z) » --- cf tan^f. 

7t ft 


(13-65) 



Fiodrr 8 


(13-66) 
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The problem was first solved by Hertz (1883), for the case where the forces 
are at the ends of a diameter, later by Miohell (a 900), and also by Brioas 
(1937, p. 227), who employs curvilinear co-ordinates similar to those used 
here. 

Let us examine the nature of the solution (13*66) when applied to the 
space outside the circle ^ — a, ^ — a, now taken as the boundary of 

a circular hole in an infinite plate. There will be localized forces — at 
z =a tc, jFj at 2; == — ic, otherwise the hole is unstressed. 

From (6*14) with no body forces, (13-1) and (13-66) give us 


XX ^yy 


2FJ \ 

nc (1 1 


sm 


‘aj, 


and so (2F/7rc)sm^a as [ 2 | ^ 00 . 

Similarly from (6*15), (13*6) and (13*66) give us 

^ ^ 4F ( 1 - zz/c^) 


which ~>0 as 1 2 | ->oo. Comparing these results with (4*6), it is clear that 
we have a state of all-round tension T at infinity, where 

T = - (2F/7rc)8in^a. 

This can be annulled, by adding the solution (11*22) in which T is taken 
as (2F/7rc) ain^a, and the functions are taken for the variable where 

2i==z — d, 

and relative to the origin =» 0, which is the centre C of the hole, so that 
c = dtana, d = aco8a, c^asina, (13*67) 


where a is the radius of the hole. Using (13*67), this additive solution 
will be 

= (2Fc/7ra*)2i, = (4Fc/7r)log2i. 

For the origin 0, we find the complex potentials are given, from (9*1), as 

Q{z) = {2Fcjna^)z^y w(z) = (2F/n){2cAogZi--d€zJa^}, (13*68) 

Combining the complex potentials (13*66) and (13*68), the solution for the 
infinite plate under no body forces and containing a circular hole, un- 
stressed save for the local applicsation of the forces at 2 *= ± ic, is given by 


( 13 - 60 ) 
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where z — d, after dropping an irrelevant constant from £}{z). Ericas 
(1937, p. 231) gives the solution of this problem for the particular case in 
which d = 0, i.e. when the forces are at the ends of a diameter. 


14. SontiTiONs IN CYcmc oo-oudinatks 


By cyclic co-ordinates we mean curvilinear co-ordinates ^ given by 

f + f = 1/z. {14-1) 

[As a conformal transformation, this is an inversion followed by reflexion 
in the real axis; we could take the pure inversion ^ = Ijz, as an example of 
an isogonal (but not conformal) transformation defined by z —/(C), and 
develop section 6 for such co-ordinates, but there appears to be little gain 
in BO doing.] 

Since ± ^) ~ 2 ± 


the curves ^ = const., Tf = const., are families of circles given by 


each family of circles touching one of the co-ordinate axes at the origin. 
We shall consider boundaries given by 2r/ = 1/r or ^ 

In the case of gravitational body forces given by (3*3) and (3*5), (Q*14) 
and (6*15) become 

B:-yy-¥ 2ixy = - ^ |2i5"(3) + w''(3) - j «| , (14-4) 

where c ■« —^er^. 

Particular solutions (p, q — x, y, z) for the stresses follow by taking 
the complex potentials 

Q{z) — — 4jOC2*'(a'+ 1), m(z) = 0, (14-6) 

leading to = 0, xx, - jr^i + 2ixy^ ~ 2f.>cz, 

or, in cyclic co-ordinates, using (6- 17), (6-18) and (14-1) 

-f « 0, Hi - + 2ifth == (Sj - ^1 -f- 2ixyy) “ 2/)c ~ (14-6) 

giving boundary stresses 




(14-7) 
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i’rom (3-9), (617), (618) and (14*1) complementary solutionB satisfy 
the equations for no body forces, i.e. 

= a + .yy = ^{^'( 2 ) +i3'(=)}, (14-8) 

H-^Ty + 2t|y = + = -^(2i3'(2) + S'’(2)}, (14-9) 

the boundary stresses for the circular boundaries we consider here being 
given by 

4(^ + i|y) = f^'(2)+i5'(r) + p{2l2''(2) + &>'(z)}. (14-10) 

Consider the complex potentials 

Q(z) = AiAjZy io(z) = 4iJ51og2:, 
where A and B are real constants. Then from (14- 10) we have 
+ i(^ -B) + ‘ZiA iAt\ 

and if we make 5 = 2^ this becomes 

ijq + iiq = 

and along the circle ^ this makes 

ijrj^Oy iij ^ A!r^, (1411) 

From (7-4) the solution is non-dislocational in character* and from (8*7) 
and (8*9) the stress resultants for circles rj = const, are 

X^Oy F-0, 

Ml M 

and the solution f?(z) = — 2i , it)(z) - — 4i — log«, (14- 12) 

IT Z 7T 

is accordingly that for the space between two circles under no body forces, 
but uniform opposing shears over the two 
boundaries, I which touch at z = 0, where the 
stresses become infinite. This is the limiting 
form of the solution (1,3*37), (13*38) as the real 
limiting points of the bi}K)lar co-ordinates 
coalesce. We shall make use of it as a com- 
plementary solution in the following problem 
involving the gravitational body force. 

Consider a heavy circular disk r « a kept in 
equilibrium by a fortse and couple applied at 
the fixed point z =» 0, the boundary being otherwise unstressed (see figure 9). 
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The fixing force is equal to the weight W = npa^ in a direction a-f/r, 
opposite ib the direction of gravity, and the fixing couple is of amount 
O^TTpga^coBOL in the negative, i,e. clockwise, sense. Hence the force and 
couple resultants on the limiting semicircle of material about z «= 0 are 

X + iF = npa^ge^^ = '-2npa^c, M = arpa^/cosa = — 7rpu.^(c + c). (I4'13) 

Now consider the complementary solution derived from the complex poten- 
tials, (B being a real constant), 

Q{z) = A\ogz^ Bz, io{z) — C'zloge-f.i^s^ (14- 14) 

From (8*7) and (8*0) the stress resultants for the limiting semicircle in the 
material about 2 = 0 arising from (14- 14) are 

Jf = 0, X + tF = |7r(J —6'), hence take 6^ — X = 8pa®c. (14-15) 

If now we combine the particular solution given by (14-5) with the two 
complementary solutions given by (14-12) and (14-14), then from (14-7), 
(14*11) and (14-10) with (14-14), the complete boundary stresses are 

which becomes, along the boundary ^ i/a, 

4{ij7} + 1^) = 2B-h2I)— ^ ( J — .4 + 2C — 2fta^c - 2pa^c) 

(h 

V + {C' + i)C- (7 + 4ta/>)- 

and we can make the boundary stresses vanish by choosing the constants 
so that the coefficients of tlie various powers of ^ vanish separately. Using 
(14-13) and (14-15), tlxis necessitates 

• _ 

C ^ — A == B = pga sin a, i) = 2fnac, 

and tho appropriate complex j)otent.ial8 are, since c » — 

e <“ 2 * + a sin <X 2 — 2io* cos a - 

z 

w(2) = —pg{4,ia^coBX logz+ 2a’‘e~*“z log z + iae-^z^]. (14-17) 

When a = -iw, we have the problem of a heavy disk resting on a horizontal 
plane at * 0, the solution of which was first given by Michel! (1900, p. 36). 

The generalized solution obtained here includes that in which the heavy 
disk is suspended by a string, given by taking a=»\7i. 


, (14-16) 


f^(2) =.p^j2a*c^log2+-Jj 
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All the solutions we have found involving nuclei of strain where the 
displacements and sometimes the stresses become infinite at the nucleus, 
are physically unsuitable at the nucleus since the solutions are clearly out- 
side the range of validity of a theory originally proceeding from the sup- 
position that the displacements are small. But, in practice, ideal point 
loading cannot be achieved, and we imagine the solution for the practical 
loading spread over a small finite area to be closely imitated by the idealized 
mathematical problem, invoking Saint-Venant's principle to justify the 
neglect of the particular manner in which the stresses are applied to the 
boundary of the small region so long as the stress resultants for the small 
boundary are equivalent to the total loading on the small area. 


SOMMAKV 

This j)a]:>er gives an approach to two-dimensional isotropic elastic theory 
(plane strain and generalized plane stress) by means of the complex variable, 
resulting in a very marked economy of effort in the investigation of such 
problems as contrasted with the usual method by means of Airy^s stress 
function and allied displacement function. 

This is effected (i) by considering especially the transformation of two- 
dimensional stress ; it emerges that the combinations 5x4 Sr — ^ *f 2i% 
are all-important in the treatment in terms of complex variables, (ii) by 
the introduction of two complex potentials Si{z)^ o){z) each a function of a 
single complex variable in terms of which the displacements and stresses 
can be very simply expressed. 

Transformation of the cartesian combinations -h »v, xSr -h xi — ^ -I- 2ixy 

to the orthogonal curvilinear combinations + + 

is simple and speedy. 

The nature of the complex potentials is discussed, and the condition that 
the solution for the displacements shall be physically admissible, i.e. single- 
valued or at most of the possible dislocational types, is found to relate the 
cyclic functions of the complex potentials. 

Formulae are found for the force and couple resultants at the origin 
z = 0 equivalent to the stresses round a closed circuit in the elastic material, 
and these also are found to relate the cyclic functions of the complex 
potentials. 

The body force has been supposed derivable from a particular body force 
potential which includes as special oases (i) the usual gravitational body 
force, (ii) the reversed moss accelerations or so-called ‘centrifugal* body 
forces of steady rotation. 
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The power of the complex variable method is exhibited by finding the 
appropriate complex potentials for a very wide variety of problems, and 
whilst the main object of the present paper has l)een to extend the well- 
known usefulness of the complex variable method in non-viscous hydro- 
dynamical theory to two-dimensional elasticity, solutions have been given 
to a number of new problems and corrections made to certain other previous 
solutions. 
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Stress systems in aeolotropic plates, III 

By a. E. Geekn, Ph.D. and G. I. Tayiajk, F.R.S. 

(Received 6 November 1940) 

The stress distribution round a circular hole in an infinite aaolotropio 
plate subjected to tension in one direction is fotmd theoretically in the cose 
when the material of the plate has two directions of symmetry at right 
angles to one another. Numerical work is carried out using the elastic 
constants found in experiments made with specimens out from the highly 
a^olotrojjie woods spruce and oak. An attempt is made to apply the cal- 
culated stress concentrations in conjunction with measurements of ultimate 
strength to determine the kind of failure that might be expected near a 
hole in a highly stressed wood plate. 

Introduction 

1 . In previous papers (Green and Taylor 1939; Green 1939) fundamental 
stress functions were obtained for problems of generalized plane stress in 
a plate of aeolotropic material which has two directions of symmetry at 
right angles, and some of these functions were used to find the stresses 
produced by isolated forces acting in the plane of the plate. Numerical 
work was carried out for the highly aeolotropic materials oak and spruce, 
and the results were found to be in striking contrast with those for isotropic 
materials. 

In the present paper the fundamental stress functions are usdd to find the 
stress distribution in an infinite aeolotropic tension member which contains 
a circular hole. These stress functions which satisfy the equations of equili- 
brium and which produce single-valued expressions for the corresponding 
stresses and displacements, are combined in an infinite series so as to satisfy 
the boundary conditions. The resulting formal solution is not completely 
satisfactory owing to difficulties of convergence in some parts of the plate. 
It may, however, be modified and expressed in a finite form which represents 
the stress distribution in the whole of the plate. As in previous papers, 
numerical work is carried out for certain specimens of oak and spruce* 


FUNDAMBNTAIi EQUATIONS 

2 . Consider an elastic aeolotropic plate whose material has two directions 
of symmetry at right angles in the plane of the plate. The axes of a? and y 
V 0 I. 184 . A. [ 181 J 
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are taken to be parallel to these direotions and the will then be normal 

to the plate. The plate is imagined to be in a state of generalized plane stress 
in which the stress component zz vanishes everywhere and the components 
H and ^ are zero at the surfaces of the plate. Then the mean stresses are 
given by 

^ _1*X 

a*®’ ^ dx^' 


yy 


{2-1) 


or, in polar co-ordinates, 

i 1 3 x 


"■“r® 0^^®'‘‘rar 




and the mean values of the stresses and strains are related by the equations 

As shown in a previous paper (Green and Taylor 1939) the stress function 
X satisfies the boundary conditions and the equation 


where 


id^ 0M/a» a*\ 

(02;* 07*) I0X* “* 0 yV ^ 

atiag = a, + a, ■« + 2«ig)/«gg, 


( 2 - 4 ) 

( 2 - 6 ) 


and the analysis is confined to cases where a, and a, are real and positive. 
Three sets of plane polar co-ordinates are now introduced by the equations 


Then 


x + ty = r«<®, x + »y/ai = riC''\ z+iyja^ = (2‘6) 

rf*" COB 2n^x, rf*"oos2n^j, logr,, logr^, (2*7) 


where n is a positive integer, are solutions of equation ( 2 - 4 ) which wre sym- 
metrical about both co-ordinate axes, and they give single-valued expres- 
sions for the corresponding stresses and displacements (Green and Taylor 
1939). Expansions of these functions in terms of r and d will be needed and 
are (Green and Taylor 1939) 


coB2ndi (l+Ti)*" 




to / _ \»-l yl 

logr, » logf-t 2 ^ — - — ^C0B2«d, 
*••1 4 . 


7 i 


aj — 1 
aj+l’ 


(2-8) 


( 2 - 9 ) 


where 
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with similar ejcpansions for cos 2nd 2 and log r* wliioh are got by changing 

the suffix 1 into 2. By using the formulae (2-2) the corresponding stresses 
can be obtained as series which are absolutely and uniformly convergent* 


The tension problem 

3* The plate is now supposed to contain a circular hole of radius a and 
the origin of co-ordinates is taken at the centre of the hole. A uniform tension 
T is then ap})lied to the plate at infinity parallel to the x-axis. If the hole 
were absent the stresses would be derived from a stress function 


Xo = ^ irr*(l-cos2/?). (3-1) 

In order to allow for the efiect of the hole suitable stress functions which 
give zero stresses at infinity are added to complete stress 

function gives zero normal and shear tractions over the boundary of the 
hole. The stress system must bo single-valued, symmetrical about both the 
co-ordinate axes, and must give single-valued expressions for the corre- 
sponding displacements. Thus, it is assumed that the oomplef|| stress 
system may be derived from the stress function 


X 


00 


>'o + .4<,logri + J3ologrg+ 2 

»*>= 1 


jAg„ cos 27i0j coa 

((IT r, (I + ya)*"rn ’ 


(3-2) 


where A^, Ai, ... are constants which are to be found from the 

boundary conditions at the edge of the hole. Using (2*8) the stress function 
(3‘2) may be expressed in terms of r and 6 and then the corresponding 
stresses may be derived with the help of (2-2). The radial and tangential 
stresses are 


f? - iT ( 1 + 008 2d) + i: ( - + ^orS) cos 2ae 


“ i: S ^)(4»*+2n)(-)-‘(4fc.yJ-» + 5,„yS-) 

n*X»*n\ 

-|Tsin2d+T S (-)* Mo'll + 

»■ »-i 


cos2fl^ 


Bin2a6^ 


(3-3) 


(3-4) 


If it is assumed that the expression (3*3) for tr may be written as a cosine 


X2-2 
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series and that the expression (8-4) for may be written ae a sine eeries then 
the conditions for tr and to be zero when r =» o atie 

iT - ~ (A,n + /io7a) -^4 Ma + J5,) « 0. i (3-5) 

and 


4 * / \8— n 1\ 

-a ( - )* «(^oy? + ^oTS) - --air + 2«) ( J_ „ ) f^anTj-" + ^anT**-") •= 0. 

2 9 ( ^ \»-'n /n -4- a — 1 \ 

„-a(-)*(ArJ + Bo7?)- S^^aiF2«(2«+l)( = 0. 


for « > 2. These equations are satisfied by 


1 gV"^^yi'(l + ya) (2n- l)! „ rg»»+»y?( l -fy ^ ) (2«-I)! 

2|y,-y,) n!(n+l)!’ *" 2(ya-y8) nl(»+i)!' ' 

A R _ra*(j_+yi) 

« l(yx-yar’ 2(yi-yJ* 


(3-6) 


(3-7) 


FtJETHBB discussion OB' THE SOLU’nOK 

4. A formal solution of the problem is given in the previous paragraph 
but it cannot be regarded as completely satisfactory because it is found 
that when r « o the series (3'2) and the corresponding series (3*3) and (3*4) 
for the stresses do not converge for ail values of 6, and for all values of yj 
and yj which lie between 0 and 1. Before writing down the boundary 
conditions the order of summations in (3‘3) and (3*4) was reversed, and 
closer investigation shows that the resulting cosine series for f? and sine 
* series for do actually converge for all values of for all r > o and for all 
values of y^ and y* between 0 and 1. The series ^3'2), when it converges, 
may be summed in finite terms and it will be seen that this sum gives a 
stress function which represents the oomplete solution of the problem for 
all the values of d and r that are needed. Moreover, this sum may be 
expanded as a convergent cosine series from which may be derived a con- 
vergent cosine series for and a convergent sine series for <9, these being 
the same as those used above but which were there obtained by a method 
which was only valid for some values of 6 and r. 
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Instead of summing the series (3*2) it is easier to sum the series for the 
stresses which are derived from (3*2). It will then be found that the stresses 
are the real parts of the following expressions: 


( LtX*] T cos 26 


T ( (i+ya)(i-yie’‘^f (i+yi)(i- 

i“7a) aisfi 4a*7ie**'’ i» 4< 


(l+y,)(l-yaC»«’)» ] 

awfi- '^*^*®*" It 
L r*(r+yal^)*J J 


4yiya 


iT 

f (l+ya){l-y?e«") 

(l+yaXl-yfe®") 1 

4(yi“-ya)- 


r 4o'-*y,e"'-“ 1 

L r^{] 

1 

yge*"* 

r"(l 4-yae®^^)^^ 

1 


4yiya 


( (i+ya)(i+yi«®*T 

(H-yi)(l + y*e««)* ] 

[yie*'® 

4«‘^yje2w - 

r*(f H-yie**'’)*_ 


40*72 fi**® 

_ ~f*(f+y"e«^»_ 

1 


Referred to cartesian axes the components of stress are the reed parts of 
i (l+yi)(l+y,)T 


4yira 
T f 
■'■4(yi-ya)i' 


(i+ya)(t-yi)^ 


r*(l +yie 


vri— ^ 

,jeai»)aJ ya|^i ^a(i 


(i+yi)(i-y,)» 1 

4 a*y,e«^^^~^ r 

. + ya®”'^)®- J 


yy“~ 


(i-fyi)(i+ya)y 

4yiya 

__T ( (!■ 

4(yi-ra)i., Ti 


iT 

’^(yi-ya) 


(i+ya)(»+yi)® (i+yi)(i4-ya)» i 

r 4fl*yie-'‘» 1* r 4o*y,c»«" “IH' 

r»(H-yie*«)y ’'*L »’*(1 +y,e««)»J J 

(l->-y,)(i-yf) (l+yi)(i-yi) 1 

-)3 r r -]« • 

■ r*(l+>,e«W ^*L r*(l + y,e*")*J j 


(4-6) 
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The square roots in the above formulae are to be evaluated by the 
following rule — if 


R^e<^i ^ 1 - 


then and are to be chosen so that they lie between — n and tt, and 
Bi and are positive. The square roots are then i?f ^|e**«**. 

It may easily be verified that this stress system satisfies the equations 
of equilibrium, gives zero values for fr and ^ at the edge of the hole and 
reduces to a uniform tension T at infinity parallel to the ar-axis. It therefore 
represents the complete solution of the problem, the form (3-2) being a valid 
expansion of the stress function for only a restricted range of values of 6 
and r. The stresses in an isotropic tension member containing a circular 
hole may be deduced by finding the limit of the above results as 0. 

The stresses at the edge of the circular hole are of special interest and they 
take a comparatively simple form. Thus, when r = a, 

^(l+y i)(iV yg)(l+yi + yg-y) yi-2 o. oa26> ) 

(i +7i~2yjCOB26>j(i4-7| — 2y,coB2(?) * ' ^ 

£!j se — J^ain 2d, xx = (^Bin®(9, yy (4- 8) 


NuMERICAli SISOtrSSION 

6. In the first paper of this series numerical work was carried out for 
the problem of an isolated force acting at a point in a wide boafd of oak and 
of spruce cut so that the annular layers are parallel to the plane of the 
board. The clastic constants which were used for this purpose are reproduced 
in table 1 , and these values are used for numerical work in the present paper. 
The grain of the wood will then be parallel to the y-axis or perpendicular to 
the tension. If the tension is applied parallel to the grain it is only necessary 
to interchange the values of and which will change the signs of y, 
and y,. The inverses of the constants «ji, ..., are the Young’s moduli. 
They are measured in kg./sq. mm. 


Table 1 





*ia 




yi 

Vi 

Oak 

10- 1 6 

1*72 

-0-87 

12-8 

6321 

1100 

0*395 

0*026 

Spruce 

15*5 

0*587 

-0*33 

11*5 

le-fti 

1*46 

0-608 

0-111 


The values of the stresses on the edge of the circular hole have been 
evaluated by using the formulae (4*7) and (4*8). The results are given in 
tables 2 and 3. The stresses on the lines as 0 and d jn which may be 
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obtained from (4*4) and (4*5) have also been evaluated and thefee results are 
reproduced in tables 4 and 5. Inwall the tables 0 « 0 is a line through the 
centre of the circular hole parallel to the applied tension. 


Table 2. Values of stresses on the edge of the cieolb: Oak 



£y/T 


yylT 

SotT 



Tension parallel to grain 



0 

0 

0 

-0*412 

-0-412 

10 

0-0664 

-0*0117 

-0*876 

-0-388 

20 

00996 

-0*0363 

-0*274 

-0-310 

80 

0 0691 

-0*0399 

-0*120 

-0*160 

40 

-00492 

0*0413 

0*0687 

0*100 

50 

-0-263 * 

0*313 

0-221 

0-634 

60 

- 0*540 

0*936 

0-312 

1*25 

70 

-0*762 

2*07 

0-274 

2-34 

76 

-0*762 

2*81 

0-201 

3-01 

80 

-0*626 

3*66 

0-110 

3*66 

90 

0 

4*36 

0 

4*36 


Tension perpendicular to grain 


0 

0 

0 

-2-43 

-2*43 

10 

0*291 

-0-0613 

-1*65 

-1-70 

20 

0-106 

- 0*0382 

-0-289 

-0-327 

30 

-0-343 

0*198 

0-596 

0-793 

40 

-0*742 

0*022 

0*884 

1*61 

46 

-0-873 

0*873 

0-873 

1-76 , 

60 

-0-950 

M3 

0-797 

1-93 

60 

-0-940 

1*63 

0-543 

2-17 

70 

-0-739 

2-03 

0-269 

2-30 

80 

-0-404 

2-29 

0-0712 

2*36 

90 

0 

2-38 

0 

2-38 

4BLE 3 . 

Valdbs of steessbs on the edge 

OF THE OIHOLE 

: Sprtto] 


xylT 

£clT 

mIT 

Bit 



Tension paralltil to grain 



0 

0 

0 

-0-195 

-0*195 

10 

0-0323 

-0*0067 

-0-183 

-0*189 

20 

00643 

-0*0198 

-0*149 

-0-169 

80 

0-0533 

-0-0308 

-0*0922 

-0*123 

40 

0*0137 

-0-0115 

-0*0164 

-0*0279 

60 

-00862 

0*102 

0*0715 

0*178 

60 

-0-266 

0*461 

0*164 

0*615 

70 

-0*629 

1*45 

0-193 

1*65 

76 

- 0-663 

2*44 

0*175 

2*61 

80 

-0-683 

3-87 

0*120 

3-99 

85 

-0*483 

6-52 

0-0423 

5*57 

00 

’ 0 

6*87 

Q 

6-37 



188 A. E. Green and G. I. Taylor 


Tabl£ 3 (continiied) 



xylT 

StjT * y5/r 

Tension perpendicular to grain 

mjT 

. 0 

0 

0 

-5*14 

-6*14 

10 

0*380 

-0*0609 

-2*15 

-2*22 

20 

-0*187 

0*0680 

0*513 

0*581 

30 

-0*735 

0*424 

1*27 

1*70 

40 

-1*02 

0*854 

1*21 

2*07 

45 

-1*06 

1*06 

1*06 

2*13 

50 

-1*06 

1*26 

0*888 

2*15 

60 

-0*922 

1*60 

0*533 

2*13 

70 

-0*671 

1*85 

0*244 

2*09 

60 

-0*352 

2*00 

0*0621 

2*06 

90 

0 

2*04 

0 

2*04 


Tablb 4. Values of stresses axis pbrpkndiouXjAR to tension 




Spruce 


Oak 

r/a 


yyi^ 


vi/l'P 


Tonsion parallol to grain 


1*0 

6*37 

0 

4*36 

0 

1*05 

3*58 

0*126 

3*28 

0*139 

1*1 

2*70 

0*146 

2*70 

0*196 

1*2 

1*99 

0*139 

. 2*07 

0-226 

1*3 

1*67 

0*123 

1*75 

0*220 

1*4 

1*50 

0*107 

1*56 

0*204 

1*5 

1*39 

0*0937 

1*44 

0*186 

1*6 

1*32 

0*0824 

1*36 

0*168 

1*7 

1*26 

0*0730 

1*29 

0*162 

1*8 

1*22 

0*0660 

1*25 

0*138 

1*9 

M9 

0*0583 

1*21 

0*126 

2*0 

1*17 

0*0626 

M8 

0*114 

2*5 

1*09 

0*0337 

1*10 

0*0761 


Tanaion perpendicular to grain 


1*0 

2*04 

0 

2*38 

0 

1*05 

1*97 

0096 

2*24 

0*116 

M 

1*90 

0182 

2*11 

0*206 

1*2 

1*77 

0>326 

1*91 

0*340 

1*3 

1*67 

0-436 

1*76 

0*431 

1*4 

1*59 

0-622 

1*64 

0*491 

1*5 

1*62 

0-689 

1*54 

0*627 

1*6 

1*46 

0-640 

1*46 

0*648 

1*7 

1*40 

0-678 

1*39 

0*567 

1*8 

1*36 

0-706 

1*34 

0*567 

1*9 

1 32 

0-724 

1*30 

0*662 

2*0 

1*29 

0-737 

1*26 

0*643 

2*1 

1*26 

0-743 

— 

— 

2*2 

1*23 

0-746 

— 

— 

2*3 

1*21 

0-744 

— 

— 

2*4 

1*19 

0-740 

_ 

— 

2*5 

1*18 

0-738 

M4 

0*466 

3*0 

1*11 

0-677 

— 
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Tablk 6. Values of stresses on axis parallel to tension 


Spruce Oak 


rja 

xxiT 

BIT 





Tension parallel 

to grain 


10 

0 

-0*195 

0 

-0*412 

1-05 

-- 00093 

-0*176 

-0*0160 

-0*367 

11 

-0*016 

-0*160 

-0*0262 

-0*310 

1*2 

-0*021 

-0*132 

-0*0270 

-0*233 

13 

-0*019 

-0*109 

-0*0128 

-0*176 

1*4 

-0*012 

- 0-0896 

0*0116 

-0*132 

I‘6 

-0*0006 

-0*0738 

0*0425 

- 0*0985 

1-6 

0*014 

-0-0606 

0*0772 

-0*0723 

1*7 

0*0309 

-0*0496 

0*114 

-00521 

1*8 

0*0496 

-00403 

0*162 

-0*0362 

1-9 

0*0698 

- 0*0326 

0-190 

- 0*0237 

2*0 

0*091 

-0*026 

0*227 

-0*0139 

2*5 

0*201 

-0*0062 

0*393 

0*0113 

3*0 

0*307 




6*0 

0*611 




10*0 

0*871 





Tension porp^^ndioular to grain 


10 

0 

-5*14 

0 

-2*43 

1*05 

-00311 

- 1*86 

-0*0637 

-1*40 

1*1 

0*0469 

-0*926 

-0*0281 

-0*876 

1*2 

()*207 

-0*270 

0*0771 

-0*370 

1*3 

0*337 

-0*0498 

0*188 

-0*160 

1*4 

0*439 

0*0399 

0*287 

-0*0407 

1*6 

0*618 

0*0789 

0*372 

0*0166 

1*6 

0*582 

0*0950 

0*443 

0*0477 

1*7 

0*634 

0*100 

0*604 

0*0640 

1'8 

0*676 

0*0998 

0*666 

0*0723 

1*9 

0*711 

0*0967 

0*699 

0*0761 

2*0 

0*741 

0*0920 

0*637 

00770 

2*6 

0*837 

0*0679 

0*764 

0*0663 

3*0 

0*889 





The distribution of && over one quadrant of the liole is shown in figure 1 
for the case where the tension is parallel to the grain and in figure 2 for the 
case when it is perpendicular to the grain. The distribution of for a hole 
in an isotropic sheet, namely 

^ =* !r(l-2coa2^), 

is also shown in figures 1 and 2 for comparison. In these figures the sheet is 
supposed to be in a statue of tension in the direction 6^0 and is positive 
where there is tension and negative where the stress is compressive. It will 
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be seen that with the highly aeolotropic spruce the maximum stress rises 
to 6-37 T when the tension is applied parallel to the grain but &at the 
tensile stress rises only to 2*047’ when the tension is applied perpendicular 
to the grain. On the other hand, in the latter case there is a region where 
the compressive stress rises to 6* 1 4 7’. The regions of high stress concentra- 
tion extend only over a small area however. It will be seen in figure 1 that 
the region where the stress exceeds that for an isotropic sheet extends only 



Figcrk 1 . Stress distribution round the edge of a hole. Stress 
applied jjarallel to the grain, parallel to ^ = 0. 


14 degrees from the position of maximum stress concentration. Similarly 
this region extends radially only 0*15 times the radius from the edge of the 
hole into the material. The distribution of S& (or xS:) along the y-axis is 
shown in figure 3. 

It will be seen that with highly aeolotropic materials like wood the region 
of high stress concentration is limited to a small area where the fibres which 
have been cut in making the hole lie close to the uncut fibres. 

The distribution of xy round the edge of the hole is shown in figure 4. 

The high stresses which occur near a hole in a stressed sheet have a 
technical interest for they may cause failure of a material which wotdd 
otherwise have withstood the stress. In an isotropic sheet subject to tension 
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Fiottuk 3. Distribution of 3 along (9 = Jtt when streas 
is applied parallel to the grain and to ^ = 0. 
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in one direction a circular hole increases stress at the point of maximum 
stress concentration by a factor 3 . Sinoe the stress at the edge of the hole is 
a pure tension or compression in the oiroumferential direction, and the 
maximum stress occurs in the part of the circumference where the stress is 
tensile, failure of the material might be expected to be of the same type as 
that which occurs in the absence of the hole, but at a load only one-third as 
groat. In actual practice the material usuaUy withstands greater loads than 
this, a fact which has been explained by supposing that the stress at the 
point of maximum stress concentration does not reach its calculated value 
owing to slight plastic yieldixxg there. 



FiotTKB 4 . Distribution of shear stress Sy round the edge of 
a hole. Stress applied parallel to ^ ss 0. 

In aeolotropio materials the conditions of failiro under complex stresses 
have not been fully investigated, but the ultimate stresses for direct tensile 
and compressive loads applied parallel and perpendicular to the grain of 
certain woods as well as the ultimate shear stresses for shears applied in 
thpse directions have been measured. * Measurements of this type are 
included in a report by C. F. Jenkin (1920) and the relevant figures* for 
spruce taken from this report are given in table 6. 

* These figures, like those given in table 1 for the elastic oonstanie, are average 
figures taken from results of experiments with a large number of spaoim^ which 
exhibit considerable variations among themselves. 
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It is of interest to compare the loads at which failure of the five types 
contemplated in table 6 might be expected to take place in the neighbour- 
hood of a hole in a spruce plank under tensile or compressive loads. For this 
purpose the value of the externally applied tensile or compressive stress, 
which would theoretically raise the stress near the hole to its ultimate value 
has been calculated. Four cases are considered: 

(i) tension applied parallel to the grain, 

(ii) compression applied parallel to the grain, 

(iii) tension applied perpendicular to the grain, 

(iv) compression applied perpendicular to the grain, 

TabLiK 6. Ultimate yield stresses for speucb 

"Tension parallel to the longitudinal fibres 

Compression parallel to the fibres 

(Corresponding in the present work with 555: when the external load 
is applied along the grain etnd yy when it is perpendicular to it) 

Tension acting in the tangential direction, i.e, perpendicular to a 
vertical plane through the centre of the tree when standing 
vertically 

Compression in this direction 

(Corresponding with yj when the load is applied along the grain 
^ and £z when applied perpendicular to it) 

r Shear stress across a plane perpendicular to the tangential direction 
\ (Corresponding with 

and for oaoh case the value of T is calculated for each of the five types of 
failure referred to in table 6 namely 

(а) rupture of the longitudinal fibres, 

(б) breakdo\^ of longitudinal fibres in compression, 

(c) rupture perpendicular to the fibres, 

(d) breakdown by compression perpendicular to the fibres, 

(e) shearing rupture parallel to the fibres. 

Taking case (i), (a) the stress maximum occurs at 0 » 90° and is equal 
to &37T. From table 6 this corresponds with 18,000 lb. so that the tensile 
load neoessary to cause breakdown of type (a) in case (i) is 

T =» 18,000/6*37 = 28001b./Bq.in, 

In each case the appropriate maximum positive or negative values of £i, 
1^, xy have been t^en from table 3. The results are given in table 7. 


Ib./sq. in. 
18,000 
6,000 

400 to 800 

700 

1,100 
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Failure typo 
Ib./sq* iu. 


TaBLS 7. OaLOULATBD STBBSS8S FOB FAniUBB 
NEAR A HOLE IK A BFBVOE FLAKK 


Case (i) 
18,()00 
■^6-57 
6000 
6^308 
^0 to 800 

O'lda 
700 

1100 

~6^H3 


2800 
= 160.000 
= 2000 to 4000 
= 8600 


1600 


Caae (ii) 
18.000 
0*6308 
6000 
6*37 
400 to 800 
6*1U6 ' 

J700 
0-193 
1100 
0083 


= 680,000 

= I 780i 

= 2000 to 4000 
= 3600 
= 1600 


a 

b 


0 


d 


e 


Case (iii) 
18,000 


1-27 


= 14,000 




400 to 800 
2*04 
700 


= I 200 to 400 


0*067 

• noo 

1*06 


= 10,000 

= 1000 


uase ^xv; 


^0^ 
*i^rr 
6000 
^27 
400 to 800 
0*067^ 
700 
2*04 
1100 
1*06 


= 3500 


= 3900 


= 6000 to 12,000 


= 360 


= 1000 



FtOJcnas 6a. Shear oraok when stress is applied parallel to the grain 



Fiotrra 66. Position of failure when ooxnprfMsion is applied parallel to 
grain or when tension or oompreseion is applied porpendioular to grain. 
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The type of failure which might be expected to occur corresponds with the 
least of the values given in table 7 for each of the four cases. These are 
indicated in table 7 by lines enclosing the four calculated values. It will 
-’be noticed that in cases (ii), (iii) and (iv) failure may be expected at the 
point on the circumference of the hole which lies on the diameter perpen- 
dicular to the direction of the applied stress. This is the position of maximum 
stress when the stressed sheet is isotropic. In case (ii) this position corre- 
sponds with the point of maximum stress concentration, but in cases (iii) 
and (iv) greater stresses occur in other parts of the field. Case (i) is more 
interesting. Here the ty|>e of breakdown by shearing parallel to the grain 
is quite diiferent from that in an isotropic sheet. The maximum value of 
xy occurs at ^ 78'’ (see figure 4). The calculated position of the shear 

crack is shown in figure 6a. The position of the region where breakdown is 
to be expected in oases (ii), (iii) and (iv) is shown in figure 66. 
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Short period fluctuations in the characteristics of 
wireless echoes from the ionosphere 
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A new experimental technique is described for studying the directional 
and polarization characteristics of wireless echoes. The method makes use of 
an ordinary spaced frame direction-finding system, combined with a twin- 
(‘haimel amplifier and cathode -ray tube, so that by observations of an 
ellipse on the screen the phases and amplitudes of the e.in.f.s in the aerial 
system may be determined. By appropriate connexions of the aerials either 
of the two oharaotoristios mentioned may be studied. 

The equipment is made applicable to pulse transmissions by means of an 
* echo selecting * device, wliioh has the function of desensitizing the apparatus 
for all but a small element of the time-base cycle. The duration of the active 
period is of the order of 16gsoc., and by moans of suitable phasing circuits it 
may be mode to coincide with the arrival of any echo of the pulse pattern, 
causing the elJif>se8 appropriate to that element to appear alone on the 
cathode -ray tube screen. In polarization measurements a single ellipse is 
produced on the screen corresponding to the e.m.f.s in two loops at right 
angles. In directional measurements, the aerials are switched at 26 cyc./sec. 
by relays so that two ellitises are produced, one representing the phase 
difference in one pair of spaced frames, and the other that in the other pair. 
These are separated laterally on the tube by a synchronized magnetic 
deflecting circuit. 

The figurtis are photographed on a moving film, and the ellipses duo to 
each pulse from the transmitter ore thus recorded separately. In this way 
rapid changes in polarization and direction can be studied. 

The method has been applied to the various types of ionospheric echo, 
and records are shown to illustrate their behaviour. In particulax it has 
been used to study the short-lived scatter echoes obtained on high power 
transmissions, whose characteristics change too rapidly to be followed by 
manual methods. The results of both polarization and directional meosiu^- 
ments are considered in relation to the general problem of ionosphcrio 
irregalarities, 

iNTEODtrOnON 

A large amount of data concerning the properties of wireless signals 
roiloctod from the ionosphere is now available. This has been mainly 
derived by the pulse technique of Breit and Tuve, which, in conjunction 
with special receiving apparatus, has enabled measurements to be made of 
the various quantities relating to any individual echo, namely, amplitude, 

[ m: 
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time delay, polarization and direction of arrival. From such experiments 
our present knowledge of the ionosphere has been largely gained, and the 
main structure of the reflecting regions is now known with some certainty. 

In many respects it is possible to interpret such ex][>erimental results in 
terms of uniformly stratified layers of ionization, which vary only slowly 
from one set of measurements to the next; and it is well known how fully 
the complicated behaviour of echoes with varying wave frequency may be 
explained in terms of this simple picture, when account is taken of the 
earth’s magnetic field. The evidence that this is substantially a correct 
description of the ionosphere is, indeed, very great. 

It has been realized for a long time, however, that this picture is in- 
.jwiequati^ to explain all the pro^wties of down-coming waves, and that 
some degree of irregularity in the ionized layers is always present, The first 
evidence pointing to this was obtained from observations on signals witliin 
the ski}) zone of a transmitter, where, apart from a possible ground wave, 
no signal would be expect;ed. These waves were shown to be due to sporadic 
reflexions from the ionosphere, and in a detailed study of this subject, 
Eckersley (1940) has shown that they have their origin mainly at the level 
of the E layer. Other experiments have been made on the variability of 
echoes from the E and F layers. The fading of these echoes on two spaced 
receivers has been studied by Ratcliffe and Pawsey ( 1933 ), who showed that 
the layers behave as if they were slightly distorted in structure, thereby 
giving interference beats between different components of a difi’raction 
system; while Martsm and Green (1935) and others have used direction- 
finding apparatus to trace the variations in angle of arrival of pulse echoes, 
and have shown that for both E and F reflexions there are always appreci- 
able departures from the mean direction that would be expected for mirror 
reflexion. Many other experiments, including polarization measurements, 
have Ijeen mode, and have confirmed the view that irregularities play on 
important part in ionospheric propagation. 

The data available hittierto have been obtained chiefly by manual 
methods; that is to say, directions of arrival have been nsieasured by the 
ordinary technique in which a balance of any particular echo of a pulse 
pattern is made by turning a goniometer or a phase-adjusting condenser; 
and polarizations have been determined similarly by using an appropriate 
aerial system and a goniometer for balancing the echo considered. It has 
ocmseqnently been possible to study only the more sldwly varying character- 
istics of the echoes. 

For reflexions from the F region, the directions and polarizations generally 
change sufficiently gradually to meet this requirement; but in the case of 
Vol xa4. A- *3 
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E reflexions, and more especially of the sporadic echoes mentioned above, 
this is by no means the case, and a detailed knowledge of their character- 
istics has not, therefore, been obtainable. There is reason to believe that the 
ionic ‘ clouds ’ responsible for these latter echoes also cause much of the 
irregularity observed on other reflexions, the deviations in direction of 
waves returned from the E or F regions, for instance, being due to their 
passage through a 'scattering zone* at this lower level; and a fuller 
knowledge of their rapidly changing characteristics is, therefore, of some 
importance. The present work is concerned with this problem, as well as 
with the more rapid changes that occur in E and F reflexions. ♦ 

In xneasurements by the manual method, the effect of scattering in the 
path of a wave is to render the balance obtainable on a pair'of spaced^ 
frames im]:>erfect. This implies that the phase surface is changing at such a 
rate that, in the time taken for adjustment of the apparatus, the balance 
position has changed appreciably, and only a mean value over the period 
involved can be derived. The conditions are strictly analogous to those of 
Michelson’s optical interferometer, in which spaced mirrors take the place 
of the receiving aerials ; and the same relations govern the two types of 
measurement (Eckersley 1938). Thus by measuring the degree of balance 
on any signal, it is possible to determine a cone angle within which the 
component rays may be said to lie; this angle, of course, being a function of 
the time taken in the adjustment of the apparatus. In the earlier investiga- 
tions referred to, this method was used extensively to determine the spread 
of the various echoes received; and it was found, in particular, that the 
type of scatter echo that is received within the skip zone shows a very big 
spread in angle, impljdng that the rays of which it is composed are very 
diverse in direction. It was not possible, however, to state how quickly the 
resultant phase surface changed, and so to what extent the time of measure- 
ment would have to be reduced to obtain a single value for the direction of 
this surface. The time taken in manual observations is of the order of 
two or three seconds; and all that can be stated is that during this time 
the echo behaves as if it were a bundle of waves of random phase relative to 
one another, and extending in angle over the cone calculated. The same 
considerations apply to measurements of polarization. A mean value over 
a period of time of the same order is all that can be speoiflied. In the case of 
these echoes in particular, therefore, uncertainty persists as to the rapid 
fluctuations of polarization and direction that tcJce place; and in the 
present work, the technique of more detailed measurement has been 
applied to these, as well as to other ionospheric reflexions, in order to resolve 
such uncertainties as for as possibte. 
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General ooksibbbations 

Although, as has been stated, most of the work on echo directionB and 
polarizations has been done by the manual technique, certain alternative 
methods have already been published, which must be considered briefly* 
We are here concerned only with those applicable to pulse transmissions, 
for which it is clear the problem of any automatic registration method is 
greatly increased. 

Martyn, Piddington and Mimro (1937), in Australia, have developed a 
method of recording polarizations of echoes, in which each pulse on the 
time base appears as an ellipse superimposed on the moving trace. The 
ellipses are produced by picking up the* signal on two loops at right angles, 
amplifying the e.m.f.8 separately, and, after rectifying, applying them to 
the pairs of plates of a cathode-ray tube. By superimposing a weak ground 
wave of slightly different frequency, the output voltages are made to 
oscillate in amplitude, and when the two amplifiers are put on together, an 
ellipse is traced out on the tube for each echo, representing the polariza- 
tion of the wave concerned. Thus, by taking photographs in rapid suc- 
cession, it is possible to record the changes of any one echo, even when 
they ore taking place quickly. The method has been used very successfully 
by these authors, but it has drawbacks which appear to make it unsuitable 
for any detailed analysis of the type here contemplated. In the first place, 
it IB incapable of resolving two echoes which are closely spaced on the time 
base, since the ellipses due to them must necessarily overlap ; and moreover, 
the movement of the spot along the time base during the generation of an i 
ellipse spreads the figure laterally, and so hinders accurate measurement of 
its shape, In addition, there is the difficulty that any one echo comprises 
e.m.f,8 of all amplitudes up to the peak of the pulse, owing to the finite 
time teJten for its growth and decay, and this tends to blur the pattern 
stiH fiurther. These factors seem to limit the usefulness of the method 
considerably, and it was, therefore, not applied to the present problem. 

A technique for observing instantaneously directions of echoes has been 
described by Barfield and Ross (1938)* In this, spaced aerials are used to 
pick up the signal, and the outputs are coimeoted through twin-channel 
amplifiers to the plates of an oscillograph. The aerials are arrar^jed in such 
a way that the figure produced on the screen is always a straight line, and 
its orientation is a measure of the direction of arrival. The bearing can thus 
be read on a circular scale, and by photographing the figure repeatedly, 
changes in direction can be traced even when these occur rapidly* The 
meiiiod is essentially one for continuous wave diieotion^finding, and for 
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signals of this type well-defined figures are produced on the tube; but 
it has been applied to pulse transmissions also, for which a number of 
lines of different orientation are produced corresponding to the various 
echoes received. When the echo system is simple, and attention is directed 
to one of the stronger components, there is probably little difficulty in 
tracing the changes in any particular echo, with the help of a monitor 
receiver to identify the pulses on the tube, though even mider these 
conditions there ft likely to be some confusion due to overlapping of the 
figures. When a large number of echoes are received, however, or observa* 
tions are required on a weak echo in the presence of much stronger ones, 
the limitations appear to be serious, and photographs of the complex 
figures on the tube would be very dihicult to analyse. No attempt seems tf> 
have been made to apply the method to those more stringent conditions. 


EXPaJBIMKNTAL ARBANOEMJCNTS 

The technique used in the present work was designed to overcome these 
difficulties as far 6a possible. In principle it consisted in isolating a small 
element of the group of echoes received, and confining observations of 
polarization and direction to that alone. In this way a thin section taken 
from any one echo could be studied without confusion by the rest of the 
signal, and changes in the characteristics relating to that element could be 
followed in much greater detail. 

The same essential apparatus was used for both polarization and 
directional measurements. This comprised a spaced frame aerial system, 
such as has been used extensively for direction finding by the phase- 
balance method (Eckersley 1935), and a twin-channel amplifier connected 
to a cathode-ray tube. The figure on the latter determined the phase and 
amplitude relations between the e.m.f.s fed into the inputs of the amplifiers, 
and by suitable arrangements of the aerials, these could be made to yield 
either of the two characteristics relating to the echo selected. 

The aerials consisted of four frames arranged as shown in figure 1 , lying 
on the ge€%raphical axes through the centre of the observing hut. Each was 
aligned carefully relative to its feeder, so that spurious pick-up on thds 
conductor should not be transferred to the frame; and thus by comparing 
the phases of the e.m.f.s in opposite members, the direction of arrival of 
any wave could be determined. In using such apparatus manually, a 
balance is made on a phase unit at the centre, first with one pair of firames 
connected, and then with the other; and from the two cone angles so 
obtained, the oomi^te direction of arrival of the wave can be calculated* 
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In order to apply tliis same principle to the present experiments, an 
automatic switching system was introduced, so that the change-over 
could be made rapidly and repeatedly, and this was achieved by means of 
relays operating on the input connexions to the amplifiers, as shown in 
figure 2. It was arranged that the amplifiers should be coupled to one pair 
of frames for 1/50 see. and to the other pair for the next 1/50, and so on, 
so that when transmissions controlled from the supply mains were used, 
alternate pulses were received on either of the two pairs of frames in turn. 
Simultaneously with this change-over, the cathode-ray tube beam was 
deflected sideways by magnetic coils, so that two separate ellipses were 
produced on the screen; one of these then indicated the phase relation 
between the e.m.f.s in the North-South pair, and the other that in the 
East-West pair of frames. In a time of 1/25 sec., therefore, the complete 
direction of arrival was indicated on the tube. 



FiauRE 1. Spcfcced frame aerial 
system. 


Fiaxxttjfi 2. Aerial switching system. 


For polarization measurements, the connexions were altered so that the 
frames of the North-South pair were coupled in parallel to one amplifier, 
and those of the East-West pair to the other, no automatic switching being 
in operation. It is easy to see that, for vertically incident waves, the two 
pairs in this way behave as a single pair of crossed loops at the centre of 
the system, such as would normally be used for polarization observations. 
They also had the advantage of being well displaced from the possible 
distortion of apparatus in the hut. For waves arriving obliquely, there was 
a phase difference between the frames in parallel, and this had to be 
allowed for in calculating the relative amplitudes of the two fields at right 
angles. It did not affect the phase relation of the resultant e.m.f.s. 
Provision was made for easy interchange between the two types of aerial 
connexion, so that either polarization or directional measurements could be 
made as desired. 
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A choice of two sets of frames was available, one having a spacing 
between opposite members of 20 m., and the other of 80 m. Normally, the 
closer spacing was used for polarizatioii measurements, in which it was 
desirable to keep the extent of the aerial array small compared with a 
wave-length, ♦ and the wider spacing was used for directional tests, where 
greater sensitivity was obtained by increasing the separation between 
frames. 

The system used for selecting an element of any particular echo is shown 
diagrammatically in figure 3, The principle is similar to that described in 
a previous paper (Farmer 1935), in which the amplitudes of individual 
echoes were recorded automatically, but in the present case the selecting 
ewstion was carried out by controlling the modulating electrode of the 



Fioxtbb 3. Echo selecting system (schematic diagram). 

cathode-ray tube, instead of by varying the sensitivity of the receiver. 
Thus, for the whole time, the high-frequency output of the amplifiers was 
applied to the plates of the tube, but an image was formed on the screen 
only for the brief period in which the tube was caused to focus. The 
modulation of the tube was achieved by a circuit which generated a square- 
shajKsd positive pulse every 1/50 Sec., this pulse being applied to the 
contrf)! anode through a condenser coupling. By adjusting the mean 
potential of this anode so that the tube was just ‘blacked out* between 
pulses, it could be arranged that a correctly focused pattern should be 
produced during the short periods in which the impulse was operative, i.e. 
during a fraction of the time in which the echo to be observed was arriving. 
The extent of this period could be varied at will from about 10 to 200 jUseo^ 

* Tlie wave^engthg used were of the order of 60 m. 
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Some elaboration arose from the necessity of making the phase of the 
aeleoting impulse variable with respect to the supply mains controlling the 
transmitter. This was required not only to allow a choice of the portion of 
the echo pattern selected, but to make the apparatus adaptable to trans- 
mitters having different phase relations to the A.C. supply. The arrange- 
ment of figure 3 met this purpose. From the incoming supply mams an 
impulse of variable phase was generated by the phase changer and 
suitable output circuit, and this was used to look a monitoring time base on 
which the echoes obtained on an independent receiver could be observed. 
Thus any transmitter could be made to give its echo pattern suitably 
displayed on this time base, and the start of the sweep provided a con- 
venient datum relative to which the selecting impxilse could then be 
adjusted. This was done by the second phase changer which controlled 
the oscillograph modulating circuit just mentioned. Both phase changers 
had to work over a large range, and specially designed circuits were 
developed to provide smooth variation between the extreme positions. 



FicmnE 4. Monitor tube. 

In order to show in which part of the echo pattern the selecting impulse 
was operative, a voltage similar to that used to modulate the main 
oscillograph was applied to one of the vertical deflecting plates of the 
monitor tube. A small deflexion was thus produced in the time base, as 
shown in figure 4, and by adjustment of the phase, this could be placed in 
the middle of any echo as desired. The width of the deflexion indicated the 
duration of the active period of the main tube. 

A photographic method was used to record the ellipses generated by the 
echoes. Tliis consisted of a simple camera in which a film was moved 
steadily past the field of view; by virtue of the oscillograph modulation, the 
image on the screen only existed for a few micro-seconds in every cycle, 
and no cinematograph mechanism was therefore necessary to separate the 
successive ellipses. It was found by using a tube with very small after- 
glow, that quite distinct images were obtained even when the film was 
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moved rapidly across the field. In order to obtain sufficient exposure, 
however, in the very short time (normally about 16 /tseo.) during which the 
tube was focused, a special photographic tube capable of working up to 
10,000 V was necessary.* 

With the repetition frequency of 60 per sec. of the successive pulses, it is 
obvious that a fast-movmg film wa^ necessary to separate the resulting 
ellipses. In the polarization tests, a speed of some 16 cm. /sec. was required 
to obtain clear separation; in the directional tests each ellipse rej^eated 
at half the frequency of the pulses, and a somewhat slower sfieed was 
sufficient. In many cases, however, it was found that the direction or 
polarization did not change much in the short time between successive 
pulses, and the high film speed thus became wasteful. A device was, 
therefore, incorporated by which the number of ellipses appearing on the 
scre^en could be cut down to any desired extent. This took the form of an 
oscillator which operated at a subharmonic of the mains frequency, and 
which desensitized the oscillograph for all but a fraction of its normally 
active periods. It was designed so that the active part of the cycle (in 
dirAtional experiments) should be exactly two periods of the mains 
supply, during which an ellipse on each of the tw;Q pairs of frames would be 
traced out, and that during the remainder of the time the tube should be 
idle, regardless of the length of the cycle. A multivibrator type of circuit 
was uBe<i for this purpose, and frequencies of 1/6, 1/8, 1/10 and 1/12 of the 
60-cycle mains were em})loyed, an even "‘subharmonic lM?ing chosen to 
obtain regularly spaced ellipses on the film. In polarization experiments a 
slightly different condition was necessary, in that only one ellipse had to be 
admitted per cycle instead of two, and provision was made for interchange 
between the two types of operation by simple switching. 


Experimental procedure 

In either type of experiment careful lining-up of the apparatus was 
necessary before oommencing. 

In polarization measurements this was achieved by means of an aerial 
on a line at 46° to the axes of the frames, wWoh was connected by a feeder 
to an oscillator in the hut. The two amplifiers were tuned carefully to the 
signal, and by meaiis of line-up switches intercoimeoting their grids, the 
phases were equalized at successive stages in the two units. Finally, the 
input circuits were adjusted to give equal phase output from the calibrating 

• A CosBor tube, type 3222, met this requirement very well. 



Short period fluctuations 205 

aerial, as shown by a line at 45” on the tube. Since, as far as the input 
to the receivers was concerned, the signal from this aerial was equivalent to 
a plane polarized wave incident vertically on the system, it is obvious that 
when the circuits were thus lined up, the shape of the figure produced by a 
down-coming wave was a direct measure of the polarization of the wave on 
the ground ; and if the wave was reflected vertically from the ionosphere, it 
gave at once the polarization ellipse of the wave front. In the case of waves 
incident obliquely, it was possible to calculate the polarization from the 
measured figure by allowing for the phase difference between opposite 
frames, as mentioned above, and then projecting the ellipse on the ground 
on to the wave front. This latter process was most readily done by the 
transformation method described by Eckersley and Millington (1939). 


(N-S) 






-1e 


/ * i 

(E-W) 

Fiovtke 6. Lining-up oertala. 


In directional experiments a different method of lining-up was required. 
Two aerials were used, one situated due West of the apparatus and the 
other duo South, and these were used to line-up respectively the North- 
South and the East-West pairs of frames. The arrangement is shown in 
figure 6. The aerials Were connected through switches to an oscillator in the 
hut, and the process of adjustment consisted in first tuning each amplifier 
in the way described for polarizations, and then making final adjustments 
to the input circuits, so that either aerial with its appropriate pair of frames 
gave a line at 46° on the oscillograph. Under these conditions the phase 
difierenoe between the e.m.f.s in the frames, due to a down-coming wave, 
ooold at once be determined from the shape of the resulting ellipse; and 
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froin the two fignres together, the complete direction of arrival of the wave 
ootild be obtained. 

Provision was made for determining the sense of rotation of the ellipses 
by connecting a small condenser across the tuned circuit in one of the i:.f. 
amplifier stages. This was operated by hand, and it was, therefore, not 
possible to keep track of the sense of rotation when this latter was changing 
rapidly. In the case of echoes of this type, however, the variations in direc- 
tion or polarization were the factors of chief interest, and the mean absolute 
values could be determined, when necessary, by the manual method. 


Discussion of results 

Pulse transmissions from three stations were used. These were Davcntry, 
giving a weekly programme on 6‘lMc./sec. during the sunrise period, 
Ongar (GOQ) giving a similar programme on 7*6 Mc./sec. from 0900 to 
1100 G.M.T., and an experimental transmitter in Chelmsford which could 
be controlled from the receiving hut, and which gave a wide choice of 
frequencies. Of the three stations, the two former were of relatively high 
power, but Ongar alone, on 20 kW, gave suflScient radiation to show good 
scatter reflexions. The programmes from this station were, unfortunately, 
much curtailed by other requirements, and it has not been possible to get 
all the data that was desired on these echoes; the stronger reflexions, 
however, could be studied with lower power, and have been observed in 
greater detail. 

We shall, for convenience, consider the two types of experiment separ- 
ately, ^ 

(a) Directwml measurements 

(1) Split F echoes. 

In the sunrise experiments on Daventry, the F region density was in- 
creasing with elevation of the sun, and it usually became sufficient to reflect 
the 6*1 Mc./sec. waves during the test. An opportunity was therefore 
provided for examining the separate magneto-ionic components from this 
region. 

Figure 6 shows a typical record taken under these conditions, obtained 
by selecting an element from the first order F extraordinary echo. The 
duration of the selecting period was about 15 /tsec., and the submultiplier 
was set to a frequency 1/G of that of the mains, so that at each cycle of this 
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frequency one pair of ellipses was recorded on the film. In this, as in some 
of the other experiments, the camera was turned by hand, resulting tn slight 
irregularities in the spacing of the ellipses. 

The most noticeable feature of the record is the constancy of shape of the 
ellipses throughout the period of 11 sec., although their amplitudes change 
as the signals fade. This is typical of single echoes from the F region, and in 
particular of a single magneto-ionic component; and it is interesting to 
relate it to the type of observations obtained manually by the phase- 
balance method. In experiments of that type, it was found that the 
variations in direction were nearly always slow enough to follow manually, 
and at any instant a good balance could be obtained. It would be expected, 
therefore, that when the speed of observing is increased, no appreciable 
variations should occur in the period of a few seconds in which a manual 
adjustment could be made. From measurements of the ellipses, it is found 
that the phase difference on either pair of frames did not change by more 
than 2® during the 1 1 sec. of record shown, and by a scarcely greater 
amount in the whole recording of 36 sec. Since the frame spacing was 80 m., 
and the waves were arriving nearly vertically, it is easy to see that the 
direction remained constant to within ()‘2° during this period. At other 
times larger variations have occurred, corresponding, presumably, to the 
conditions when manual balances were less easily obtained, but in every 
case in which the rapid technique was used, and observations were made on 
a single magneto-ionic component, it has been found that the direqtioix 
remained sensibly constant for at least a few seconds. 

The actual direction of the waves may be calcjulated from the record, 
though unfortunately in these tests there was some doubt as to the sense of 
rotation of the ellipses. The calibration lines, corresponding to equal phase 
e,m.f.8 in the frames, are shown at the end of the record, and it is seen jBrom 
these that the phase difference for the East-West frames is 1 1 8^, and for the 
North-South frames, 36°. Assuming the rotations were such that tlie 
former was negative and the latter positive, these lead at once to the values 

Bearing 287° 

Angle of incidence 12-2° 

The geographical bearing is 295°, which is in as good agreement as would . 
be expected for such steep rays, while the angle of incidence corresponds to 
reflexion from a height of 303 km., which again is approximately correct 
for the F region at this time of day. Other interpretations of the sense of 
rotation give widely different results. 



208 T, L, Eckersley and F. T. Farmer 

(2) Unresolved F echoes. 

During the Daventry transmissions, the two magneto-ionic components 
converged with increasing F density, and ultimately united into a single 
echo. It was of interest, therefore, to compare the behaviour of this 
composite echo with that of the separate components, and figure 7 shows 
the results of a directional test made for this piirpose. There is a marked 
difference between the two types of record. In this case, the amplitudes of 
the two ellipses are seen to vary very greatly in the course of a few seconds, 
the fluctuations being periodic, and such that the e.m.f. in one pair of 
frames is weak when the other is strong. This wiU be recognized as a result 
of interference between two oppositely polarized components, and we shall 
refer to it further in regard to polarization ; but it is particularly intetesting 
to notice that although the ellipses are changing rapidly in size, they retain 
their shape fairly closely throughout the course of the run. The direction of 
arrival is thus constant to within about a degree, in spite of the large 
changes in form of the resultant wave. 

Tills constancy of the ellipse shape is significant, also, in relation to the 
behaviour of the apparatus. It has been mentioned that the aerials were 
designed to make the direction finder substantially free from polarization 
error; and it is obvious that this error would be most apparent under the 
conditions with which we are here dealing, when each frame is subject to 
a magnetic field changing widely in its direction relative to the receiving 
system. Although the accuracy of the test is not great, the fact that the 
measured direction remained practically constant in this case suggests 
that such errors are small, and the direction finder is reliable as far as 
polarization errors are concerned. 

(3) Carrier obaermtions. 

The same recording technique was applied to a steady carrier from 
Daventry, for comparison with the pulse observations. The echo-selecting 
circuit now served merely to break the carrier up into elements of very 
short duration, so that separate ellipses should be produced on the film, and 
the duration of the active period was kept the same as before for uniformity. 

An example of this type is shown in figure 8. The incident wave now 
comprised not only the two magneto-ionic components, but also multiple 
reflexions from the F layer, and the effect of their mutual interference 
is clearly shown. In addition to the amplitude ohapges of the last record, 
there are now large phase changes in either pair of frames, indicating a 
fluctuation in diieotion of the effective phase surface. This is as we should 
expect with rays arriving at different angles of moideuce. Such rays add 
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together to produce a resultant which may vary over the range of angles 
embraced by the dififerent rays, and may even extend far outside this range 
when the resultant amplitude is small compared with those of the individual 
rays. It is interesting to notice, further, that the axes of the ellipses now 
depart very considerably from lines at 45"*. This implies that the e.m.fs in 
opposite frames differ in amplitude as well as in phase, and it is seen that 
the e.m.f, in one frame was often as much as three times that in the other. 
This is attributable, again, to rays arriving at different angles of incidence. 
Such rays, having random phase relations to one another, may add to- 
gether at one frame and oppose at the other, causing large differences in the 
resulting signal strengths. In the manual technique, the effect of this would 
be to necessitate large adjustments of the amplitude control in the phase 
unit, OB well as of the phasing circuits, and the difficulty of following the 
changes in direction would be greatly increased. 



From the shapes of the ellipses, the directional variations may easily be 
computed, and figure 9 shows the results for the carrier transmission. The 
East-West and North-South frames are taken separately, the origin in 
each case being arbitrary, since there were insufficient data to determine the 
actual direction at any moment. It is seen that the apparent ray direction 
varies through as much as 30*^ relative to the axes , of the frames in the 
10 sec, of the record. This is 150 times the variation noted on the single 
extraordinary echo, and shows clearly the difference between carrier and 
pulse transmissions as regards stability of the w^ave surface. In direction- 
finding problems, it is clear from this that great advantages are to be 
obtained by the use of pulses as compared with ordinary continuous wave 
transmissions. 
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(4) E reflexions. 

Using the local transmitter, observations were made on an occasion when 
abnormal E echoes were present. The frequency used was 6-4Mo./sec., 
and the echoes were of the sporadic, scattered type, lasting only a few 
minutes, rather than the intense E reflexions which sometimes persist for 
long periods. The results of one test are shown in figure 10. The measure- 
ments were made, as before, on the 80 m. spaced frames, and the sub- 
multiplier was set to a frequency of 1/8 of that of the mains. 

The echoes show a remarkable variability in direction, so rapid that in 
places it is not even possible to follow the continuity of phase between 
successive ellipses. The echoes in this case were much weaker than those 
previously observed, and it is possible that they were influenced by noise 
arising from the increased gain of the receiver, which tends to introduce 
random changes of phase ; but it is clear, where continuity exists, that large 
changes occur within a very few cycles of the submultipUer, and in a 
period of 1 sec. the change of phase is of the order of 180-300'^. This 
corresponds to a directional change of 20-40®. 

Although the possible types of E echoes differ greatly in characteristics, 
this result accords with the fact that they always show much poorer 
balances on the phase unit than echoes from the F region ; and in the case of 
a diffuse echo, such as that recorded here, they are known to represent 
angular spreads of the rays of 30® or more. The two methods of measure- 
ment are thus consistent, while the present results show approximately the 
rate of change of direction of the effective wave surface. It would be 
necessary to balance the phase unit in a time of the order of 1/2 sec. to 
obtain a well-defined direction by that method. 

(6) Scatter echoes. 

The short-lived scatter echoes which occur at any time on a high-power 
transmission have also been observed. The Ongar station, on a frequency of 
7*8 Mc./eec,, was used, and figure 11 shows a directional record obtained 
by this means. Only one transmission has been available since the com- 
pletion of the apparatus, and the echo strengths were unfortunately poor 
on this occasion, so that noise level W€ks again detracting from the accuracy ; 
but the main features of the echoes may be seen. The submultipUer was put 
out of operation, so that the maximum repetition frequency of the elUpses 
should be obtained, and the film speed was increased correspondingly. 

It is seen that, as in the case of abnormal E echoes, large phase changes 
occur within a fraction of a second. On either pair of frames there ate 
changes of the order of 1^0® in 1/4 sec., which, for the wave-length of 
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40 implies a directional change of about 15° in this time. This very high 
rate of change accords again with the fact that only the poor^t balances 
can be obtained manually on these echoes, and their directional properties 
have, in consequence, remained largely unknown. Although we have not 
enough data for a detailed analysis, the results obtained throw some light 
on the nature of the scatter clouds which are responsible for these echoes. 
When observed on a time base in the usual way, each echo is seen to last for 
a time of the order of a few seconds, during which its effective height remains 
sensibly constant ; and this suggests that the reflexion is due to a cloud of 
ionization, which spreads out until the density is insufficient to return the 
waves any longer. If this is correct, it would be expected that the direction 
of arrival of each echo should bo practically constant while the cloud lasts, 
being the direction of the cloud itself, whereas the evidence all seems to 
point to very large variations in direction being present. This feature is 
difficult to interi)ret. There seems to be only one way to reconcile the two 
results, namely, to assume that each echo, instead of being due to a single 
cloud, is due to a number of such centres distributed widely in the iono- 
sphere, such as might be produced by a shower of particles entering the 
atmosphere. The interference between the rays from such a group of clouds 
would account for the large variations in direction of the wave front, while 
their relative constancy of position during their lifetime would explain the 
apparent stability of the echo on the time base. It would be out of place 
here to consider the mechanism by which such a cloud structure could 
suddenly be brought into being, but we may state with s6me certainty that 
the echoes are of such a nature as to be inexplicable in terms of single 
clouds in the ionosphere, unless these are assumed to move during their 
lifetime with enormous and random velocities; and other considerations 
make this supposition very unlikely. 

(6) Polarization measurements 

(1) Split F echoes. 

Records of polarization on the two magneto-ionic components were 
ta^en during the early morning transmissions from Daventry. The 20 m. 
frames were connected in parallel as described, and the submultiplier 
switched to give one pulse instead of two in each cycle. Figure 12 shows 
typical results for the two waves, the upper record being of the ordinary 
and the lower of the extraordinary component. 

The eUipses on the film are seen to be extremely constant in shape for 
either component, regardless of changes in amplitude. Both are nearly 
circular. The angle of incidence was small, being about 12° in this experi^ 
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ment, bo that the correction for phase difference between opposite frtoies 
does not modify this result greatly. From consideration of the quadrant in 
which the calibration line lies, it is easy to see that the figure ozi the film, 
when corrected for this phase difference, represents the actual magnetic 
ellipse on the ground, where the North-South direction is taken along the 
length of the record. The mean results deduced by this means are; 

Bearing of major 

Wave Ratio of axes axis from North 

Ordinary 0-91 “SS*" 

Extraordinary 0*92 +10° 

Simultaneously with these tests, observations were made on a polari- 
meter in the receiving hut (Eckersley and Millington 1939). Owing to the 
presence of other apparatus, this was known to be subject to some local 
distortion, and the results obtained always differed a little from those derived 
by the later method. For comparison, we give the average results obtained 
on this apparatus, again for the ellipse on the ground: 

Bearing of major 

Wave Ratio of axes axis from North 

Ordinary 0*80 + 46“ 

Extraordinary 0*71 +41° 

Since the ellipses were all nearly circular, little importance can be 
attached to the measurement of bearing of the major axis, the position of 
this being vaguely defined in the field of the wave. The agreement between 
the two sets of results if not very good, however, and it is probable that 
the error resides mainly in the polarimeter values. 

The polarizations to be expected in these experiments may be calculated 
from the well-known Appleton-Hartree theory. In our cose, taking the 
angle of incidence to be 12^, and omitting the damping factor, the ellipse 
on the wave front is found to have a ratio of axes of 0-966. The value is the 
same for both components, their major axes being at right angles. 

The ellipses on the ground are found by projecting these, using the 
analysis of Eckersley and Millington mentioned above. The resulting 
figures are then; 

Bearing of major 

Wave Ratio of axes axis from North 

Ordinary fr96 + 48° 

Extraordinary 0*90 * 14° 

Both ellipses are thus within 6 % of circular. It is clear, therefore, that if 
these values do obtain in practice, very careful measurements would be 
necessary to distinguish the ellipses from circles, or to determine the 
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Orientations of their Axeis. The accuracy in our'^periments seeme e<^cely 
sufficient for this purpose. 

There was, howerer, a definite tendency in the experimental results for 
the ellipses to be more eccentric than the theoretical figures, the ratio of axes 
seldom exceeding 0*9 ; and it seemed that this might be significant in regard 
to the conditions at the bottom of the layer determining the limiting polariza- 
tion of the waves. It ia assumed in the theory that the polarization is that 
characteristic of zero ionization density , and also that the damping term is 
negligible. That the latter supposition could not be responsible for the 
observed ecoentrioities is clear , since the inclusion of this term always makes 
the polarizations more circular; but it is well known that, at levels of 
greater density, the ellipses do become more eccentric, and it seemed 
possible that the form of the down-coming wave might be determined at 
some level slightly above the bottom of the layer, instead of at its lower 
boundary. From the relation between density and polarization, it is easy 
to calculate the shape of the ellipse corresponding to any depth in the layer, 
and it may be shown that to obtain a ratio of axes of 0*9 (the Upproximate 
value on the wave fixmt from our results), it would be necessary to go to a 
depth where the density is 0*4 of the critical value for the ordinary wave. 
This is a large departure from the zero ionization at the boundary, and it 
is clear that if the polarization is actually determined at such a level, very 
considerable error is presented in the ray theory, according to which the 
polarization must remain characteristic throughout the wave path. The 
foot that this theory accords so well in oth6r respects with the behaviotir of 
down-coming waves, suggests that such a large departure in this cose is 
unlikely ; and it seems that a systematic error of about 6 % in the measure- 
ments must be postulated to account for our observed ellipse shapes. 

(2) Unresolved F echoes. 

It is well known that when the two magneto-ionic components merge 
together, the polarization ceases to retain its simple form, and is determined 
by the interference between the two waves. The effect of this is commonly 
observed by the rhythmic fading it produces on an F echo just after the 
two components have united. 

Observatiotui were made on the F echoes from Darentry under these 
conditions, and figures 13 and 14 show the resulting polarization measure- 
ments. The first was taken when the two echoes had just coma together ; the 
second, just h&SoTO they separated again owing to a temporary decrease in 
ionization density. Tbe addition of the two components to form a plane 
polarized waife fe cl^ shown in both oases, as well as the reversal in 

VoL 3cS4* A. ' *4 
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sense of rotation accompanying the change from increasing to decreasing 
density. The rate of rotation of the plane gives the speed at which one phase 
path was changing relative to the other, which is seen to be of the order of 
one wave-length in 10-20 sec. 

When the echoes were more completely united, the polarization showed 
less definite charact/briatics, and remained much more steady with time. 
As the suif 8 elevation increased, it approached more and more to the form 
of the ordinary wave, showing that the extraordinary component was being 
absorbed more heavily; but there was no tendency to reach a steady 
elliptical state, as exhibited by one component alone, 

(3) Scatter echoes. 

No polarization records have been obtained on these echoes, but they 
were observed visually on the oscillograph before the photographic eqitip- 
inent was completed. Their characteristics may be summed tip as follows ; 

(а) The polarization may have any elliptical form whatever, and often 
changes through the extreme range from a left-handed to a right-handed 
circle in a fraction of a second. 

(б) When an echo is first produced, there is a tendency for the wave to ho 
jilane polarized, and, in the case of the Ongar station, to have its magnetic 
vector approximately in the East-West direction. It is possible that this is 
due to ‘mirror ’ reflexion at the sharp boundary of a cloud. The transmitting 
aerial was a horizontal dipole lying in the direction 150^^ from North, and 
would therefore radiate a wave having its magnetic vector more in the 
East-West than in the North-South direction. 

(c) After the echo has existed for a few seconds, it may show any of 
the following features: (1) The ellipse may take the form of a line rotating 
rapidly in either direction. This suggests, as noted above, the interference 
between two oppositely polarized components of approximately equal 
amplitudes, (2) The ellipse may retain an approximately constant shape, 
but fluctuate in amplitude. This would be caused by two right-hand or left- 
hand polarized waves of varying phase paths beating together. (3) The 
ellipse may oscillate within a rectangular envelope, passing through a 
sequence of forms as shown in figure 15. These imply a variation of phase 
difference between the e.m.f.s in the two pairs of frames, each one retaining 
an approximately constant amplitude, and would suggest the interference 
of two plane waves oriented at right angles at the receiving system, 

In the case of a scatter echo which lasted for several minutes, it was 
observed that the polarization ultimately became much steadier, and tended 
towards a right-hand circular form. This persisted for some time, after which 
the amplitude decreased and the echo finally disappeared. This seems to 
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imply that such an echo is due to the production of exceptionally dense 
clouds, which diffuse to form a layer in the ionosphere ; and as this diffuses 
further, it reflects for a time the extraordinary wave only, which also 
ultimately penetrates, causing loss of the echo. 



FiGtTBE 16. Fluctuating polarization elHpaos. 

It should be noted that none of the characteristics mentioned under (c) 
is well defined, or persists for any length of time; but their occurrence, 
even for short periods, throws some light on the structure of the scatter 
reflexions. It seems certain that these echoes are duo to a large number of 
contributing rays, which interfere with one another in various ways; and 
this again points to the supposition made above that each echo is the 
result, not of reflexion from a single cloud, but rather from a group of 
clouds extending over a considerable area in the ionosphere. Further 
observations of the type described here will perhaps give a more complete 
picture of the mechanism of these reflexions. 


COKOLXTSIOKS 

The experiments as a whole throw some light on the type of irregularity 
that is encountered in wireless transmission in the ionosphere. From the 
various echoes examined, it is notable how the degree of irregularity, both 
of polarization and direction, varies greatly according to the type of ray 
received; the F reflexions, for instance, observed by the rapid technique, 
show scarcely any change in characteristics over a period of the order of 
20 sec., and may be followed with quite a slow observing speed, while the 
abnormal E echoes, and more especially scatter reflexions, show far greater 
fluctuations, and change their characteristics considerably in a second or 
less. This accords, in general, with tlie conclusions from manual experi* 
ments; but the present observations have shown, too, the order of the 
upper limit that exists to the rate of change of either characteristic. It was 
found, throughout, that except when noise level in the amplifiers was liable 

14*2 
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to introduce random phase changes, there was definite continuity of phase 
from one 60 -cycle pulse to the next, even in the most rapidly changing 
echoes. This result is of interest, in showing that at any instant tliere is a 
perfectly definite wave surface at the receiver, which persists for a time 
extremely long compared with the period of oscillation of the wave. 
Although it may still be convenient to picture a bad balance on the phase 
unit as being due to a bundle of rays arriving simultaneously at the receiver, 
it is clear that this is only the result of the long time required to measure the 
phase relations between opposite frames, and that if a balance could be made 
instantaneously, the variations in direction could be followed in detail just os 
they can for the more slowly changing F echoes. In both cases, the measure- 
ment gives simply the direction of the normal to the surface of constant 
phase, which may, as pointed out above, be quite unrelated to the real 
direction of arrival of the oofttributing rays. 

The scatter echoes show remarkable variability of both direction and 
polarization, and it is clear that they differ very radically from the more 
normal ionospheric reflexions. Several suggestions have been put forward 
to aocoimt for their origin. Of these, the possibility that they are due to 
meteors, recently proposed by Skellett (1938), deserves mention, since such 
a mechanism might account for a rapid movement of the scattering centre 
during the early part, at least, of its lifetime. An examination of the 
records, however, does not seem to make even this interpretation likely ; 
for if we assume a distance away of the clouds of about 100 km., an average 
value for these echoes, the directional changes imply a velocity of the order 
of 100 km./sec. tr^sverse to the direction of the ray. This is greatly in 
excess of ordinary meteor velocities. Thus it appears that any explanation 
in terms of a movement of the scattering source is untenable, and we are 
forced to the conclusion already propounded, that deviations of the wave 
surface are only apparent variations of the echo direction, and arise from 
interference between a number of different rays originating at widely 
spaced centres in the ionosphere. 

It has been mentioned that the variability of both E and F echoes was 
probably due to the same cause, namely, irregularities in the E layer of the 
ionosphere. Whether this can be the case, in view of the enormous difference 
in the rates of change in the two types of reflexion, is clearly open to 
question, though there is reason to believe that this would be a possible 
consequence of such a common origin. The waves reflected back from 
clouds in the E region, either as scjatter or diffuse E echoes, are probably 
duo to reflexion at a sharp gradient of ionisation which lasts only for a 
short period after the formation of the clouds, and it clear that during 
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this period, oonditiotis are changing extremely quickly, so that rapid phase 
changes in the reflected rays would naturally result. These would give the 
rapidly varying phase surface observed at the receiver. In the case of F 
reflexions, however, the clouds would continue to deviate for a time very 
long compared with that of back scattering, owing to the much smaller 
density required for deviation than for reflexion; and if this is the case, the 
bending of the waves would be caused, not so much by the clouds formed 
in the previous 2 or 3 sec,, as by the much larger niunber formed within the 
last 10 or 15 mm. The rates of change of the latter would be much slower 
than those of the newly formed clouds, and a relatively slow deviation 
would be likely to result, A mathematical analysis of this problem for the 
case of spherically symmetrical clouds has been given by Eckersley (1932), 
which shows this fundamental difference between backward and forward 
scattering, and supports the view outlined here. Whether the common 
deviating mechanism is, in fact, the correct interpretation of the pheno- 
mena, can only be decided with certainty, it seems, by a more detailed 
study of these scattered echoes. 

In oonolusion, it should be mentioned that in the present experiments 
only a very limited amoimt of data has been obtainable, and many 
feattires require further study. The technique, however, "appears to be one 
having considerable usefulness in this direction, and it is hoped that 
further experiments will be possible to derive data for a more complete 
analysis. 

We are indebted to Mr L. J. van Rooyen for the design and construction 
of much of the apparatus used in this work, and to Mr S. W. H. W. Palloon 
for valuable suggestions concerning the technique, and to Marconi’s Wire* 
less Telegraph Co., Ltd,, for permission to publish these results. It is 
hoped to publish an account of the experimental equipment separately. 
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Complex potentials in two-dimensional elasticity. II 

By A. C. Stbvknson 

{Cmnmunicatedby 0, B. Jeffery, — Received 11 December 1940) 


The complex potentials are found for two elastic problems, involving 
body forces, for a circular disk. 


Introduction 

This paper gives the exact solution in finite terms for the complex 
potentials Which solve two problems of generalized plane stress for a circular 
disk. The first of tliese concerns the two-dimensional elastic problem of a 
heavy circular disk fixed in a vertical plane at an eccentric point, and so 
includes as particular cases that for which the point of fixation is on the 
boundary of the i^isk, previously solved by the writer (Stevenson 1945 , 
p. 176), and also that for which the disk is merely suspended freely from an 
eccentric point, the Airy stress function for which was recently obtained by 
Mindlin ( 1938 , p. 714) employing solutions of the biharmonic equation in 
bipolar co-ordinates (Jeffery 192 1 , p. 266), It will be shown that the complex 
potentials consist of combinations of a few simple terms in cartesian 
(complex) co-ordinates. The second problem concerns the rotation of a 
circular disk in its own plane at a steady rate about an eccentric point. 
Here again the complex potentials consist of a few simple cartesian terms. 


1. StRXSSBS in a heavy CIBOtrLAB DISK FIXED AT ONE POINT 

We shall take the origin z « 0 at the centre 0 of the disk, so that the equa- 
tion of the boundary in complex co-ordinates is zz >=> a*. The point of fixation 
C will be taken as z a: — if, where / is real and lees than a. Uie disk will be 
taken as of unit thickness, and we consider the elastio problem as one of 
generalized plane stress, the plane of the disk being vertical. If the direction 
of gravity makes an angle a with the z;-axis, the duplaoements and stresses 
are given in terms of complex potentials Q(z), w(z) by the results (Stevenson 
»945> PP- ^83. 188) 

8/i(tt + tv) kQ{z) - zi3'(z) — 5?'( z) + 4/)| 
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^)(ioa»+czz), (M) 
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(1*2) 

( 1 - 8 ) 

(1-4) 



Complex potentials in two-dimensiowd elasticity 

^ + ^ = ^|•0'(^) + ^'(Z) + ^“(C2 + C2)|, 

B;-yy+2ixy - -i|zi]'"(2) + S''(2)-4/>^^^jc3|, 

where c = <*, and (l+/c)(l + j/) = 4, 

7 ] being Poisson’s ratio and p the density of the elastic material. 


The body forces are equivalent to the weight W <« npga^ localized at the 
centre of mass 0 of the disk and acting at an angle a with the x-axis. At the 
nucleus of fixation C therefore, the stresses round a small circuit about C 
are equivalent to a force X, 7 at (7, together with a couple M, given by 

X + i y * 7rpgfa*('’’“, M — —TTpga^fcosd. (1>6) 

The complex potentials appropriate to the origin C for this force and 
couple nucleus are known to be (Stevenson 1945, p. 154) 

^ Jog*i + J?log«, 

where z^mz + if, and A and B are constants given by 

A « 2pga^e>*l{K + 1 ) « - 4/)a*c/(x + 1), 1 

' , f (1-6) 

B <= 'Zipga^fcosa, = lif{K+ l){A + ir).J 

If 2 = re*®, the stresses appropriate to circular boundaries r = const, can 
be expressed in complex form (Stevpnson 1945, p, 146) as 

4(f?‘ - tf^) « il'{z) + P'{Z)- dr{z) - ~a>''( 2 ) + ipez + . 


(1-7) 
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For the origin 0, the complex potentials Q{z), w(*) Me given (Stevenson 1945 , 
p. 143) as 

Q{z) = 

or, using (1*6) 

13(2) = Alog 2 i, 0 ( 2 ) = -Kj 2 ilog 2 j + Jt/{(x— l)A + (#C+l)j4}log2i. 

( 1 - 8 ) 

Prom (1‘7), using (l-O) and ( 1 ' 8 ), 

^rr-irO) = - + ^ + -^ + /c— + J*/{('f-l)A + (/r+l)l}^-ji 


-(,+ l)^»- 2 ^f. (l.«) 


Now on the boundary 22 = o*, we have 

a* t//_ o*\ 

2 l = 2 + t/ = t/+-|- = ■r + 

or z^z = where Zj « z + iy . (MO) 

We now express all the terms in the right-hand side of (1*9) in terms of 
Zg.Zj. Thus we have 

1 _ z _ ^2 -I- ia^lf i a* 1 
Ti ~ Wi p 8 ~' ” 


1 

z 

2, + *«*// 



" if z'~' 

z 

0» 1 

^11 

ZZj 

i if\ 

* 8 2, 
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ZZ 

0® 1 

zz\ 
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z 



*1 

\zzf j 

7*2. 


From these results, {1-9) becomes, along the circulM boundary of the disk, 

4(n“-*V5) = ^(2l-3A)-#f^-2^2,-^z, + A^^ 

/ a* a‘ j* Zj 

-pi[2^*A + (/r-l)A + (K + l)j}. (Ml) 

Consider now the complementary complex potentials 

13(2) «■ C 2 * + D 2 + ^+ Flogs,, <«»( 2 ) » 02 ,l<^ 2 , + Alog 2 , + — , { 1 ‘ 12 ) 
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where are complex constants, of which /> may be taken real, since 

its imaginary part corresponds merely to a rigid body displacement. Since 
the point z ^ lies outside the circular boundary of the disk, these complex 
potentials clearly yield physically admissible stresses and displacements 
(Stevenson 1945, p* 139). From (1'7), with c = 0, the corresponding stresses 
appropriate to a boundary r = const, are given by 


4{fr — ird) ^ 2D + 2C~z 


E^E F F 

-Cg <*2 *2 





)■ 


which can be written, along the boundary zz = a*, in terms of since 

z = ^2 “ 


4(fr — iH/) « j^2D -f 2iG y 4* 


U- J j A#2 *^2 
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-• ;.2. 


2^a 


1 
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SE^ijF^ 




Combining the results of (Ml) and (M3), we see that we have an un- 
stressed boundary if we can choose the coefficients C, ...,L so that the 
coefficients of the various different terms vanish simultaneously. This 
necessitates ^ 

F-kI-^O, C-Aja^^O, 04 ^- 0 , L^ifE^O, 

- r - 1 j 2 ~ ^ + ( AC - 1 ) ^ + ( /c + 1 ) J j = 0. 4ij-ZE-ijF-Kp>=0, 

2F-2^^-2ij+a^+I^^0, (116) 

, 2D + 2iC^^l+f^ + 2ij + 2ij-3ij^0. (M6) 


The six equations (M4) give the six constants F, C, O, E, L, K in terms of 


fll as _ 

F^kA, C^AIa\ G = -I. 


E 

K 


.1 

7 


.0* 

7/ 


2jg J + (*:-1)^ + (ac+1)^|, 


(M7) 
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and these values satisfy (M5), whilst the remaining equation (M6) gives 
for the constant D . 



(MS) 


which is satisfactorily real as assumed. Combining the complex potentiids 
(1'8) and (M2), using the results (1*4), (1*6), (M7) and (M8), we see that 
the complex potentials which solve the problem of the heavy oircular disk, 
fixed at one point, are given by 


SJ(z) = |o V“ log Zj + /ca V* log Zg + e-^“z* — ifain a ^ j ® 

+ y [(jg-ljBina+»(x+^jco8aj^j, (M9V 


w(z) 


2pga^ 
/r-f 1 


- /cer*® log Zi ~ 2?8 log +/ (sin a -f Ik cos a) log 

- 1 j sin a 4* cos a J log 

+ /a) “ + *( * " “] • 


( 1 - 20 ) 


If we put a ^fTt we get the solution for the complex potentials for the 
freely hanging disk as 


{ w* log Si + log Zj - w» - J/(x + 2 ^ - 1 j z + J - 1 j i j , 


( 1 - 21 ) 


w(s) = {i'fSilogZi + iZ2logZ,+/logZi+/^X+^- l|logz*+ty . 


( 1 - 22 ) 


Mindlin (1938, p. 7 1 4) has found the Airy stress function for this particular 
problem in bipolar co-ordinates. This is a complicated expipssion in marked 
contrast to the relative sirapUoity of the results (1‘21), (1‘22). We shall 
content ourselves by comparing the expressions found by each method for 
the peripheral stress which Mindlin has converted to polar ed* 

ordinates for the origin 0 from the bipolar results. From (1’2), using (1*21), 
we find 


fr + Sd xx + ^ real part of S}'(z) + ipgiz/iK + 1) 
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whence, if | Zi j =» rj, we find 




or, substituting for k in terms of Poisson’s ratio if from (1*4) and putting 
fja sss d, we obtain 




1 pga(l-d^) j 

2 1 + 2d sin d H- ^ 




(l4* d*) sin0'f2dl 
1 4* 2d sin^ 4 d* j ’ 


(1*23) 


This is Mindlin’s result for tla| peripheral stress, after allowmg for a 
difference of in choosing the initial line of the polar co-ordinates. 


2. Chakgje of origin fob complex potentials with 

GRAVITATIONAL BODV FORCE 


Returning to equations (1*19), (1*20), if we put / = —a, we have ^ 
and 

( 1 1 
i3(z) « pgf|2aV*log2i4-_|^^z^4aBiua2-*2ia®oosa~| , (2*1) 


a){z) « I — log Zi — 2a*e“*^“ Zj log 4 2a* cos a ™ | , 


( 2 - 2 ) 


as the solution for the problem j)reviously considered by the writer for the 
case where the point of fixation C is on the edge of the disk (Stevenson 1945, 
p. 176). There the solution is given by our equations ( 1 •1)-(1*4) and complex 
potentials all referred to the origin C, One mode of comparison of the two 
solutions would be to write down the solution for 8/i{u 4 iv) in each ciise, 
change the origin in one case, and show that the results only differ by a rigid 
body displacement at most. A neater mode of comparison is to find the 
complex potentials appropriate to the origin G for those from fche origin O. 
The rules for this change of origin in the case of no body force have been 
given previously (Stevenson 1945, p. 143), namely, that if Oa(h)*^c(h) 
the complex potentials appropriate to the origin C{z — 0), then 

Q^{z^)^Q(z), (i>^{2j) = oi{«)4Sol3(2). (2*3) 

These were used in obtaining the partial complex potentials (1*8), since 
partial or complementary complex potentials are derived from the equations 
with no body forces (Stevenson 1945, p. 134). Now, keeping the terms in 
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c, c in ( 1 • 1 )-( 1*3) invariant in form for a change of origin, and noting that the 
stresses must be Independent of change of origin, we have from (1*2) 

Q\z) + i?'(2) + - {cz + cz) = £?'c(z,) + (C*! + CZj), 

which is satisfied by taking 

Ua(Zi ) = f?(z) + %p(x^l(K + 1 ). (2*4) 

Also from (1-3) 

if3''(z) + w'(2)-4p^^-~jc2 = 2iflc(*l)+Wc(Zl)-4p|™Jjc2i, 
which is satisfied by (2*4) and 

Wf .(2i) = W(2) +Zof^(2)- 2/>c|^^j2o2*, (2*6) 

in which latter formula we may replace i2(2) by term 

by z\ without altering the stresses or the displacements by more than a rigid 
body displacement. If (2-4) and (2-5) are substituted into the right-hand 
side of (I'l), it will be found that 

u 4“ iv = 141 + ix\ + a + i/iz 

(a complex, real), so that the solutions for 
differ only by a rigid body displacement. 

Applying this method to (2-1) and (2*2), changing the origin to » = la, 

(2»4) and (2*5) lead tp 

( 1 ) 

*^0(2^1) “ W 2a*e^»loga:j-f . sf-f a8ina«i-2ia®cosa-}, (2-6) 

[ K-'f 1 ZlJ 

(i)f.{z^) == — />5r{4ia^cosalog2:3H-2aV*2ilog3i-f-tae“'^2f}, (2-7) 

where on irrelevant constant has been added to the right-hand side of (2-6). 
These are the results previously found by the writer for this particular case 
(Stevenson 1945, p. 177). 


3. Stbksses m a disk rotating about an booknteic point 

We shall suppose a light circular disk of centre 0 and radius a (see 
figure 1) is rotated in its plane about a smooth axis through on eccentric 
point C(z = — if) with a constant angular velocity n. The problem is con- 
sidered as a statical problem, the reversed mass-accelerations being treated 
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as body forces in comparison with which the gravitational body forces 
are neglected. Considering the problem as one of generalized plane stress, 
the 8olutifrj>n in terms of complex potentials, with the same origin and axes 
at O as used in the last example, is given in polar co-ordinates (Stevenson 
1945. pp. 146, 133) by 

-f iuo) = — zD'{z) - o)'{z) + lyp(cz^ + 2cz^ -h dzH)}, (3- 1 ) 

fr + ^ ^ + ij'(z) 4. (cz H- c2 -f* dzz)| , (3’2) 

+ - yp(cz 4* , (3*3) 

where y = 4(x*-“ !)/(/: 4- 1) and (l4 “X)(l 4-iy) ^ 4, (3-4) 

7j being Poisson’s ratio, whilst c and d are constants given by 

c ^n%, d = — Jn*. (3'5) 

The boundary stresses appropriate to the circles | « | — const, are given 
in complex form, from (3*2) and (3*3), following a change of sign of t, as 


Jr ~ ^ 4* 2ifd = ^ |2:^''(2) 


4{?r — ir^) == SJ*(z)-^I3'(z)---zfJ"(z}-^o/(z) 




( 3 - 6 ) 


. The reaction of the smooth axis on tlie material of the disk (assumed of unit 
thickness) is of amount npfa^^ and is along OC ; hence the stresses around 
a small circuit about C are equivalent to a single force npfahi* along CO, 
i.e. to a force X, Y and couple M, where 

X + iY == inpfaVy =» 0 . 

To such a force nucleus at C (z - z© — ^ correspond complex 

potentials origin C\ where (Stevenson 1945, p. 154) 

« J’log«„ <lJc(2l) = = /cfSilogz,, (3-7) 

‘ and Zy^t + if, F ^ 2ipfahi*l{K+l). (3-8) 

From (2*3) the complex potentials appropriate to the origin O are then 

i3(2) =» FlOgZi, w(2) = — i'’»/Iog2l. 


(3-9) 
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From (3-8) and (3'9), (3‘0) becomes 

F F z ^ z „ z 

4(rr — w) = ~ + -^F — ~kF~ -^ tfF » 

+ ('f+l)^z-2^z+i(«- + 3)z2™. (3-10) 

Along the boundary zz = a®, this can be written in terms of where 
as z 4 - m®//, by the same method as used in dealing with ( 1 ’9), and becomes 


4{fr — ird) » i(/c- 7) 


1 a® 1 K Zg 



( 311 ) 


Now take complementary potentials, for the origin 0, given by 

Q{z) =5= A log + Cz^ 4- D/z^y (t>{z) =* Oz^ log z^-^K log Zg -f- Ljz^y 

( 3 - 12 ) 

where Ay.,.yL are complex constants, of which B will be taken to bo real, 
since the imaginary part only leads to rigid body displacements. These 
complex potentials lead to stresses fr, given from (3*2) and (3‘3), in which 
c and d have been put equal to zero, as 


4(rr - irO) « 


2B + 2i'ic + 2i%~ 


f 


.Ik 


f "a« 
..A' 


+ 2C'2j — — 2*2 


2A+. 0-2i- -2 
/* f o* 


A D 

+ i - ii 


IF,L ..o* 2o*,_ 

Combining^ the complex potentials (3’9) and (3’ 12), the combined boundary 
stresses (3'11) and (3*13) vanisb if 


F-0^0, kF + A^O,^ 
^ — iy(l— =* 0, L+ifD^O, 
Uj-ijA-ZD-Kj^^O, 

2^+7l«-2i|-2^-^> = 0, 

(K-1)i~^ + 2B + 2ijC + 2ij + ~^0. 


( 314 ) 

( 315 ) 
( 3 - 10 ) 
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The six equations (3‘14) then give the six constants A, C, G, D, L, K in 
terms of F as 


A=^kF, C = ~l, G^F. 

K^-ifF^K+°^-iy 


{3-17) 


These values are consistent with (3’16), and (3*16) gives the remaining 
constant B as 

£ = (3-18) 


which is satisfactorily real, as assumed, using (3*8). 

Hence the complex potentials which solve the problem of the circular 
disk rotating steadily about an eccentric point are 


£?(S) = {»■«* log + Kia^ log + i(x ~ 1 ) ^ 1 - y 2 - iz» 

( 3 . 19 ) 

2pfn* i * 

a»(2) = |M»*A:2j,log2i +/a® log Zi + ia% log 2j 

+/o* ^AT + - 1 j log 2, + ta* r- i| . (3-20) 


These results, in conjunction vdth the writer’s previous results for the 
particular case / = 0 disclose an interesting phenomenon of possible dis- 
continuity in the functional forms of the complex potentials 0(z), u}(z), 
Consideredasafamily of solutions obtained from (3-19) and (3-20) by varying 
the parameter/, we might expecjt to find the solution for the case where the 
disk rotates steadily about its centre merely by allowing/ to tend to zero in 
(3*19), (3*20). If we do this, however, it is at first disconcerting to find that 
the terms in 1/z, become meaningless, neither do the remaining terms agree 
with the known solution for this case, which is (Stevenson 1945, p. 150) 

X?(«) « a;(z)«0. (3*21) 

All thftt we 0801 demand of the complex potentials, however, is that the two 
■olutiona moat give continuity of the stressee and diaplacemente aB/->0, 
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and it is not difficult to show that this is the case. Thus, for example, we 
find from (3’2) 


rr 




and a 8 /“> 0 , Zg -> oo, fz^ ta* and 


rr 




pci'V f 


ZZ 




or 


rr 


^-ilb . 


pn^ 


{(#c + 3) a® — 4r*}. 


Again from (3-2) and (3*21) 

fr + <59 = 


pn^ 


{{#c-f3)a®~4r®}, 


(3*22) 


(3*23) 

(3-24) 


in agreetnent with (3-23) and both give the well-known value (see for 
example Timoshenko 1934 , p. ^ 8 ) for the peripheral stress namely 


^0 =* *= i^(l -i 7 )o>n», (3-26) 

using (3*5). 

In the general case, (3*22) gives for the j^eripheral stress ^ at r « a, 
writing Zi = Zg » whence rja ^ rj/ on the boundary 

' * 

where rj = o*+/* + 2 <J 5 ^ 8 ind, (3'26) 

whence, writing //a = d, and using (1’4) and (3-26) 

^/^o» l + 2“|dHl-d*)-(i^){(l-d*)|-(l-d*)>|j. (3-27) 

The curious fact emerges that for d =* 1 , (9 ^6 — it /2 we have §§ s» i.e, the 
peripheral stress when the axis of rotation passes through the boundary of 
the disk is oonstant and equal to the peripheral stress in the disk when it 
rotates about its centre, except at the axis itself where the stress becomes 
infinite. The variation of in general for the case ** 0’26 is shown in 
figure 2 , the curves labelled 0 , 1 , 2 ..* 10 corresponding respectively to 
d «= 0 , 0*1, 0*2 ... 1*0. It will be seen that in the quadrants remote from the 
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^ the peripheral tension is fairly constant, but in the remaining quadrants 
it increases rapidly , after an initial decrease, the more closely we approach 
the axis. For values of d greater than about 0-82 this initial decrease is so 
large that for a small region of these quadrants the peripheral stress is 
compressive, as can be seen from curve 9 in figure 2, for which d « 0-9. 



inset portions of curves 6-9). 
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Stress systems in isotropic and aeolotropic plates. V 

By A. E. Geebn 

(Communicated by 0. R, Ooldsbwugh, F.R.S. — Received 19 October 1942 
— Revised 8 June 1943) 

A general theoretical solution is obtained for certain stress distributions 
in isotropic ajid aeolotropic plaU>H containing holes of various tyj)08. The 
solution includes as special cases some well-known results for isotropic 
materials, and it is used hero to obtain new results for both isotropic and 
aeolotropic plates. Numerical results are given for the distribution of stress 
round the edges t)f an elliptical hole in a spruce plank under tension, a 
square hole with rounded corners in an isotropic tension member and in 
an isotropic plate under shear, and a triangular hole with rounded corners in 
an isotropic tension member. 


Introduction 

1. The effect of a circular or elliptical hole on stress distributions in an 
isotropic plate has been extensively studied both theoretically and experi- 
mentally, and it has been found that the holes cause considerable local 
increases in the stresses. Experimental results have also been obtained for 
practical problems in which holes of other shapes affect the stress distribu- 
tions (see Coker & Filon), but no corresponding theoretical results have 
been obtained so far, although a method of solution for such problems has 
been given by Muschelisvili (1933). In the first part of this paper a theoretical 
solution is given for problems of stress distributions in an infinite isotropic 
plate which contains a hole of a fairly general shape. Well-known results for 
an elliptical hole are easily deduced as special cases. The solution is then 
used to discuss certain stress distributions near rectangular holes and near 
boles represented by the parametric equations 

X = mco8^ + 6co8wg, y = “nasing + 68inwg. (M) 

The family of curves (M) has been studied by D. M. Wrinoh in con- 
nexion with electrostatic problems, and the circle and the ellipse are in- 
cluded in this family as special cases. The curve for which « — 3 and a ^ Zb 
is of special interest as it represents approximately a square with rounded 
cx)mer8. Some numerical results are given for this case and also for the case 
« 2, a « 2ft which reiiresents approximately an equilateral triangle with 
rounded corners. 
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In the second part of this pai)er the general solution is extended so as to 
apply to aeolotropio plates. Numerical results are given for some stress 
distributions in certain specimens of spruce wood containing elliptical holes. 

The method of solution used for both isotropic and eieolotropic plates is 
an extension of that given in a previous paper (Green 1942) which dealt 
with stresses near a circular hole. The solution dej^ends on finding a conformal 
transformation of the form * 

z^Fia ( 1 - 2 ) 

where 2 ( =» a: + iy) is the plane of the plate and where ^ £ -f t?/) takes real 

values at the edge of the hole. The point 7 00 corresponds to the point at 
infinity in the 25-plane. The differential form of (1-2) will be needed and may 
be written 

fly 

(1-3) 

where <f> is the angle between the tangent to the curve tj — constant through 
any point and the or-axis. Transformations of this type have been used 
extensively by R. Morris and others for general harmonic problems. 

When the hole is circular and of radius a the transformation is 

z - {1*4) 

For an elliptical hole whose semi-axes are a' and 6' the appropriate 

transformation is 

z » cco8(^4'ia), (1*5) 

where c and a are real and positive and where a' «= c cosh a, 6' = c sinli a. 

A rectangular hole is given by the transformation 

^ - F '(0 - (008 2^-008 2yg)*. (1-6) 

When the hole is one of the family (1‘1), the required transformation is 

z = 7iae~*C + , (1*7) 

where for the present b is restricted to be less than a. When b anda are equal 
the curve is star-shaped with (»-f 1) cusps; otherwise it has continuous 
curvature. For some problems it is convenient to change the orientation of 
the hole of type (!• 1) and to use the transformation 


z ss e*^’'(noe“*t + 6c***t). 


(1-8) 
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Then, for the case a = 36, n = 3, this represents a hole which is approxi- 
inately a square with rounded corners, whose sides are parallel to the 
coordinate axes. The two forms (1*7) and (1-8) are; for convenience, included 
in the d^erential form 

(Lt. 

= aoe~« + 6„c‘»f. (1-9) 


SoiitTTION FOR ISOTROPIC MATERIALS 


2. The mean stresses in two dimensions may be expressed in terms of a 
stress'futtction x by the equations 


XX 


W' 2/2/ = 


% 


dxdy* 


( 2 * 1 ) 


provided that 


V\x = 0 . 


(2-2) 


Attention will be confined to stress distributions which produce zero force 
resultants at the edge of the Iiole, the conditions for single-valued dis- 
placements being simple for these problems. For such distributions a 
general solution of (2‘2) may be put in the form 

X=/(2) + ^(*). (2-3) 


where z » x — iy and where /'(«) and g{z) are regular functions of z which 
tend to zero at infinity (Green 1942). Only the real part of (2’3) is to be used. 
Hence, from (2-1), the stresses are found to be the real parts of 


Su^-r{z) + 2g'{z)-f[l)g''(z),\ 

fy=. r{z) + mz) + H)9"i»U (2-4) 

xy^-ir{z)-iF(Qg'(z), I 


where dashes denote differentiation with respect to *, and where a bar 
placed over a function denotes the complex conjugate of the function. 

The equations § « constant, y => constant represent a net of orthogonal 
curves in the *-piane, and the stresses in the orthogonal coordinates (f, y) 
are related to the stresses in the cartesian coordinates (a:, y) by the equations 


H = xioo8*54-l-^8in2^+yyain®(;i,' 
^ >« **8in*^-%8in2^i-|-^co8*^, • 
^y “ J(^-*»)8in2^-h^oo8 2^. ^ 


( 2 - 6 ) 
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Thus, using (2- 4), 

a = 2sr'(2)_ J'(C) (/.'(*) + P(g)fir'(z)}/F(g); 

rpl = 2g\z) + F’{0{r{z)+mg''(z)}l^'(^). ■ 

iF'iO {/"(z) + F(0 fir''(*)}/F(0, : 


(2-6) 


where the real parts of these expressions are to be taken. 

Two functions of V(^) and W{^) are now introduced which are such that 
F(^) and W{Q are finite at infinity and such that the real part of 
™ and the imaginary part of lF(f) = on the edge of the hole 
1 / = 0. rjrjf and represent the values of the normal and shear stresses at 
the edge of the hole. From (2»6) it is seen that V (^) and W (^) may be written 
in the form 

w(^)^F'{o{r(z)-rmg''(z))i¥'{o. ] 


After some simplification it will be seen from (2*6) and (2*7) that the stresses 
may now be taken as the real parts of 

a = - F(C)- w^(a^'(C)/r'(C)-i{r(Q+ W'{0}mo-¥(^)}iF'(^); 

fv = -F(C)- »^(e)+ TF(Oi*’'(^)/r'(^)+i{F'(^)+ ir'(a}{r(S)-i’(g)}/F{^). ■ 

1 ^ = -m0¥'{0l¥'{^)-¥{V'{Z)+ W’{i;)}{F{0-FmiF{th * , 

(2-8) 


where dashes attached to F(^) and ?f{^) denote dififerentiation with respect 
to The circumi^rential stress at the edge of the hole is the real part of the 
simple form 

II.»-F(0-21F(C). (2-ft) 

Equations (2'8) represent a formal symbolical solution of the stress 
problem, the stresses being known when F(f), 1F(^;), and the form of the 
transformation (1-2) are known. In the applioations which follow attention 
is con^ned to those problems for which F'{C) aeros, but no poles, at 
points in the plate. Hence F(S) and IF(£) will have poles at these zeros, but 
F(0 + IF (^) =B — 2g'{z) will be free from poles. Also, in general, F’iC) may be 
split up into two terms, the first tending to zoto as tf tends to infinity, and 
the second tending to infinity as t/ tends to infinity. The second term may 
usually be expressed in the form aoe’-*f. 

It will be noticed that when the hole is oiroular the solution readily 
reduces to that given previously (Green J 942 ) by using the transformation 
{F4). 
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3. Suppose that a uniform tension T is applied to the plate at infinity 
parallel to the a:-axis. If the hole is absent the stresses in the coordinates 
(^, 1 /) are found from the real parts of the expressions 

n = ^ - F'{0IF%)}, I? - \iTF%)ir(l). 

(3-1) 

r 

Thus it is now necessary to find a stress system which tends to zero at 
infinity and which takes values at the edge of the hole which are the real 
parts of 

-a == ~ fne. = -kiTF\}^)lf'{t). (3-2) 

Remembering the conditions which have been attached to the functions 
^(0 and W{Qy it will be seen that, for some transformations, F(0 

and W (^) can be expressed in the form 

*. 

3F(g) ^ a,e^F'J0 + F'i0{F'{0-a„e-<i) 

T F'iOFiO 

no + F'iO {F'iO - aoe-<i} 

nwno ’ ^ ^ ^ 

^ -a,e<iF'(0 + F'J^{F'{0-aoe-^<^} 

T noFfo 

-a„e‘cnO + nO{nO-aoe~^^} 

— 

The complete stress system can now be obtained from (2-8), (3-3) and (3*4). 
together with the stresses (S-l) which are transmitted from infinity. The 
stress He at the edge of the hole is of special interest and may readily be 
obtained from (2-9), (3-3) and (3-4) together with the stress transmitted 
from infinity. Thus 

He = - T+2T(a„e<l-haoe-i{)/F'(0, (3-6) 

where the real part only is to be taken. 

When the transformation used is of the form (1"9) it is found that (3-3), 
(3*4) give a satisfactory solution provided n is equal to 0, 1 or 2, but not for 
» > 3, s^noe for these cases the terms in e*^t in F($) and give infinite 
stresses at infinity. When n ^ 3 it is necessary to add extra terms to V(0 
and W(0 in order to ensure that the stresses at infinity take the correct 
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values. The additional terms must be such that the ratio of the coefficients 
of in tire complete expressions for F(^), respectively is (» — 1 ), and 
the extra terms are 

_-(n~2} (»-2)/doe»'i aoC-^^fWaoC'C Ooe-‘f\ 

T " i ~ [a„ “ 4 \ ¥„ ‘/iFa') ^'(0/ 

,a«c*fr(D+F(a{r(g)-«o«-«} 

+ . (3 b) 

- (n - 2) \ 

' y ““ 4 \ a, jmcy F'iO V 


'^ T'WPw ’ ^ ^ ^ 


where 


\ na^aj ' 


so that the complete expressions for F(Q, W^{0 are the sums of (3‘3), (3-6) 
and (3*4), (3*7) respectively. Also the stress at infinity is now (l4-2A)2^ 
parallel to the a:-axi8 and the complete edge stress is the real part of 

||, = -r + 2TKeA + a„e-‘J)/F'{0 

(w-2)T/aoe« a^e-^i \/doC»« OoC-^ 6„6„\ 

+ -5-- Ip(C)+ > ur * A-:s:- -iT ■" 

4. Using (1*5) it will be found that the stress at the edge of an elliptical 
hole, whose major axis is parallel to the tension at infinity, is given by 
the expression 

fi _ m 8iiih2a4-l-c>»oos2g 

corfi2a-co8 2g ’ ' ' 

which agrees with results obtained by other writers. 

When the hole is of the form (M), tlien the stress at its edge is obtained 
from (1'7) and (3'6) and is found to be 

^ a®-i*-2a*oo82g + 2ofeco8(n-l)g 

SSo =“ ^ a* + 6» - 2o6 cos (n + 1 ) g ’ ^ ' 

provided n ^ 2. If n ^ 3 the edge stress is obtained from (1‘7) and (3’9) and is 

-{n-2) 6*/(no®)} {a® + 6* - 2o6 cos (n + 1) gj/T 

»• |(a* - 6*) {n - (» — 2) 6*/(no®)} — {no® — (n — 2) fc®} 

X co82g + 2o6oo8(n— l)g, (4-3) 

corresponding to a tension T at infinity parallel to the x-axis. 
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If the transformation (l-S) is used instead of (1-7), then the edge stress 
becomes 


if w ^ 2, and 


^ _ „a® — 6®-2a**8in2^— 2o68in(»— 1)^ 
- «a + 6*-2afeooB («+l)g 


(4-4) 


- (n - 2) b^l{na^)} {a® + 6* — 2ah cos (w + 1 ) g}/3r 

== 6®) {n — (» — 2) b^jina^)) — {tmi* — (» ~ 2) 6®} 

XBin2g— 2a68in(«~ l)g, (4'6) 

if M 5 3. 

The stress at the edge of a rectangular hole which has two of its edges 
parallel to the tension at infinity is given by equations {1'6) and (3-6) and 


2V2roOB g 
(cos 2g — cos 2/j)i 

_ _rp ^ V2 T COB ^ 

(cos 2| — cos 2/?)4 


27r-/?i$^$27r), | 


(4.6) 


5. If now a imiform tension T is applied to the plate at infinity parallel 
to the y-axis, the stresses which are transmitted from infinity are found 
from the real parts of , 


a - IT{\ - F'(OlF'(t)}, fjri = iTfl + F'(QIF’{l)l = - \iTF'(l^)IF'{l). 

(6-1) 


The corresponding expressions for F(f) and W(^), for some transformations, 
are 

2V(0 ^ Spe c riO+ F’iO {F'iO-aoe-<i} 

T ■ F%)F'(Q 

ape i(F{^HrmF’(0-ap€-^i} 

r(C)F(0 ’ ' ^ 

2Tf(0 - apt<i F'iO + F'm F'i O - aoe- <C} 

"T"“ F'(^)F'{0 

ape«^r{0 -F'(0{F% ) -ape~<(} 

F’iOF’iO ’ ^ ^ 


and, as before, the complete stress system may now be found. The stress at 
the edge of the hole takes the simple form 

a, - - T + 2T(Ooe-‘C - ape<i)IF’{0, 

where only the real part is to be taken. 


(6-4) 
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When the transformation (1-9) is used (5-2) and (5-3) give the correct 
stress system if w < 2. When n > 3 the necessary additional terms'are 


TO (n-2)) 

raoe®<f aoe-*‘f^ 

[ (n-2)) 


/aoe<« 

1! 

^ ^0 ^0 ) 

* 4 ! 

1 ^0 ^0 / 

\F(0 F'ioj 


+ A 


aoe«F'(C) + ^''(0{F'(0-aoe-'«} 


TO 

T 


(n-2) _ 1 \ 

4 [a, a„ I 

a^eii F'{0-F'{0{F '{0-»oe-‘^ 
TO TO 


(6*6) 


( 6 - 6 ) 


and the stress at infinity is noM^’(l + 2A) T parallel to the tz-axis. The com- 
plete edge stress for « > 3 is the real part of 

H. ^-T + 2T{aoe-«:-aoe>i)IF'{0 


(n-2) T 
2 


mi)* Fwr'iri."* ir" «^' ' ’ 

6. The stress at the edge of an elliptical hole whose minor axis is parallel 
to the tension at infinity takes the well-known form 

fi = ^ Binh2a-l-fe««co 8 2g 

oo8h2a-co8 2| ■ • ' ' 

The stress at the edge of a hole given by the transformation (1’7) is 

_a»-6* + 2a*oo825-2oAoos(n-l)| 

S6e = - ai+h*~ 2abwB(n+l)i ' ’ ' ^ 

if n < 2, and 

-(n-2) h*l(na^)} {a® -f- 6® - 2o6 cos (w + 1 ) gj/T 
= J{o* - 6®) (n - (n — 2) 6®/(na®)} + {tmi* — (n - 2) 6*} 

X cos2g— 2a6oo8(n — l)g, (6’3) 

if w > 3, corresponding to a tension T at infinity parallel to the y-axis. 

At the edge of a hole given by the transformation (1*8) the stress is 

« _a®-6» + 2o*8in2g + 2o68in(n-l)g 

56* “-f a*f6*-2a6'c^(»Tl)g ’ ^ ’ 

if n < 2, and 

i(L{n -(n-2) 6»/(no*)} {a* + b>-2abooa(n+ 1) g}/r 

= J(o* — 6®) {» - (n — 2) 6*/(7ia®)} + {na* — (» — 2) b*} 

X8in2g+2a68in(n- l)g, (6’6) 

if n>3. 
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For the rectangular hole (1-6) the edge stresses are now 


^ 2V2 7’8ing 

(cos 2 /?- 008 2^)* A 


-T- 


2.j2Tsmi 
(cos 2fi — cos 2^)i 


(7r + /?<g^27r-/?), 

( 6 - 6 ) 


The shear problem 

7. In this section the plate is supposed to be subject to a uniform shear 
S, at large distances from the hole, parallel to the x- and y-axes. The stresses 
transmitted from infinity are then the. real parts of 

^ = -iSF'(0IF'{0, fT; ^ iSF'{OIF%), fl ^ SF’iOjF'iQ, (7-1) 

and, for some transformations, the expressions for V{C) and W(^) are now 

mo a,e}(F’{0-F'{0{F'(0-a,e~ti} 

's- “ 1’'(0F(D ’ ^ ’ 

iW(0 _ F’( 0 + F'{ 0{r{0-aoe.~ii} 

S F'(0F’(0 ■ ^ ^ 

The stress at the edge of the hole reduces to the real part of 

a, = 4iSa,e«^ir(0. (7-4) 

The expressions (7-2) and (7-3) give the correct stress system for the 
transformation (l-O) if n < 2, When n ^ 3 the necessary additional terms are 

F “■ 2 I Uo So / 2 \ a„~ So" /lF(0 >'(0^ 

(7-5) 

ilF(0 _ (w-2)/aor«f a«e-®''f\/ao«'^ A 

"s — ‘r ra7 ’ “irM m y^r I ■ * ’ 

and the shear stress at infinity is now (1 + 2A) 8. The complete edge stress 
forn > 3 is the real part of ^ 

U» - md^e<ilF'(0 


(7-7) 
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8. The stress at the edge of an elliptical hole takes the known ^orm 


a- 


2<Sc** sin 2^ 
cosh 2a — cos 2^’ 


( 8 - 1 ) 


For a hole given by the form (1-7) the edge stress is 

^ sin 2g + a6 sin (n - 1 ) ^} . 

+ b^-2ab cos {n + 1 ) C ’ ^ 

if w ^ 2 and 

- (n - 2) 6*/(?ja“)} (a* + 6* — 2ab cos (n + 1 ) 

== 4<S’{(Ma* - (n - 2) 1/} sin 2^ + 2a6 sin (n - 1 ) g), (8-3) 


when m ^ 3, corresponding to a uniform shear S at infinity. 
For the hole (h8) the stress is 


^ _ 4/S’{-ffl*oo82g+o6co8(»-l)g} 

56e-* ^ '*> 

if n < 2, and 

|le{n - (w - 2) b^Kna^)} (a* + 6* — 2a6 cos (» + 1) 

= 4(S'{ — (no* — (n — 2)6*}co8 2^+2o6co8(n— 1)^, (8-6) 

for n > 3. 

The stress at the edge of the rectangular hole (1*6) is given by the 
following expressions : 




/? _ 3 .y/ 2 )S sin i 

” (cos 2| - cos 2yff)i 

” (cos 2| - cos 2/?)* 

^2 cos f 

(cos 2/?— cos 2|)^ 

_ 2^2S cos f 

(cos 2yff — cos 2^)i 


(0^g:S/?; 2;r-/?<g<27r), 
(jr-/?«g<>r+yff), 

(w+/ff<g<2n--/ff). 


(8*6) 


A numerical discussion of the above problems will be given at the end 
of the paper after the werk has been extended so as to apply to aeolotropic 
materials. 
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Aeolotropic materials 

9. "fhe material of the plate is supposed to have two directions of sym- 
metry parallel to the coordinate axes (x, y). The mean stresses are still given 
by equations (2-1) and (2*5) but the stress function x satisfies the 
equation (Green & Taylor 1939) 

/r72 dn/d^ 32 \ ^ 


where aj + (^*2) 


the elastic constants having their usual meanings. As in a x^revioue paper 
(Green 1942) a general solution of equation (9*1) which gives single-valued 
expressions for the stresses and displacjernents may be taken to be the real 
part of 

, =/(2+yiz)+9'(2+r2z). (9-3) 

where f'{z + yiz) and g'{z + y.iZ) are i-egular functions of z + yiZ and 2 + 7*5 
respectively which tend to zero at infinity. Also 


ri = 


at- 


ai+1’ 




^1 

ai+1’ 


(9.4) 


the analysis being confined to oases where yi and y* are real and numerically 
less than one. 

Using (2.5) and (9-3), the stress system is found to be the real part of 


a = - (i-yilV^^+Ti^)- (i-r»)*9''(2+y*2),' 
yy = (i+7i)V''(z+ri^)+ (i+y2)*fi'’’(2+ra2). 

^ = -i{l-yl)f"{z + yiz)-i(l-yl)g’'(z+y^z), [ 


(9-6) 


and 


I? ' 


— mffw r(ap(i) 

ino?'(E) ’ F%m{) 

, ma r!r'(?)i (r(p .. =, 


(»•«) 
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Functions F(f ) and W (C) may be defined ae for an isotropic material and 
then, from (9'6), it will be seen that they may be put in the form 






ir(^) = 


fI J - 


+ {f 'll - ® p) )}• 


(9-7) 


General expressionB may now bo found for the value of the stress at any 
point of the plate, but these expressions will be very complicated and they 
are not likely to be of much practical value. The stress at the edge of the 
hole, which is of considerable interest, can, however, be expressed in a com- 
paratively simple form. Thus, from (9*6) and (9*7), after some calculation, 
it is found that the edgq^ stress is given by the real part of the formula 


((ri + 72) F'(0 ^'(D - E1"{0 -7172^^0} 

{F'(0 +y\F'(C)}{F(S) +r;F(0} 

2fF(g)(F'«(g) -7i72i2M _ 

{F'to +riF(0}{>'(C +y»F(0}' 


As before attention will be confined to those problems for which F’{Q 
has zeros, but no poles, at points in the plate. Hence, from (9'7), it is seen 
that V(Q and IF(^) will have poles at these zeros but that F(^) + IF(^) will 
be free from poles. 


The tension peoblkm 

10. When a uniform tension T is applied to the plate at infinity parallel 
to the *-axi8 the appropriate expressions for F(g) and W{^) are given in 
(3-3) and (3-4), and the corresponding stress at the edge of the hole is then 
found from {9’8). Thus, adding to this the stress transmitted from infinity, 
the total stress at the edge of the hole is found, after considerable reduction, 
to be given by the expression 

+ 7 iF( 0} +.ri ^'(C) {^'(0 + y.F(C)} {F(0 + yaF(C)f 

“ (1 +yi)(l +72) [- Ji’'(£)F(f) + (aoe-^C+o,e‘t)(F '(0 + F(C)} 

+ (71 + 72) F'(0 + 7x72{F«(a + F»(C) + F(C) F'iO 

- (Ooe-«+Soe«)(F'(0 + F(0}}]. dp-l) 
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When the transformation used is of the form (1*9) it can be verified that 
the expressions (3-3) and (3-4) for F(^) and W{^) give the correct stresses 
at infinity for n » 0 or 1, so that (10-1) represents the correct edge stress 
for these cases. When n ^ 2 the infinity conditions are pbscure so applications 
using these transformations are withheld at present. * 

When the hole is elliptical, with its major axis parallel to the tension at 
infinity, the edge stress is given by (1-6) and (10-1) and is found to be 

!!(-{( 1 + y\) 2a -f 2yi ~ ( I -f- yf + 2yi cosh 2a) cos 2^} 

1ft X {{1 4* yl) cosh 2a + 2y3 — ( 1 + yi -h 2y^ cosh 2a) cos 2^) 

- T(1 + yi) ( I + ya) {cosh 2a - cos 2f ) {1 + y^y^ + I -f yx + y^ - yjy*) 

“ 1 - 71 “ 72 y 1 r 2 ) ^ (7i + 72 + + 7i 72 cos 2^}. (10-2) 

The value of the stress round a circular hole may be obtained from this 
formula by letting a*^cxD, and the result agrees with that found in previous 
papers (Green & Taylor, 1945 ; Green 1942). Also (10-2) reduces to the formula 
(4*1) when y^ ~ = 0, i.e. when the material is isotropic, 

1 L If a uniform tension T is applied to the plate at infinity parallel to 
the y-axis, then the values of V{Q and W{Q are given by (5*2) and (5-3), and 
the total stress at the edge of the hole can be found from the expression 

+ yir'(C)} {^'(0 + yi F%)] {r (D + y.F'iO} {F'{0 + y, F'(0} 

= (1 -y,) (1 -y.) TF'i^P'iO [- F%)r(Q + (a,e*(-a,e-^){F%)-F%)] 

- (y, +y*) F’(0F'(0+y,y^{F%)F%)-F’\0-F’H0 

-{Uoe^i-a,e-^i){F'{0-F'{0}}]- (IM) 

The stress at the edge of an elliptical hole whose minor axis is parallel 
to the tension at infinity can now be found from ( 1 ' 6 ) and ( 11 * 1 ) and is 

^{(1 + 71 ) cosh 2 a + 2 yi - (1 + yf + 27 , cosh 2 a) cos 2 g} 

X {{ 1 + yj) cosh 2 a + 27 g - ( 1 + y| + 27 , cosh 2 a) cos 2 ^ 

= T( 1 - 7i) ( 1 - 7g) (cosh 2a - cos 2g) { - 1 - 7,7* + i(l - 7, - 7,7,) c»« 
- 1 + yi + yg - yi yg) + (yi + yg + «** + y, yge-*«) cos 2g}. ( 1 1 -2) 

Thb shear problem 

12 . If the plate is subject to a uniform shear 8, at large distances from 
the hole, parallel to the x- and y-axes, the appropriate expressions for F(f) 



244 


A. E. Green 


and W (f ) are contained in (7-2) and (7-3). The total stress at the edge of the 
hole is then given by the real part of the formula 

+ riF'iO} + 7i ^'(0} +y,^'(^)} 

* 4u<?(l -Tira) P'(C){«oe*^'^'(0 + (ri + yj)aoe*^-f’'(S) 

+ yiy»[Soe«F(0 + (12- 1 )• 

For an elliptical hole the edge stress becomes 

ll«{( i + y!) cosh 2a + 2y^ ~ ( 1 + yf + 2yi cosh 2a) cos 2^} 

X {(1 + y|) cosh 2a -f 2ya — ( J + y| + 2 y 2 cosh 2a) cos 2^} 

- 2*S( 1 - y^ya) (cosh 2a - cos 2g) (y^ + ya + e®'* + yiya® '^“) sin 2g. (12*2) 


Nttmerioal discussion 

13. Calculations are carried out for isotropic materials and for a speci- 
men of 8})ruce wood whose elastic constants are shown in table 1 . These 

Table 1 

*11 *11 71 Va 

spruce 15-5* 0-687 -0-33 11-6 16-91 D56 0-608 0-111 

values for spruce wood have been used in previous papers and they are 
chosen go that the grain of the wood is parallel to the y-axis. If the 
values of and interchanged (which means a change in sign of 

and yj), the grain is then parallel to the oj-axis. The inverses of the constants 
* 12 , *«« are measured in 10® kg./sq. mm.* 


. The tension problem: kliaptical hole 

14, The values of the stresses at the edge of an elliptical hole in a spruce 
plate under tension have been evaluated by using the formulae (10*2) and 
(U-2) together with (1*5) and (2-6), the semi-axes of the ellipse having the 
ratio a' : 6' « 3 : 2. Pour cases are considered; the major axis of the eUipse 
may be either along or perpendicular to the tension and the tension may be 
either along or perpendicular to the grain. The results are given in tables 2 
and 3, In both tables the coordinate — ^ is the eccentric angle of the ellipse 
and g 0 at one end of the major axis. The distribution of over one 
quadrant of the hole is shown in figure 1 for the case where the tension is 


♦ The uuits were incorrectly given as kg./sq.mm, in previous papers. 
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« 

parallel to the grain and in figure 2 for the case when it is perpendicular to 
the grain. The values of at the edge of a circular hole in a spruce plank are 
also shown in figures 1 and 2 for comparison. In these figures the sheet is 
supposed to be in a state of tension in the direction ^ « 0, so that when the 
tension is applied at right angles to the major axis of the hole the meaning 
attached to ^ is different from that used in tables 2 and 3. 



Fiourk 1. Stress distribution round the edges of elliptical holes in spruce; 
tension parallel to grain, parallel to g = 0. 


From the figures and tables it is seen that the distribution of round 
the elliptical holes in a spruce plank has the same general character as that 
round a circular hole. When the tension is applied parallel to the grain, the 
gr^test variations in stress from that round a circular hole occur in the 
region of high stress concentration, but these regions are limited to small 
areas where the fibres which have been cut in making the hole lie close to the 
uncut fibres* When the tension is applied perpendicularly to the grain, the 




246 


A. E* Green 


greatest variations in stress from that round a circular hole occur mostly in 
the small regions near oonoentrations of high compressive stress. 

In a previous paper (Green & Taylor 1945) an attempt was made to 
predict the type of failure which might be expected to occur in a spruce 
tension member containing a circular hole. The most interesting result was 

4 

3 


2 


1 

0 

'2 

“3 

"4 

-6 


Figurb 2. Stress distribution round the edges of elliptical holes in spruce; 
tension perpendicular to grain , parallel to { = 0. 

that when the tension is applied j)arallel to the grain breakdown is to be 
expected by a shearing crack parallel to the grain at points on the circle 
which are about 12® from the |K>sition of maximum stress. A similar cab 
oulation for elliptical holes, using tables 2 and 3 and figures 1 and 2, for the 
case when the tension is applied parallel to the grain, and the major axis of 
the ellipse is either along or perpendicular to the grain, predicts the same 
kind of lireakdown, but the angular position of the shear cracks is slightly 
different. 
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Tablb 2. Valubs of stbbssbs ok thb boob of thb bixifsb: 

TBKSIOK FABAIiLBL TO THB MAJOB att« 



xyjT 



UtT 



Tension paraHol to grain 


0 

00 

0-0 

-0*195 

«0-195 

10 

0-0461 

-0-0122 

-0-174 

-0-186 

20 

0-0646 

-0*0362 

-0*118 

-0-163 

30 

0-0362 

-0-0314 

-0-0418 

-0-0732 

40 

-0-0458 

0-0576 

0-0364 

0-0940 

50 

-0-178 

0-817 

0-0993 

0-417 

60 

-0-340 

0-884 

0-131 

1-02 

70 

-0-476 

1-96 

0-116 

2-08 

75 

-0-488 

2-73 

0-0871 

2*82 

80 

-0-420 

3-67 

0-0494 

3-62 

85 

-0-250 

4-28 

0-0146 

4-30 

90 

0-0 

4-57 

0-0 

4-57 



Tension perpendioular to grain 


0 

0-0 

0-0 

-6-13 

--5-13 

5 

0-432 

-0-0567 

-^3-29 

•^8-36 

10 

0-220 

-00581 

--.0-830 

-0*888 

16 

-0-179 

0-0721 

0-446 

0-618 

20 

-0-606 

0-276 

0*926 

1-20 

30 

-0-828 

0-717 

0-957 

1-67 

40 

-0-868 

1:08 

0-681 • 

1-76 

60 

-0-748 

1-34 

0*418 

1*76 

60 

-0-581 

1-51 

0-224 

1*73 

70 

-0-393 

1-62 

0-0953 

1-71 

80 

-0*197 

1-68 

0-0232 

1*70 

90 

0-0 

1-70 

0-0 

1*70 


The TBKSIOK problem: 

SQUARB HOIiE 



15. The stresB at the edge of ft rectangular hole in an ieotropio tension 
member is given by the formulae (4-0) and (6’6). These formulae, however, 
only give practical values of the stress at points on the edge of i^e hole 
which are not near the comers of the rectangle, since at these comers the 
stress is theoretically infinite. It will be seen that the stress along most of 
the edge which is at right angles to the tension is compressive and equal 
to — T. For a square hole the stress %t the middle points of the edges which 
are parallel to the tension is a tension and approximately equal to 1*82T; 

In order to get some idea of the effect of piercing a wall with reotangular 
Openings Coker and Filon have, for simplicity, and to avoid stresses which 
would cause failure in the material, considered, by photo-elastic methods, 
stress at the edge of a square hole whose anglre are rounded off to a 
definite radius. It is probably possible to obtain an analytical description 

Vol* ia 4 . A. X6 
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Table 3. Valueis or stbesses ok toe edoe or toe buufss: 

TENSION FEBPEKDIOTTLAB TO THE BlAJOE AXIS 


-r 

xylT 

laalT 


WT 



Tension parallel to grain 


0 

00 

0*0 

9*04 

9*04 

5 

-0*886 

0*116 

6*76 

6*87 

10 

-0*949 

0*261 

3*69 

3*84 

15 

-0*707^ 

0*284 

1*76 

2*04 

20 

-0*464 

0*263 

0*860 

MO 

30 

-0*162 

0*131 

0*176 

0*306 

40 

-0*0119 

0*0149 

0*00043 

0*0244 

50 

0*0400 

-0*0716 

-0*0224 

-0*0939 

60 

0*0602 

-0*130 

-0-Q193 

-0*160 

70 

0*0407 

-0*168 

-0*00988 

-0*178 

80 

0*0221 

-0*188 

-0*00260 

-0*191 

90 

0*0 

-0*196 

0*0 

-0*196 



Tension perpendicular to grain 


0 

0*0 

0*0 

2*67 

2*67 

10 

-0*644 

0*170 

2*43 

2*60 

20 

-M3 

0*617 

2*07 

2*69 

30 

-1*36 

M7 

1*67 

2*74 

40 

-1*29 

1*62 

1*02 

2*66 

50 

-0*968 

1*71 

0*636 

2*25 

60 

-0*430 

M3 

0*168 

1*30 

70 

0*129 

- 0*630 ’ 

-0*0812 

-0*561 

75 

0*329 

-1*84 

-0*0588 

-1*90 

80 

0*392 

-3*33 

-0*0460 

-3*38 

86 

0*269 

-4*61 

-0*0167 

-4*63 

90 

0*0 

-6*13 , 

0*0 

-6*13 


of the particular hole which they considered, but the subsequent calculation 
using the methods of this paper might prove tedious. The general character 
of the stress distribution round such a hole can, however, be indicated by 
using a hole represented by the simple expressions (M), taking the case 
n » 3; a 3bi since this is approximately a square with the corners rounded 
off in a definite way; 

For an isotropic material one case is considered numerically, namely that 

in which the tension is applied parallel to two sides of the sqpare. Tb.e 

necessary results are either contained in formula (4*5) dr they may be 

deduced from (4>3), (6*3) and (8’3). Putting a =* 3b, n 3, the edge stress 

becomes «>, . -n 

H ^ 4r(l - 2-7em2g) 


fi — 3 co84| 




and the numerical results are recorded in table 4. The ^tnt i » 45° ooite' 
spends to the mid-point of the side of the square which is perperrdioular to 
the tendon and the point S — 45° corresponds to the mid-pi^t of the 
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* 

side of the square which is parallel to the teniSion. The results are represented 
by a diagram in figure 3 in which tensional stress is denoted by lines drawn 
along the outward normals and compression is denoted by lines drawn along 
the inward normals. 

Along the sides of the square which are parallel to the tension the stress is 
greatly above the value T and rises to a maximum of about 2*9T and then 
diminishes ver|||rapidly and becomes an appreciable compression along the 
other boundary with a maximum at the centre of the line of — 0*85!r. These 
results are in general qualitative agreement with those found by Coker & 
Filon by photo-elastic experiments. 


Table 4, Vautes of the stbess at the edge 

OF A SQUARE HOLE WITH ROtJNDED CORNERS 


s 

45^ 

40^ 

35*^ 

30*= 

25° 

20° 

16° 

u. 

~0‘85 

-0^849 

-0*843 

-0*824 

-0*774 

-0*667 

-0*4 

s 





-10° 

-15° 

-20° 

£S. 

(M13 

0‘974 

2 

2*69 

2*85 

269 

2*44 

£ 

o 

1 

-30^ 

-35' 

-40° 

-45° 



££. 

2-22 

2^05 

1-94 

1*87 

1*86 





: 3. Distribution of stress round a square hole with rounded cwners. 
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The tension TEOBLBM: TRIANaULAB hole 


16. It is of some interest to find the variation of edge stress round a 
triangular hole in an isotropic tension member. As in the problem of the 
square hole the comers must be rounded off in order to avoid stresses which 
would cause breakdown of the material. The equation (M), when a ^ 2b, 
n - 2, represents approximately an equilateral triangular h<||p whose corners 
are rounded ofiF, and from^ (4*2) it is seen that the stress at the edge of such 
a hole takes the simple form 


He 


T(S — 8 cos 2^ H- 4 cos 
5 — 4 cos 3^ 


(16-1) 


when the tension is applied at right angles to a side, and from (6*2) the 
stress is given by 


He* 


+ 8 008 2g — 4 cos ^ ) 


(16-2) 


when the tension is applied parallel to a side. 


Table 6. Valuks op the stress at the edge ok a 


TRIANOUIlAR hole with EOtrNDBD CORNERS 

Tension perpendicular to a side % 


s 

0^ 

10° 

o 

o 

80° 

o 

o 

60° 

60° 


-10 

-0-377 

0-210 

0-493 

0-668 

0*822 

1 


70° 

so* 

90° 

100° 

110° 

120° 

130° 

Tl 

1*24 

1-60 

2-2 

3-27 

6*06 

6 

MS 

i 

140° 

160° 

160° 

170° 

180° 



Tfi. 

- 0-484 

-0-893 

-0-984 

-0-999 

-1-0 






Tension 

parallel to a 

side 



s 

0° 

10° 

20° 

30° 

40° 

60° 

60° 

U. 

7 

4-28 

1-79 

0-707 ^ 

0-189 

-0-113 

-0-333 


70° 

80° 

90° 

100° 

110° 

120* 

130° 

u. 

-0-631 

-0-746 

-1 

-1-27 

-M6 

1 

2-72 

i 

140° 

160° 

160° 

170° 

180° 



Tl 

2*48 

2-09 

1-64 

1-71 

1*67 




Numerical results are given in table 6 and the variation of edge stress is 
shown in figure 4 for the case when the tension is perpendicular to one side 
and in figure 5 for the case when the tension is parallel to a side. In the 
former case the stress at one corner is compressive and equal to — T, It 



Stress systerns in isotropic and aeolotropic plates 



FxaxrBJB {S. Stress distribution round the edge of a triangular hole. 
Tension parallel to a side. 
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then becomes a tension along the adjacent sides and at the other corners it 
rapidly increases to a maximum of 5-28 T and then rapidly decreases and 
becomes a compression along most of the third side with a maximum of 
— r at the centre of the side. In the latter case the stress is a maximum of 
7 y at one corner. It rapidly decreases along the adjacent sides and near the 
other corners becomes a compression with a maximum of — I'ST, and then 
rapidly increases to another maximum tensioji of 2-77^ and finally falls to 
a tension of 1*67T at the mid -point of the third side. 


The shkak problem 

17. Only one numerical example is considered here. A uniform shear S 
is ay)plied to an isotropic plate which contains a square hole with rounded 
corners, the shear being applied parallel to the sides of the square. The 
formula for the edge stress is given by equation (8*5) when a == 36 and n — 3, 
and it takes the simple form 

^ 13-5aScos2^ 

5-3oo84r 

Some numerica»l values are given in table 0 where ^ — 45° is the mid-point 
of a side of the square and ^ - 0 is a corner of the square. It will be seen 
from the table that the edge stress reaches the high values ± 6‘75/S at the 
corners. 

Table 6 

g 45^ 40^’ 30^ 25** 20“ 16“ 10“ 6“ 0 

00 0-300 0-633 1-04 1-57 2*31 3-34 4-70 6*10 6-76 

t 
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On relaxation methods A mathematics 
for engineering science 

By R. V. Southwell^ F.R,S. 

(Delivered 17 June 1943 — Received 3 August 1943) 

1. By engineering, in tliis lecture, I intend the art whereby science is 
applied to useful ends; by engineering sciencx^, that corpus of knowledge-^ 
mathematics, physics, chemistry and the like — which is pursued with a 
view to such practical application. I am not concerned to defend these 
definitions, only to make iny meaning clear. Such as they are, their dis- 
tinction between engineering and engineering sciencse is analogous with the 
distinction between clinical medicine — ^the art — and medicine — the science 
of our medical schools and research centres. 

As engineering advances the scope of engineering science advances too, 
and roughly (I suppose) it may be said that the engineering science of any 
given time is the physics of fifty yea<s before. Thus its field of study now 
is very much the same as that of ninetoenth-oentury physicists like Kelvin, 
Stokes or Rayleigh: in ‘field physios* (of which my lecture treats this 
afternoon) we are concerned with problems in hydrodynamics, elasticity 
and the like such as make up the bulk of their collected papers. There is, 
however, this difference in our outlook (and it arises because our science 
is directed to practical ends) that we would, rather have pmoer to mlculate 
aj^roximately for any data than power to calculate e^xactly for data of a few 
restricted hinds. 

2. Take, as an example, Saint-Venant’s well-known theory of torsion 
for a bar of non-circular o^oss-section. It is formally complete, and its 
equations have been satisfied exactly for various mathematical shapes — 
equilateral triangles, ellipses and the like. From a purely physical stand- 
point this is enough, and nineteonth-oentury physicists passed, in elasticity, 
on to other problems ; but engineering science, in so far as it is oonoemed 
with the problem, is concerned with the torsional properties of shapes 
(e.g. of ‘x-girders*) which are not expressible mathematically, therefore 

* The name ‘Reiaxation Methods’ is on abbreviation of the xncro complete 
description given in the titles of my 1936 papers (Hefs. 1 and 2) : * Strese-Caloulation 
in Frameworks by the “Method of Systematic Relaxation of Constraints 

[ 268 ] 
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are not tractable by orthodox mathematics. It has no great enthusiasm 
for exact solutions: 10 % accuracy in an estimation of stresses is good 
enough. But it does ask for methods which can be applied without restric- 
tion, to any sMpe of cross-section; and the mathematics which sufficed the 
nineteenth-century physicist it finds wanting in this respect. 

Here and in other problems of field physics, for some six years I have 
been seeking, with a zealous team of co-workers'*^ at no time numbering 
more than six, to furnish engineering science with a mathematics of its 
own ; a mathematics not exact, but on the other hand not thus hedged about 
with troublesome restrictions. Being a team without official standing, it 
has fluctuated in size and personnel because ministries from time to time 
have taken its members for other work; but it has never been allowed to 
suffer extinction, since new recruits have been found.f From time to time 
our work has led to^ solutions having a war-time interest, and in* conse- 
quence our energies have been focussed on a single objective, sometimes 
entailing much repetitive computation. In the intervals I have sought to 
extend the range of our methods, trying to guess what problems w^ere most 
likely to attain war-time imj)ortance. 

My aim to-day is not to explain the details of oui* methods, but to show 
the kind of thing that they can do. Figure 1, for example, shows one of our 
first solutions (in 1937) of the torsioii problem. The equiangular section is, 
for orthodox analysis, one of the easiest to treat ; but I do not think that 
orthodox analysis can do much with a pierced, triangular section, and 
moreover, here and throughout this lecture it should be remembered that 
any problem we have solved for one slmpe of boundary we could have solved 
for any, 

3. Having made that point, I now show further results of our earliest 
work. First, in the theory of torsion Prandtl (1923) sought to determine the 
consequences of ‘yield’ whereby, when the shear stress has attained some 
limiting value, the corresponding strain can increase without hmit (figure 2). 
Here too a formal solution can be stated; but the difficulties of analysis 
are now much greater, because of the whole cross-section some parts behave 
‘ elastically * and others ‘ plastically and the common boundary of the elastic 

• Their xiames appear as co-authors in the list of references. Acknowledgement is 
made to the Ministry of Supply, for grants in support of researches made on behalf 
of certain war committees ; also to the Ministry of Aircraft Production (through its 
Aeronautical Research Committee) and to the Department of Soientifio and In- 
dustrial Research, for grants in general support of oin* effort. 

t In this connexion I gratefully acknowledge help received on many occasions 
from Dr C. P. Snow of the Central Register. 
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and plastic portions is not known in advance. Our coinputations for an 
equilateral triangle are shown in figures 3 a, 6, where the contour curves 
show the direction and (by the closeness of their spacing) the intensity of 
the shear stress on cross-sections. On account of symmetry, only one- 
sixth of the complete triangle is reproduced in figure 3a. 



I 

i i 


Fioinuc 1. Solution of the torsion problem for a pierced triazigle (Ref. 5, figure 7). 
The final solution (at top of diagram) was obtained by gyntbosis of the wo solutions 
given below. 

It will be seen that near the centre of eacli side the spacing of the contours 
is uniform so that the shear stress has a constant value. That value is the 
limiting stress /jr in figure 2, and the dotted curve shows the extent of the 
plastic region {not hvmm initially). As the twist increases, plastic strain 
extends over more and more of the cross-section; but however far it 
extends, elastic conditions are maintained in a spinal region extending 
from the centre to the corners (figure 36). Experiment gives general oon- 
firi^fiation of these conclusions (cf. Nadai 1931, Chap. 19). 
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4. Secondly, we confront the phenomenon of refraction (e.g.) in 'the 
theory of magnetistA when we deal with fields containing iron. Few cases 
of this kind yield to orthodox analysis, and Hele-Shaw & Hay (1900) 
devised a highly ingenious technique for obtaining solutions by experi- 
ment. Here again our methods have proved successful, and are not 
restricted to particular shapes of boundary. Figure 4 compares the 
results of computation with those of experiment, for an iron prism of 
triangular section. 

5. A like freedom from restriction is found in dealing with the problem 
of conformal transformation: any of the four standard types of trans- 
fonnation (figure 6) can be effected by our methods for a region of any 
specified form. From the standpoint of engineering science, conformal 
transformation is a device whereby a problem hard to solve as presented 
can be simplified by a change of coordinates. Thus in studying the flow of a 
compressible fluid through a convergent-divergent nozzle we have found 
it advantageous to transform the ‘field* of the fluid into a rectangle. 
Figure 6 shows our solution of this problem. 

6. I have mentioned ‘plastic torsion* as a problem hard to attack by 
orthodox methods for the reason that we cannot say initially what is the 
common boundary of the plastic and elastic regions : a similar difficulty is 
confronted in the treatment of fluid motion characterized by ‘free surfaces *. 
Sometimes it can be turned by an analytical use of conformal transforma- 
tion — as was shown by Kirchhoff and Rayleigh in their treatment of jets, 
etc., in two dimensions; but this elegant device has pitfaDs — as was found 
by Davison & Rosenhead (1940) in a study of percolation through granular 
material (figure 7). Here, a single and simple boundary condition is 
imposed along the sides of the rectangular retaining wall, but the rest of 
the boundary (namely, the free surface of the ‘water table* AE) is not 
known in advance, and on it a double boundary condition must be satis- 
fied. Using the device, Davison & Rosenhead compelled this remaining 
boundary to start at A and to finish at D; but having no means of allowing 
for the vertical boundary DE they could not compel it to stay within the 
porous material, and in fact it was found (in the absence of an assumed 
evaporation) to pass from left to right through the vertical boundary DE 
before returning (os on their assumptions it must) to D. 

Later, when I come to describe our methods, you will see that they are 
essentially tentative like the engineering process of ‘scraping* to a surface- 
plate or gauge : for that reason I felt confident that they would serve in 
cases where some part of a boundary is initially unknown, and applied to 
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this problem {in 1940 - 1 ) they led quickly to positive results. The true 
solution, as 5^)U see, involves ‘seepage’ of water through a part of the 
vertical side of the retaining wall. 


O., HCT 







PiouBB 6. Types of conformal tranaformation (Ref. 7, Bgure 1). 
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Part of figure 6; legend on facing page. 
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Figures 8 and 9 show further examples, and throw some light on the 
failure of conformal transformation in the case examined by Davison & 
Rosenhead. In both a rubble ‘blanket' is assumed to be provided, as is 



Fioukk 7. Percolation problem of Davison & Rosenhead (Ref, 9, figure 5). 

The curves are contours of constant pressure. 

customary,* to prevent erosion by drainage down the side exposed to air. 
In the second (due to the assumption of two strata of diflFerent porosities) 
refraction enters again as a complicating factor. 

♦ Cf. Casagrande (1937). 
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7. So far I have dealt with problems differing in respect of their hotin- 
dary conditions but all having as governing equation either the two* 
dimensional form of Laplace’s equation, viz. 



i' If 

Fioubb 8. Percolation through a levee with rubble ‘blanket’ (Ref. 9, figure 8). 
The curves are oontours of constant pressure. 


or the two-dimensional form of Poisson’s equation, viz. 

r 0* 0* 1 

+ + = • (2) 

where Z{x, y) is speoifiod. I now give some aooount of our methods as 
applied to these ‘plane-harmonic’ equations, treating (1) as a particular 
esse of (2), 

As my slides have shown, we present our solutions in the form of nu- 
merical values of the wanted function (w) at nodal points of a uniform lattice 
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or *net'. The meshes (in theory) may be either hexagonal, or square, or 
triangular (figure 10); the values satisfy, not the governing equation (2) 
as it stands, but the approximation to it which results when its differentials 
are replaced by finite-difference approximations. Such replacement, of 
co.urse, is no new device : indeed, it is hard to suggest an alternative, if the 
aim is to evolve a tnethod applicable to any shape of boundary. I believe 



Fiotjue 9. Tile same problem modified by the assumption of two strata 
having different porosities (Kef, 9, figure 7), 

The cui’ves ai‘e contours of 'velocity potential* 


that triangular nets (which have some advantages in respect of accuracy) 
have not been employed before ; but they could have been employed by 
earlier investigators whose methods can hardly be described as ‘relaxa- 
tionar, and it is not this feature that I want to stress. 

8. Whd I regard as the esacnce of Relaxation methods* is their tmualiza- 
lion of any plane-harmonic problem as concerned with a mechanical system 
executing controlled displacements under the oMion of constraints. That 
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notion came to me first as a means of stress-calculation in engineering 
(structural) frameworks, where ‘ redundancy ’ (i.e. a superfluity of members 
above the number winch would suffice to render a framework 'just stiff’) 
introduces difficulties and uncertainties with which every engineer is 
familiar. Postponing for the moment my account of our attack on these 
structural problems, I now give a mechanical interpretation of our square 
and triangular nets. 

Prandtl (1903) showed that an equation of the form of (2) governs (if 
these are small) the transverse deflexions w of a uniformly tensioned mem- 
brane (e.g. a soap film) under the action of transverse pressure having, at 
every point, an intensity proportional to Z, Griffith & Taylor (1917) 
utilized this analogy to find experimentally, with the aid of soap films, 
solutions of the torsion problem for cross-sections of non-mathomatical 




Fioukic 10. Three typon of relaxation net (Kef. 5, figtxre 1). 

shapes. We have shown (1943) that the finite-difference approximation to 
(2) may be interpreted similarly, as governing the transverse deflexions of 
nodal points of a tensioned net when the transverse pressur^ is cou- 
centratod at these points in accordance with the rules of statics (Ref. 14, 
§§ 7-9). Consequently an actual net might be used (in the manner of 
Griffith & Taylor) to solve the finite-diiference equation by experiment; 
but in fact the net is tractable theoretically, and greater accuracy is attain- 
able in calculation, (In experiment, you see, there is this dilemma -that 
unless considerable displacements are jKjrmitted there is nothing much t{) 
measure; whereas if they are, then the analogue is inexact, — the deflexions 
are governed by a different equation.) 

9. A great advantage of the 'net analogy’ (to minds like min^ is that 
it enables one to judge by intuition the extent of the error which is and must 
be entailed by our use of finite-difference approximations; and for that 
reason I prefer to spend my own energies in extending the range of pro- 
blems which can be treated by this simple concept, notwithstanding that 
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the more mathematically minded of my colleagues are bent (I am glad to 
say) on improving the accuracy of our approximations. 

The appeal to me of the mechanical (‘net’) analogy may be illustrated 
by reference to a slide shown earlier (figure 7). Here, if we state our pro- 
blem as that of determining the fluid pressure p (which is ‘ plane-harmonic ’ ), 

(i) the wanted function has specified values along AB, CDE, EA, 
and specified normal gradients along BC, 

(ii) a further condition is imposed along AE, 

but the form of AE is not knomi initially, being determined by a double 
boundary condition. We made no progress until we examined this double 
condition as relating to p interpreted mechanically, as the transverse 
displacement of a membrane fixed (to sloping boundaries) along AB, BG, 
CD, unloaded except along AE, and there loaded by edge forces having 
uniform horizontal line-intensity; along AED the displacement must be 
zero, A model (figure 11) shows the nature of the mechanical problem. 
Every string is maintained at the same tension by a hanging load, and 
other weights exert an equal pressure where they touch the string. I move 
each weight until it can no longer keep the string pressed against the base 
(or ‘datum plane’): when every weight is in equilibrium, I have the 
wanted curve. 

We set ourselves to solve this problem by computation (of course, on a 
net finer than the net in my model).* Then solutions came rapidly, owing 
to the tentative nature of the relaxation process. 

10. I must now explain that process, and to do so I will summarize 
ideas by which (in 1935) I was led to a relaxational treatment of braced 
frameumks. I shall be very brief, for I have already given them in a book 
published late in 1940 (Ref. 19). 

The standard problem in frameworks is, given the loads which come upon 
the joints, to deduce the resulting stresses or (what amounts to the same 
thing) the joint-displacements. Let us suppose that displacements are 
wanted. Then the orthodox procedure is, taking the joint-displacements as 
unknowns, to formulate equations of equilibrium for every joint, having 
the specified forces on their right-hand sides. Up to this point a firm grasp 
is kept on physical realities ; but now there follows a series of operations, 
performed in accordance with definite mathematical rules, but in which all 

* The net was given large meshes in the model, partly for simplicity of manu- 
facture and adjustment, but also in order to illustrate the satisfactory representation 
of a wanted function which oven a coarse net permits. Wlieti tlie weights are in 
adjustment, the eye gains a quite clear impression (no doubt, helped largely by 
imagination) of a oontinuom function coinciding with the net at its nodal points. 
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physical contact is lost. We dive, so to speak, into a surf of computations, 
from which we emerge, slightly breathless, with a result which should be. 



Fiotjhk 1 1. Model illiiBtrating wet analogue of figure 7. 
(Photographs by Prof. C. M. White.) 


and we hope is, a pearl. It is a series of displacement values, which ought 
to satisfy all of the original equations. We try them, and perhaps they do. 
If not, we must dive again. 
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In contrast with this process, I sought to reproduce in oomputation, step 
by step, a process which might (at least in imagination) be applied to the 
actual framework. “An ordinary engineering ‘jack* (e.g. for automobiles) 
is a means whereby a controlled displacement may be imposed at any 
point: it is easy to imagine devices whereby this displacement can be 
recorded, together with the load sustained at any instant; also to visualize 
an arrangement in which every joint of a framework which would normally 
be free to move is provided with a jack of this kind to control its displace- 
ment. Suppose that initially the jacks fix the joints in positions such that 
the framework is not strained: then, plainly, when the external loads are 
applied they will be taken wholly by the jacks. Suppose that subsequently 
one jack is relaxed, so that one joint is permitted to travel slowly through a 
specified distance : then load will be transferred from that jack to adjacent 
jacks and to the framework, and strain-energy will be stored in the latter. 
If the force on the jack which is relaxed had a component in the direction 
of the travel, that jack will be relieved, and strain-energy will be stored in 
the framework at the expense of the potential energy of the external 
forces** (Ref. 19, § 3), 

Here then is an imagined process whereby a framework could be brought 
from the unstrained to the fully -strained configuration ; and every step is 
easy to follow in calculation. The governing consideration, you see, is that 
indirect solutions are easy : there is no difficulty in computing the forces 
brought into play when all but one particular joint are held fixed and on 
that joint a specified displacement is imposed. So, for every step in the 
loading process, we can compute the relative changes in the jack load- 
readings; then, in a further oomputation, we can follow the whole process, 
keeping touch with reality throughout. Two computational tables are 
entailed (figure 12): the first (the ‘operations table*) exhibits the effects 
on the recorded loads of displacing every joint severally, also (e.g, opera- 
tions ‘6* and ‘7*) of any simultaneous displacement of two or more joints 
which we may expect to find useful; in the second (the ‘liquidation table’) 
the first line shows the applied forces which are the loads initially recorded, 
subsequent lines show a steady decrease in magnitude of the recorded loads 
in consequence of operations which are detailed in the first and second 
columiis. The tentative nature of the relaxation process will be apparent 
to anyone who examines this table carefully. 

11. Now, in place of a braced framework, let us suppose that we load 
our tensioned net. Nothing need be altered in our imagined (physical) 
process, and again every step can be followed in oomputation. In foot 
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there is this simplification, that whereas in the framework every unit 
operation may be different, in the net (owing to its regularity) every 
operation is the same. We no longer need an operations table: it 


TABL.S 1 


(Unit*: 1 too weight; 1 foot,) 


Opermtion 

no. 

Nature of 
operation 

(1) 

(2) 

x« 

(3) 

^4 

(4) 

r. 

(6) 

Vo 

''JgM 

IB9I 

T* 

1<«) 

U4 • 1 

-J.W 

0 

312 

0 

798 

1,290 

8,709 

-1,090 

1 ih) 

« 0.3513 

•>1,000 

0 

78, 

0 

103 

338 

678 

-371, 

3(«) 

-» 1 

0 

^4.100 

0 

720 

0 

3,390 

7J9 

-780 


0.3439 

0 

-1,000 

0 

175 

0 

835 

175 

-175 

3 (o) 

**41 *■ 1 

St2 

0 

-5.J91 

4,500 

99i 

798 

-J.0i9 

432 


» 0. laM 

58 

0 

-1,000 

834 

85, 

143. 

-300, 


KkH 

»• - 

0 

720 

4.S00 

-3.329 

0 

0 

-7J9 

730 


« 0.1910 

0 

138 

862 

-1,000 

0 

0 

-138 

138 


i-e - 1 

76S 

0 

4iiO.S 

0 

-2.989.8 

-798 

9 

2,020 

6(6) 

> 0.4031 

300. 

0 

186 

0 

-1,000 

-3094 

0 

814 

6{o) 

Va - *0 •* 1 

312 

720 

! -«91 

-729 

491 

798 

-2,909 

2,188 

6(6) 

i - 0.6300 

193 

446 

-554 

-446 

286 

476 

-1,U6 

714 

7(«) 

Va •• -Vs - 1 

312 

-730 

-9,893 

9,720 

491 

798 

-899 

“898 

7(6) 

« 0.0510 

16 

-37 

-504 

406 

33 

39 

-18 

-15 




Xa 

Xs 

V* 

T. 

Xc 


(Initial forcei)-^ 

15 

7.07 


7.07 


1 (6) 

15 

-16 

0 

1.18 

0 

8 80 



0 

7.07 

1.18 

7 07 

2 89 

«(W 

7 

0 

-7.00 

0 

-1.32 

0 



0 

0.07 

1.18 

8,29 

3.80 

6(6) 

10 

1.63 

4.46 

-5.54 

-4.46 

3 86 

** 


1 93 

4. S3 

-4,86 

3.83 

5.75 

7 {W 

-8 

-0.13 

0.30 

4 03 

-3.97 

“0.18 



1.80 

4.83 

-0.33 

-0.14 

5.67 

5(6) 

7 

2 18 

0 

1.80 

0 

“7.00 



3 98 

4. 83 

0 97 

-0.14 

-1,43 

3(6) 

6 

0 

-6.00 

0 

1.05 

0 



3.98 

-1.17 

0.97 

+0,91 

-1.48 

1 (6) 

5 

-5.00 

0 

0.39 

0 

+0,97 



-1.02 

-1.17 

1.36 

+0.91 

-0.46 

6(6) 

3.5 

0.48 

+ 1.13 

-1.39 

- l.ll 

0.73 



-0.54 

-0 05 

-0.08 

-0,30 

0.36 

5(6) 

0.80 

0 06 

0 

0,04 

0 

-0 30 



-0.48 

-0 05 

+0 01 

“0.20 

0.06 

U 6) 

-0.5 

0.60 

0 

-0 04 

0 

-0.10 



0 02 

-0.06 

-0.03 

-0.30 

-0.04 

6(6) 

-0.26 

-0,06 

-on 

+0.14 

O.U 

“0.07 



-0.03 

-0,16 

+0.11 

-0.09 

-on 

3(6) 

-0.2 

0 

0-90 

0 

-0.08, 

0 



-0 03 

0 04 

0.11 

-0.13, 

-on 

7(6) 

0.3 

0 

-0.01 

“0.10 

0.10 

0 



-0.03 

0.08 

0.01 

-0 03, 

-on 

8(6) 

-0.13 

-0.04 

0 

-0.03 

0 

0.13 



-0.07 

0.08 

-0.01 

“0.03, 

+0.01 

U6) 

-0.06 

0.06 

0 

0 

0 

- o , i » 



-0 01 

0.03 

-0.01 

“0.03| 

- O.Ol 

6(6) 

-0.04 

0 

-0.02 

0.03 

0.090 

“0.01 



-0.01 

0.01 

0.01 

0 

-0.03 


FiatniE 12, Typical ‘operations’ and ‘liquidation’ table 
(Ref. 19, tables II and III). 


is repla-oed by a standard ‘relaxation pattern’ (figure 18 ). And liquida- 
tion, too, no longer calls for a table: it can be effected on the ‘relaxation 
net’. 
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12. The ^patterns’ on the right of figufb 13 relate, similarly, to the 
finite-difference approximation to the biharmonic equation 



w =» Z(x, y), 


( 3 ) 


in which Z(x, y), as before, is specified. This equation governs (inter alia) 
the transverse displacement under pressure, also the ^Airy stress-function' 
X which gives the stresses induced by extension, of a uniform elastic plate. 
I need not here develop a mechanical analogue of the finite-difference 
approximation: enough, that this leads (by similar reasoning) to the 
patterns shown. 



(a) (6) 

‘Relaxation patterns’ for the operators V® and V*: square net (N^4) 



(c) (d) 

‘Relaxation patterns' for the operators V* and triangular 


FxavRM 13, ‘Relaxation patterns* (Ref. 10, figures 3). 
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Our paper dealing with biharmonic analysis (Ref. 10) will not have open 
publication during the war, but I am allowed to show one solution — for 
the stresses in a standard ‘cement briquette’. The problem is indicated in 
the left-hand diagram of figure 14: the ‘jaws’ apply a measured pull to 
the specimen, and calculation of stresses is needed to decide how far the 
assumption is justified, that uniform and simple tension is imposed across 
the waist. But here a question is presented as to the coefficient of friction 
between the jaws and the briquette: to leave it open, in calculation we 
have separated (as the photo-elastic method cannot do) the effects of 
(a) the longitudinal pull and (/>) the transverse squeeze which the jaws 
exortu 

Our results for the second system (/>) are shown in figures 14 and 15: 
figure 14 shows the cross-tension figure 15 shows on the left the longi- 
tudinal tension Yy and on the right the shear stress-component Xy. It 
may be concluded that the squeeze (and hence the frictional coefficient) 
has little influence on the tension {Yy) across the waist. 

13. I leave the biharmonic equation (3) with the remark, that while the 
photo-elastic method will always have value as a means to qualitative 
understanding of a wanted stress-system, computation can now provide 
closer quantitative accuracy, and at no increased cost in respect of labour. 
It can, moreover, deal not bnly with problems in which edge tractions, but 
also with problems in which the edge displacements are specified, and even 
with ‘mixed’ boundary conditions (tractions sjjeoified at some points, 
displacements at others): Coker & Filon (1931, § 4.39) restrict the photo- 
elastic method to the first class of problem. 

14. Before passing to other types of equation I must deal with another 
aaj>ect of the relaxation process — whether applied to frameworks or to 
nets. Is that process always convergent? 

This is a question for mathematicians, and I, from the standpoint of 
engineering science, would first propound another: Wfuit is an ^ exact ^ 
solution? I have said that the orthodox jirooexlure, if displacements are 
wanted, is to formulate equations in these as unknowns, with the specified 
loadings on their right-hand sides. But when we turn to reality from the ^ 
rather artificial atmosphere of the examination hall, we are faced with the 
consideration that in fact loadings are never known exactly. To them, if to 
any of the data, ‘tolerances’ should be attached: 5±0ri tons here, 10±0'3 
tons there. But this is rarely done, even in oases confronted as problems of 
teseoteb ; beoanse the doing of it umtld have no consequences for orthodox 
methods of attack. 
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In our methods tm fix atte^dion, alivays^ not on the imnkd quantities 
{stresses or disph^sments) hut on the data of the problem {on the loada). 
We assume these, always, to have some specified ‘margin of uncertainty’, 
and we ‘whittle’ away at them, accounting for more and more, until 
every ‘residual* of a datum quantity has been brought within that margin. 
At tliat point we atop, asserting that to ‘whittle’ further would be not 
only waste of time, but meaningless. If you cannot tell the loads exactly 



(and in practice you never can), then you have no claim to an exact solu- 
tion. We need not apologize — we may even boast — that ours is ‘mathe- 
matics with a fringe*. 

16 . It may not seem an important feature of the relaxation method, 
but in fact I believe it to be both fundamental and important philoaophicalty, 
that in it we fix attention not on the wanted quantities but on the data of 
a problem. Ours is a tentative process, like the scraping process whereby, 
in engineering, a part is brought to coincide with surface-plate or gauge ; 
and our ‘margin of uncertainty’ (in the loads) is akin to the margin of 
tolerance between a ‘go’ and a ‘not go’ gauge. ‘Exact’ measurement has 
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no meaning in metrology, — ^we can only work to some limiting accuracy ; 
and so, I contend, exact solution has no meaning in mathematics aimed 
at practical ends. 



FtouME) 14. Concrete briquette problem, and computed values of 
(Ref. 10, figures 21, 26a), 
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16 . And now, as to the convergence of our oomputationa for frameworks 
and the like. When we seek a stable equilibrium oonfiguratioft for some 
mechanical system, we are (by a general theorem in mechanics) seeking 
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that configuration in which the total potential energy takes its minimum 
value; consequently any process which continually 'whittles at’ (so as to 
reduce) the total potential energy must bring the configuration nearer 



Figubk 16. Concrete briqiaette problem: values of and 
(Ref. 10, figures 26 6, c). 
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to what is wanted. An analogy has been suggested by Prof. Temple, 
which I quote for mathematicians to whom my picture of jacks and work- 
men makes a fainter appeal than to engineers : — In a valley devoid of fric- 
tion the place at which a ball will come to rest is its lowest point : that point 
is the ‘ wanted configuration * in a system defined by two variables — x (east 
and west) and y (north and south). Proceeding by the rules of our relaxa- 
tion method, we start from anywhere and proceed by * stages ^ sometimes 



east-and-west, sometimes north-and -south ; but always proceeding down- 
hill, and in every stage continuing until our path is level.*** It is clear that 
we shall tend always towards our goal, unless the valley contains other 
* stationary points' (hills) at which all paths are level; but this would mean 
that more than one point exists at which a ball can come to rest, and that 
possibility'^(in mechanical systems) can usually be excluded by a theorem 
of uniqueness of solution. 

You will observe that in adopting Prof. Temple's analogy I have im- 
posed no restriction excei)t this on the shape of the valley, — that is, I have 
not assumed the total potential energy to be a quadratic function of the 

* Slope is here the analogue of *resid\^ force*. Friotion will give a *j#trgin of 

uncertainty’. 
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displacements : consequently my argument is not restricted to systems in 



Fiqdiub 16. ‘Wave guide’ solution (Ref. 12, flgiires 3 and 4). The contours may be interpreted as 
routing to free transverse vibrations of an unJoadod membrane. 


figuration shall be unique. The point has importance, because we are using 
relaxation methods, now, on non-linear systems. In relating to linear 
systems (the main concern of my book) Temple has already undertaken 



278 


R, V. Southwell 


a mathematical defence of our methods: I now state my belief that a 
wider defence is possible. 


17. I pass to a review of our latest work. First, not only statical, but 
eigenwerte (characteristic number) problems can be treated: I have given 
the underlying .theory in my book, where it is exemplified by torsional 
oscillations in shafting and by the elastic stability of struts. The methods 
there described we have applied without essential change to problems in 
‘ field physics treated with a use of ^relaxation nets * ; e.g. (1 ) to transverse 
vibrations of membranes and (2) to electro-magnetic oscillations in two 
dimensions, both of which problems entail a governing equation of the form 


with F{x, y) specified ; also to the elastic stability of plane frameworks 
or of flat plating to transverse ‘ buckling — this last a problem of which the 
governing equation is 





0M>\ 

dx) 


0 , 


( 5 ) 


with P^,8,Py specified.* Eigemverte solutions to (4) or (6) must yield not 
only the ‘natural frequency’ or ‘critical loading’ but also the associated 
mode of distortion. Figure 16 shows the computed mode for an eleotrcy 
magnetic (‘wave guide’) problem; figures 17 and 18 explain a distinctly 
difficult problem in elastic stability. 


18. Figure 17 shows a rectangular strip of plating, loaded (in its own 
plane) by forces uniformly distributed. The plotted curves are contours 
of the principal ampreaaive stress, and are confined (as obviously they must 
be) to the bottom half. This system of stresses (chosen as being exactly 
calculable) is closely representative of what obtains in the web of a deep 
x-girder or in the wing spar of an aeroplane ; and in this connexion the 
question is presented, whether the web will be elastically stable. The 
tendency to buckle, since it is due to compressive stress, must increase 
sharply towards the right-hand bottom comer ;t but close to the edges it 
is prevented by the clamping which is there presumed, so we may expect 
the mode of distortion to have its greatest amplitude somewhere near this 
comer, and elsewhere to involve no serious deflexions. This expectation 
is realized (figure 18). , 

* This problem was exemplified in the lecture by a mod^l of a ‘through girder’ 
bridge. 

t Cf. the values of stress-intensity which are attached to the contours in figure 17. 
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19. The mode exhibited in figure 18 was far from 8|mplo to compute, 
owing to the nature of the loading and of the boundary conditions : even 



Fjouke 17 , Loaxiofl web of cfuiti lever girder (Hef. 11 , figure 11 ). 
Contours exhibit the variation of the principal cojnprossiv© stress. 



girder woh (Rof. 11; figure 12). 

(The al>solute magnitude of the distortion is indefinite.) 

in simple cases the same is true when the mode is characterized by ‘large 
deflexions ' — ‘well-developed buckling *. H. Wagner has emphasized (1929) 
the importance for aeronautics of this latter class of problems. They are 

x8 


Vol. 184. A. 


V}^j2k and stresses II and III 
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very difficult, as n|ay be judged firom the governing equations which follow 
(v. Karman 1910); 


Jlx 

D\j.h dy^' 


dhv dhi) 
007 * ' dy^ 


urz 

Z> dy^ * dx^ dx^ ’ dy^ 


dy'dxdyj\ 


As you see, these are non-linear sirrmltaneous equations relating two 
dependent variables, and the few solutions which are known entail very 
elaborate analysis. Recently we have found that — at considerable coat 
in labour — they too yield to relaxation al attack. We wanted a test of 
accuracy, and for that reason have treated problems already solved: 
figures 19 and 20 show that in these our accuracy is more than sufficient, 
and again I would emphasize that we could have treated any shape of 
boundary. 

Figure 19 shows, to a base {/i) i^roj)ortional to the intensity of transverse 
loading, plottings of the central deflexion (w;^) and of three practically 
important stresses. I need not here go into details of the problem : what 
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matters now is the ^der of the agreement between our results (the open 
oiroles) and Way’s points shown black). 

20. Clearly the agreement is satisfactory, and equally good agreement is 
revealed, in figure 20, between ouf results and those of Friodrichs and 
Stoker for a circular plate sustaining edge thrust. (The comparison is 
between our results — the broken curve — and the open circles.) A word 
should be said regarding the parabolas lettered A, B, C, 1), E, because the 
method used to obtain them (an extension of ‘ Rayleigh’s principle’) seems 
likely to have great value for these difficult problems of * well-developed 
buckling’. Having the ‘critical load for small deflexions’ (A — 1*1 in figure 
20), together with the associated mode, without additional computation 
beyond a single integration we were able to construct the y)arabola Ay 
and we could show that the vxinfed (broken-line) curve must lie below tMs. 
Consequently a relatively short exploration (indicated by the points 
numbered 1 , 2, 3, 4, 5 on the relevant ordinate) led to the required solution 
for // — 2; having this we could similarly construct the |)arabola C, thus 
shortening the exploration for /i = 3; and so on. The resulting (dotted) 
curve extends well beyond the ola8ti(; range of ordinary material. 



Fiouhk 20. Elastic stability of compressed circular plate: comparison with 
exact solution of Friodrichs and Stoker (Rof. 15, figiure 8), 
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21. Also complicated, although now the govemin^quationB are linear > 
are problems of stress-calculation for solids of revoMRon. We have dealt 
with several in a paper recently communicated, and I show results for the 
hardest of them — stress-determination for a toroidal hook. Here, strictly 
treated, not one of the six stress-components is zero ; all can be expressed 
in terms of two related functions <f> and ^jr, and the boundary conditions 
are three in number, therefore hard to satisfy. 

Siress-expressuyfis in the hook problem (Ref. 20, equations (01), (75), (76)): 


r^.zz 


dr' 


d ,\ 

oz\r or / 

r^.fr = Q(r^ + o-z*) - trA (zr^ + Jz*) ~ (j> — 2, ~- 




- Q(r* + <TZ*) - /I {{2 + <r) zr* - Jo-z*} -3^ + 2 
= Q(r* + (rz*)-<r^{zr*+ — sj <}> 

+ [’’I 


m 


( 8 ) 


Boundary conditions ; 

^ dzdr 


0 . 


cos (r, v) {Q(r* + <rz*) - (rA(zr^ + Jz*) - 2 ^ 


( 9 ) 


Equations (7)-(9) present the mathematical problem, which looks dis- 
tinctly ‘fierce": by contrast, figure 21 shows how simple may be the im- 
plications of a complex mathematical solution. The contours of tensile 
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Btress for the heavily loaded section AB, are not straight as assumed in 
the customary theory, but they are very flat curves. Figure 21 relates to 
hooks of standard B.S.I. sections, and is based on a paper recently com- 
municated (Ref. IH). 

I 




Figure 21. Tensile stress-distribution in two B.S.I. standard hooks 
(Ref. 18, figures 3, 4). 

22. This work on large deflexions and on hooks will serve to illustrate 
yet another advantage of the relaxation method. I have shown by my 
examples that its errors are made apparent at every stage; I have empha- 
sized its tentative quality, which has enabled us to overcome the diffi- 
culties of boundaries not defined initially, and of data characterized by 
discontinuities like the stress -strain diagram of a plastic material ; and I 
might have mentioned in addition, that it can utilize just as easily experi- 
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mental data, presented in curves, as data expressible mathematically 
-e.g. a pressuie-density relation found experimentally for steam. My 
last point is that by its freedom from restriction, and by its tentative 
quality, it lends itself ideally to iterative methods of solution. This, more 
and more, is a feature we are tending to exploit as we enter the field of 
7ion-linear equutioris. 

In fact, when he discards ‘orthodox' for ‘ relaxationar methods an 
investigator finds his problem quite transformed, — the incidence of com- 
putational difficulties has completely shifted. I do not mean that they have 
disapjjeared : full scope remains for inventive artifice. But he can take for 
granted (as involving nothing more than time and labour) operations that 
formerly he would have regarded as beyond his power— e.g. potential 
solutions for a series of slightly differing boundaries. His tools become 
more powerful, though admittedly loss exact. 

23, I have not time to elaborate this point, but I can exemplify it by 
recent solutions in some fields as yet hardly explored. On© such field of 
study relates to cornpreseible fluids, another to the strains in plastic 
material. I have touched on both already, and figures 22 and 23 show 
some of our latest results. 

24. My last point relates to our presentation of results. What have w© 
when we terminate our computations, deeming their accuracy sufficient? 

No formal solution, merely a ‘grid* of computed values, coarse or fine 
as our effort has been brief or sustained. But this we must derive from any 
formal solution before it can b© put to practical us§; the pure analyst, 
when having given us a formal solution he goes home to his tea, from our 
standpoint has left his work half done. To any who object that it is not 
the whole picture, I reply that it is what we accept without question in a 
'half-tone* reproduction (cf, figure 24). 

Mr A. N. Black, of the Engineering Department at Oxford, has pursued 
this lino of thought somewhat further, using a microscope to analyse part 
I of a half-ton© reproduction taken from a newspaper. Each elemental square 
was viewed in turn, and an estimate made and recorded of the fraction 
of its area which was ‘black* (i.e. inked); then, from the record of these 
estimates, a diagram was constructed on squared paper to have the same 
fractions inked of its corresponding squares. No particular convention was 
adopted,— the inked fraction might have any shape or position in its square ; 
but viewed from a suitable distance the resulting diagrams (figure 26) repro- 
duce with striking fidelity the general quality of the original photograph. 
Few ‘ wanted functions * are likely to have more elaborate features ! 
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25. I have been compelled this afternoon to hurry, but I have tried to 
avoid detail and to give some iraj)re8sion of the kind of thing that can now 



Figtok 24. Photographic enlargement of ‘half-tone’ reproduction 
(by Mr V. Belfield). 






be done. It has been pleasant, in the past six years, to try our methods 
out against problems of steadily increasing difficulty, and to have met no 
failure so for, though the labour is sometimes heavy. 
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To exploit them fully — as is my natural desire — a problem should be 
‘broken down\ like any problem of engineering construction, into jobs 
appropriate to varying degrees of skill, A novice soon acquires power to 
solve plane-potential problems; with longer experience other types of 
problem become familiar ; and so on, up to the level at which real acumen 
is demanded for the planning of new research. This of course implies 
considerable facilities — a mathematical laboratory, or institute, of a kind 
which has more appeal in America than in this country ; but it would be 
vain to hope for such developments in war-time, and instead I have tried 
to extend our range to the utmost, even at the cost of leaving attractive 
byways unexplored. 

What once we regarded as an alternative method having some practical 
advantages, in our recent studies we are finding an indispensable weapon 
of research. I hope that some of my audience, who have heard me with 
such patience this afternoon, may perhaps see ways in which our methods 
may help them too. 
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Stress systems in aeolotropic plates. VI 

By A. E. Grbbn 

(Communicated by (r. /. Taylor^ FM.S. — Received 2() August 1943) 


The diwtribution of stress duo to hyj.>erboUc notches in ttti aeolotropic plank under 
tension or flexure is discussed theoretically when the plank has two directions of 
symmetry at right angles. Numerical work is carried out using tho elastic constants 
found in experiments made wiilt specimens exit m the L, T plane from spruce wood 
which is highly aeolotropic. Tho calculated stresses are used in conjunction with 
measurements of ultimatt^ strength to determine tho kind of failure which might 
be expected near notches in a spruce plank under tension. 


Introditotion 

1 . Most of our information about the effect of notches or cuts mode in 
the edges of an isotropic plate under tension or flexure has been obtained 
from photo-elastic experiments (see Coker & Filon 1931). The only problems 
of this nature which so far seem to have received exact theoretical treatment 
are those of a semi-infinite tension member bounded by a straight edge 
which contains a semi-oiroular notch (Maunsoll 1936), and a plate of very 
large width with hyperbolic grooves, the plate being under tension or 
flexure (Neuber 1933, 1934, 1935) * theoretical solution for the latter 
problem is very simple, and although the problem is slightly artificial it 
throws considerable light from the theoretical point of view on the nature 
of the effect of notches on stress distributions. 

It seems that any attempt to give an exact theoretical account of the 
effect of notches in the edges of stressed aeolotropic plates is likely to meet 
with considerable difficulty. In previous papers, however (see references), 
it has been found that the stresses in aeolotropic plates may differ radically 
from those in isotropic plates, so that the application of isotropic results to 
aeolotropic materials may be very misleading and may in some cases give 
entirely wrong results. Since at present no experimental method which is 
comparable to that used in photo-elastic experiments is available for aeolo- 
tropic bodies, it is important that as many theoretical results as possible 
should be obtained for aeolotropic materials, especially for the many types 
of wood which are used in practice. 

Professor Taylor has pointed out that stresaea in an isotropic plate containing 
hyperbolic notches were first considered by Dr A* A. Griffith, Rep> Me/mor, Aero. 
Reg. Cofitm,, Lend., 1928, no. il62. 
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It has been found that the problems of the stresses due to hyperbolic 
notches in a very wide plate under tension or flexiure have simple solutions 
for aeolotropic as weU as for isotropic materials, and the solutions are given 
in the present paper. 

In Paper III of this series the stresses in a spruce tension member con- 
taining a circular hole were found theoretically, and the results were applied 
in conjunction with measurements of ultimate yield stresses for spruce in 
order to determine the kind of failure which might be expected near a hole 
in a highly stressed spruce plank. In the present ])aper theoretical calcula- 
tions are made for the same specimen of spruce as before, and these results 
are also combined with the measurements of ultimate yield stresses in 
order to estimate the kind of failure which might be expected near notches 
in a spruce plank under tension. 


General stress functions 

2. Consider an aeolotropic plate which has two directions of symmetry 
parallel to the co-ordinate axes (x^y). The 2-plane, wliich is the plane of the 
plate, is transformed to a suitable region in the ^ ^ + plane by the 
relation 

z^F{0. ( 2 * 1 ) 


Also 




( 2 - 2 ) 


where ^ is the angle between the tangent to the curve ^ = constant through 
any point, and the x-axia. It has been shown in a previous paper (Green 1945) 
that the stresses in rectangular co-ordinates can be taken to be the real 
parts of 


yy = (i+yi)V''(*+ri2)+(i+y*)V*(*+y**). 

# * -i(i-y?)/''(2+yi2)-»(i-yi)ir‘'(3+ytz)., 


(2-3) 

4 


The stresses in the orthogonal co-ordinates (i, ij) are related to the stresses 
in the cartesian co-ordinates (x,y) by the equations 

H «■ xxco8*^-f ^ sin 2^-1- sin* 0, 

= x58in*^6 — ^sin2^-)- ^008*^, 

* i(^-xx)8in2^4-i^co8 2^. 


(2-4) 
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Thus, using (2-2), (2-3) and (2-4), 

TO+r.mv.,. TO+r.m’ I rii 


%) r l^'(D F'(Q r ^ +ya-')-] 


where the real parts only of these expressions are to be used. For some 
calculations it is useful to observe that ||+ is given by the real part of 

^ + fri = ^yj'’{z + yiz) + 4:y^g’(z + y^z). ( 2 - 6 ) 


The region in the z-plane is supposed to be bounded by two branches of 
a hyperbola (see figure 3), and a suitable transformation for such a region is 

2 = C8inh^, (2*7) 


where 97 — ± a represent the hyperbolic boundaries. The ar-axis is along 
the line of the arrows in figure 3. If 2a is the width of the plate at the 
notches and if p is the radius of curvature of the hyperbola at the bottom 
of a notch, then 

a.*=csina, «//> = tan^a. (2-8) 

From (2*2) and (2*7) it is found that on the boundary of the plate 


cos^^ 
sin 2^ 


2 cosh® ^ cos® a . ^ 28mh®^8m®a 'j 

cosh 2^ + cos 2 a ’ cosh 2^ + cos 2 a ' 

sinh 2^ sin 2a j 

cosh 2| *f cos 2a * j 


(2-9) 


The tension problem 

3. Consider the stress system which can be derived from the expressions 

(ri - y»)/*(2 + yi2) = -^ ( 1 + 7a) {c*( l + 27, cos 2a + yf) + (z + I 
(7a - 7i) + 7a*) “= ^(1 + 7 j) {c*( * + ^Y » cos 2a + y|) + (z + ya*)*}"*. i 

These give a total force X in the x-direction across any section x = constant 
of the plate, where 

4{( 1 + 7,) ( 1 - 7j) {4a - ( 1 + 7a) ( 1 - 7i) “ 78) = i^iYi - 7a). (3-2) 
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T being the average stress across the smallest section, and where 

tan^i — tana, tan ^2 “ ^ ^^^ tana. (3*3) 

From (2’5) and (3‘1) it is found that the boundaries 17 — ± a are free from 
applied stress, that is, = 0 and =?= 0. Also, from (2*6) and (3*1), it is 
found that the edge stress takes the form 

lle{(l+ri) (0O8h2g + COS 2a) + 2yi(l + cosh 2^ cos 2a)) 

, ^ + yi) (cosh 2^ + cos 2a) -f 2y2( 1 + cosh 2^ oos 2a)} 

^ XT cosh ^(cosh 2^ 4* cos 2a), 

where A - AA(\ —y^y^{\-\-y^{\’\’y^)mi2ixjaT 

^ ^(yi - 72) ( ^ rira) ( ^ + yi) ( 1 + yg) Bin 2 a 
{l+7i)(l-ra)^a-(l+y2)(l-yi)94j 

Stre43ses for an isotropic material, which have been obtained by Neuber 
(1933), may be deduced from the above fonnulae by finding their limit as 
yi 72 -> 0. In particular, it is found that 

ft _ ATcoshg . _4Awn2a 4 tan a 

® cosh 2| + cos 2a ’ aT ^ tan a -f a( 1 + tan^ a) ’ 

The ELEXITRE PROBLEM 

4. The stress system to be considered in this section is obtained from the 
functions 

(yi - y»)/''(2 + yi^) = » ^ - yl) (z + yi^) {p*(i + cos 2a + yf ) + (2 + yi2)*}-*4 

(y 2 - yi) + 72^) = »-B( 1 - yf) (* + y* «) + 2ya cos 2a + yl) + (z + yaz)®}"*. j 

These stresses give a couple M in the plane of the plate, across any section 
X ™ constant, where 

M = -Ba»(l-yO(l-ya) ( (l-yi)(l 4 -ya )<»x _ d -y.)( l +yi)<^« j .4.2) 

yi-ya 1. 8in*^i sm*^a /‘ 

On the boundaries = + a it is found that = 0 and = 0 and 

||,{( 1 + yf) (cosh 2g + cos 2a) + 2y,(l + cosh cos 2a)} 

X {( 1 + y|) (cosh 2g + cos 2a) + 2y,( 1 + cosh 2^ cos 2a)} 

» T 'tilf(co8}i2^ + co8 2a)/o*, 


(3-4) 

(3-6) 


(4-3) 
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where 

/I - 4jBo®( 1 -yiy2 ){l— 7f)(l— y|)sin2a/Jf 

- 


4(ri-y,)(i-yiy2)(i+yi)(i+yg)8in2a 

(i-yi)(i +72)5^1 (i-r»)(i+ri)<42 ' 

( 4 - 4 ) 




Stresses for an isotropic material, which have been found by Neuber 
{1934, 1935), be deduced by a limiting process. In particular it is 
found that 

^ fiM _4ila*sin2a_ 28m2atan^a 

^ ^ (cosh 2^ + cos 2a) a* ’ ^ M tan a + a(tan* a — 1 ) * 

(4-5) 

Numkricai. discussion : The tension problem 

5. Calculations have been carried out for a siiecimen of spruce wood 
whose elastic constants are shown in table 1 : 

Table 1 

*11 *«« "n *1 7) y* 

spruce 156 0687 -033 11-6 1(!-91 1-56 0-608 0-111 

With these values of the constants the grain of the wood is parallel to the 
y-axis. If the values of and are interchanged (which means a change 
in sign of and yg), then the grain is parallel to the ir-axis. Tlie inverses of 
the constants are measured in lO^kg./sq.mm. The calculations have 

been confined to a plate containing notches which correspond to a value of 
a equal to 46°, so that p = a. The values of the stresses along the edges of 
the plate have been evaluated by using formulae (2-4), (2-9), (3-4) and (3*6), 
and the results are given in table 2, The cross-stress at the smallest 
section of the beam, which may be obtained from (2*3) and (3*1), has also 
been evaluated and the results are reproduced in table 3, together with the 
values of yy. 

The distribution of || over one-quarter of the edge of the plate is shown 
in figure 1 for the cases when the grain of the wood is parallel and perpen- 
dicular to the tension. The distribution of || on the edge of an isotropic 
sheet is shown for comparison. The distribution of 3 along the section of 
the beam between the notches is shown in figure 2. 

When the tension is applied parallel to the grain it is seen that the maxi- 
mum stress, which occurs at the bottom of the notch, rises to S-ST, where 
T is the average tension across the section of the plate between the notches, 
but that the tensile stress rises only to 1*22’ when the tension is applied 
perpendicular to the grain. In the first case, however, the high tensile 
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Tablk 2. Tension problem. Values of stresses on 

THE EI>GB OF THE PLATE: SPRUCE 


xja 

2//o 


oScjT 

TvIT 

aiT 



Ttmtiion parallel to giain 



0 

1 

0 

3*62 

0 

3-62 

01001 

1-006 

0-294 

2-96 

0-0293 

2-98 

0U18 

1-01 

0-360 

2-54 

0-0500 

2-59 

0-201 

1-02 

0-387 

1-90 

0-0763 

2-04 

0-2H57 

1-04 

0-306 

1-33 

0*101 

1*43 

0-3510 

1-00 

0-329 

0-992 

0-109 

MO 

0-4070 

1-08 

0-296 

0-782 

0*112 

0-894 

0-4583 

1-1 

0-267 

0-640 

0-111 

0-762 

0-0633 

1-2 

0-178 

0-323 

0-0986 

0-421 

0-0708 

1-4 

0-108 

0-164 

0-0763 

0-229 

1-249 

1-6 

0-0780 

0-0999 

0-0609 

0-161 

1-497 

1-8 

0-0618 

0-0743 

0-0613 

0-120 

1-732 

2*0 

0-0514 

0-0694 

0-0446 

0-104 



TotiBion peipendioulai* to grain 



0 

1 

0 

1-21 

0 

1-21 

0-1001 

1-006 

0-119 

M9 

0-0118 

1-20 

0-1418 

1-01 

0-166 

1-18 

0-0232 

1-20 

0-201 

1-02 

0-227 

1-16 

0-0447 

1-20 

0-2867 

1-04 

0-303 

MO 

0*0831 

1-19 

0-3510 

1-06 

0-360 

1-06 

0-116 

1-17 

0-4079 

1-08 

0-383 

1*01 

0-146 

1-16 

0*4583 

1-1 

0-407 

0-977 

0*170 

1-16 

0-6633 

1-2 

0-466 

0-826 

0-252 

1-08 

0-9798 

1-4 

0-446 

0-637 

0-812 

" 0-949 

1-249 

1-6 

0*408 

0-623 

0-319 

0-842 

1-497 

1-8 

0-371 

0-446 

0-308 

0-764 

1-732 

2-0 

0-338 

0-390 

0-292 

0-682 


Table 3. 

Values of stresses 

AT THE SMATXEST SECTION 

OF THE BEAM 

rfo 

via 

XX jT 

Bit 

sSsjT 

Bit 



tension parallel 

tension perpendicular 



to grain 

to grain 

46 

1 

3*62 

0 

1-21 

0 

40 

0-909 

1-64 

0-0879 

M4 

0-0961 

36 

0-811 

1-20 

0-0972 

1-08 

0-176 

30 

0-707 

0-993 

0*0974 

1*04 

0-239 

25 

0-698 

0-873 

0-0966 

0-998 

0-290 

20 

0-484 

0-797 

0-0935 

0-968 

0-330 

15 

0-366 

0-747 

0-0917 

0*946 

0*359 

10 

0-246 

0*716 

0-0904 

0-930 

0-380 

5 

0-123 

0-698 

0*0896 

0-921 

0-392 

0 

0 

0-693 

0*0892 

0*918 

0-396 
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stress occurs only in a very small region along the edge of the plate near the 
bottom of the notches. It also extends only a very short distance into the 
plate as can be seen from figure 2. 

Very little information is at present available about the conditions of 
failui*e in stressed wooden members. In a previous paper (Green & Taylor 
1945) an attempt was made to estimate the type of failure which might be 
expected near a hole in a highly stressed spruce plank under tension, and 
it appears to be of sufficient interest to apply the same process to the 
present problem in order to estimate the tyj)e of failure to be expected near 
a notch in the edge of a spruce plank under tension. For this purpose mea- 
surements of ultimate yield stresses are needed. These are included in a 
report by C. F. Jenkin (1920), and the relevant figures for spruce are given 
in table 4. These figures, like those given in table i for the elastic constants, 
are average figures taken from the results of experiments with a large num- 
ber of specimens which exhibit considerable variation among themselves. 

The method consists in comparing the loads at which failure of the five 
tyx)e8 contemplatcjd in table 4 might be expected to take place in the neigh- 
bourhood of a notch in a spruce plank under tensile or compressive loads. 
For this purpose the value of the externally applied tensile or compressive 
stress T, which would theoretically raise the stress along the edge of the 
notch to its ultimate value has been calculated. Four cases are considered: 


(i) tension applied parallel to the grain, 

(ii) compression applied parallel to the grain, 

(iii) tension applied perpendicular to the grain, 

(iv) compression apx)lied perpendicular to the grain, 

and for each case the value of T is calculated for each of the five types of 
failure referred to in table 4, namely, 

(а) rupture of the longitudinal fibres, 

(б) breakdown of the longitudinal fibres in compression, 

(c) rupture perpendicular to the fibres, 

(d) breakdown by compression peri)endicular to the fibres, 

. (e) shearing rupture parallel to the fibres. 


Taking case (i) (a) the stress maximum fx occurs at the bottom of the 

notch and is equal to 3*6!r. From table 4 this corresponds with 18,000 lb., 

so that the average tensile load necessary to cause breakdown of type (a) 

in case (1) is « _ ^ m n / * 

* r - 18,000/3*52 == 5U0lb./sq,m. 


In each case the appropriate maximum positive or negative values of xx, 
xy have been taken from table 2. The results are given in table 5. 
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/ teasion parallel to the longituthnal librea 
I oompreaeiou parallel to the tibroa 

I (correaponding ia the present woik with S: when the external load 
4 ia applied along the grain and ^ when it is jx?rpondioular to it) 

tension acting in the perjoeudicular direction, i.e. pori>endicnlar to a 
vertical plane through the centre of tbo tree wlien standing voi'tically 

' compression in this direction 

(oorrosponding with Jy when the load is applied along the grain and 
^ XX when applied perpendicular to it) 

/ shear stress across a piano porfiondicular to the tangential direction 
\ ( correspon ding w i th JJ) 


Ib./sq.in. 

18,000 

6,000 


400-800 

700 


i;loo 


T^blk 5, Calculated stbesses for failure 

NEAR A NOTCm IN A SPRTTOE PLANK 


failure type 

Ib./sq. in* 


case (i) 
18,000 


3-62 


400-800 
0*1 12 * 


= 5110 


= 3570-7140 


1100 

(P39 


2820 


case (iii) 
18 , 000 * 


0-32 


= 56,200 


400-800 

r2 “ ' 


1100 


330-660 


= 2400 


ease (ii) 


5000 

F62 


700 
0 U2 


s: 1420 


== 6260 


0-39 


case (iv) 


5000 

0*32 


700 


1*2 


= 15,620 


rr 580 


^ 5 ^- = 2400 

0*46 


• In this cose there is a larger value of J/y at the mid -point of the section of the plate 
between the lowest point of the notches, but it makes very little differenco to thf> result. 


t9-2 
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FiauHK 3* PoaitioiiH of failure for teimion. or coinprt^asion. 



Figuiik 4. Stress distribution along the edge of the 
plate for bending moment problem. 
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Table 6. Flexure problem. Values oe stresses on 

THE EDGE OF THE PLATE : SPRUCE 

xja yja a*^IM a^^/M a^^jM 


Bending moment across sections perpendicular to grain 


0 

1 

0 

3*87 

0 

3*87 

0*1001 

1 •005 

0*322 

3*23 

0*0321 

3*26 

0*1418 

1*01 

0*387 

2*76 

0*0544 

2*81 

0*201 

1*02 

0*417 

2*12 

0*0822 

2*20 

0*2857 

1*04 

0*387 

1*41 

0*100 

1*61 

0*3510 

1*00 

0*341 

1*03 

0*113 

1*14 

0*4079 

1*08 

0*301 

0*796 

0*114 

0*909 

0*4683 

ll 

0*207 

0*040 

0*111 

0*751 

0*0033 

J*2 

0*103 

0*295 

0*0903 

0*380 

0*9798 

1*4 

0*0846 

01 21 

0*0691 

0*180 

1*249 

1*0 

0*0530 

0*0687 

0*0418 

1 1 1 

1*497 

1*8 

0*0377 

0*0463 

0*0313 

0*0767 

1*732 

2*0 

0*0283 

0*0320 

0*0245 

0*0671 


Bending moment across 

sections parailol to grain 


0 

1 

0 

1*69 

0 

1*09 

0*1001 

1*006 

0*106 

1*00 

0*0105 

1*08 

0*1418 

1*01 

0*229 

1*63 

0*0322 

1*06 

0*201 

1*02 

0*311 

1*58 

0*0613 

1*04 

0*2867 

1*04 

0*407 

1*48 

0*112 

1*59 

0*3510 

1*00 

0*402 

1*39 

0*163 

1*55 

0*4079 

1*08 

0*497 

1*31 

0*188 

1*60 

0*4583 

M 

0*518 

1*24 

0*210 

1*46 

0*6633 

1*2 

0*532 

0*902 

0*294 

1*20 

0*9798 

1*4 

0*446 

0*637 

0*312 

0*948 

1*249 

1*0 

0*357 

0*457 

0*279 

0*736 

1*497 

1*8 

0*288 

0*347 

0*240 

0*580 

1*732 

2*0 

0*230 

0*273 

0*206 

0*477 


The type of failure which might be expected to occur corresponds with 
the least of the values given in table 6 for each of the four cases. These are 
indicated in table 5 by heavy type. It will be noticed that in cases (ii), (iii) 
and (iv) failure may be ex])ected at the base of the notch, and this is the 
position of maximum stress. Case (i) is different. Here the type of break- 
down to be expected* is by shearing parallel to the grain. The calculated 
position of the shear cracks is shown in figure 3. 


The r'LEXtmE problem 

6. The. values of the stresses along the edges of the plate have been 
evaluated by using formulae (2’i), (2*9), (4-3) and (4-4), and the results are 
given in table 6. The distribution of || over one-quarter of the edge of the 
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plate is shown in figure 4 for the cases when the grain of the wood is parallel 
or perpendicular to sections across which there is a bending moment M. 
The distribution of ^ on the edge of an isotropic sheet is shown for com- 
parison. 

When the bending moment acts across sections which are perpendicular 
to the grain it is seen that the maximum stress, which occurs at the bottom 
of the notch, rises to ± 3*87Jlf/a2, but that when the bonding moment acts 
across sections which are parallel to the grain the maximum stress rises only 
to ± 1 although the position of the maximum is again at the bottom 

of the notch. The corresponding maximum for an isotropic material is 
±2M/a^, and the maximum stress dbtained by using the ordinary pris- 
matical beam formula is ± l*6Jf/a* for both isotropic and aeolotropic 
materials. 
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Stress systems in aeolotropic plates. VII 

By a. E. Green 

{Communicated by Q, R. Goldsbrough, FM.S. — Received 8 September 1943) 

The paper is divided into throe parts. In Part I a general method of solution is 
given for problems of stross distributions in isotropic aiid aeolotropic plates con- 
taining a hole of a fairly general shape when the boundary values of the displaco- 
ments are prescribed, but applications for aeolotropic plates are at present limited 
to circular and elliptical holes. Part TI is concerned with distributions of stress 
in aeolotropic plates containing a single circular discontinuity or hole when tfie 
boundary conditions at the edge of the circle are of a mixed typo, i.o. they involve 
both the displacements and the stresses. A set of fundamental stress fimetions is 
obtained which are used to investigat-e stresses due to bolts and knots in stressed 
planks, and the work is illustrated numorically for a specitnen of spruce wood. In 
Part in a general method of solution is given for problems of stress distributions in 
aeolotropic plates which contain any number of circular holes of varying sizes 
distributed in any manner. The solution is applied to the problem of two circular 
holes in a tension member, and a few numerical results are given for spruce. 


iNTRODUimoN 

1. The effect of a single unstressed circular hole on certain distributions 
of stress in a large aeolotropic jilate was discussed at some length in a 
previous paper ^Green 1942). With the help of the analysis developed in 
that paper the distribution of stress in wooden planks was discussed numeri- 
cally on the assumption that the material could bo considered as homo- 
geneous, The effect on stress distributions in aeolotropic plates of single 
unstressed elliptical holes was considered in another paper (Green 1945). 
The distribution of stress around holes of a more general type in an isotropic 
material was also discussed in the same paper. 

So far no consideration has been given to problems of stress distributions 
in aeolotropic plates which contain holes filled with plugs of a different 
material which occur, for example, with bolted timbers. The conditions 
at the edge of the plug are difficult to interpret mathematically, but 
they will involve the displacements as well as the stresses. Apart from 
bolts in timbers the main discontinuities in wooden materials are knots, 
and knots may cause considerable variations in the stresses. Since the 
distribution and the orientation of knots in wood is so variable, calculations 
of their effect are not likely to be of great practical use, but such oadculations 
may have some theoretical interest. Here again the conditions at the edge 
of the knot may require the solution of boundary problems involving the 
displaoements. 

[ 301 ] 
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Some estimate of the effect of rivets in isotropic tension members has been 
made theoretically and by photo-elastic methods (see Coker & Filon 1931). 
The effect of discontinuities in isotropic stressed sheets has been studied 
theoretically by Gurney (1938) and by Donnell (1941 ), who assumed circular 
and elliptical discontinuities respectively. All of these problems involved 
the boundary values of the displacements as well as the stresses. Musche- 
lisvili (1933) has given a general method for solving stress problems in 
isotropic sheets containing a single hole when the displacements at the edge 
of the hole are prescribed. In the first j)art of the present paper a general 
method of solution is given for problems of stress distributions in isotropic 
plates containing a hole of a fairly general shape w hen the boundary values 
of the displacements only are prescribed. The method differs from that used 
by Musohelisvili and it is also extended to apply to aeolotropic plates, but 
applications in the latter case are at present limited to circular or elliptical 
holes. As in previous papers the method of solution requires the use of 
Airy’s stress function and complex variables. Complex variable methods 
for solving certain stress problems in isotropic materials have been used by 
Kolossof, Musohelisvili (1933) and others, and recently in an interesting 
paper by Stevenson (1945), who has kindly allowed me to see his work. 
Stevenson avoids using Airy’s stress function, but his methods for iso- 
tropic materials are closely allied to those used by the present writer and 
there is little to choose between them. It appears, however, that the use of 
Airy’s stress function has some advantages when the work is extended to 
aeolotropic materials. 

At present, problems in which the boundary values of the displacements 
only are prescribed at the edge of the hole appear to be mainly of theoretical 
rather than practical interest except when the assumed boundary conditions 
represent the physical facts in a limiting or approximate manner. A better 
estimate of the physical conditions is often obtained by considering boundary 
conditions of a mixed type, i.e. those which involve both stresses and dis- 
placements, and some progress in this direction can be made when the hole 
or discontinuity is circular. If the displacements only at the edge of the 
circle are prescribed the stress distribution can be deduced from the general 
analysis, but if the hole is filled with another material so that the boundary 
conditions involve both displacements and stresses, it is more convenient 
to develop an alternative method of solution. This work is given in Part II, 
Some numerical applications are given for a specimen of spruce wood. 

The effect of a single circular discontinuity or hole in a large aeolotropic 
plate can usually bo represented by analytical expressions which, although 
complicated for many points of the plate, take relatively simple forms at the 
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edge of the circle so that the necessary numerical work needed to evaluate 
the stresses at the circle is not too long or complicated for practical pur- 
poses. When such discontinuities occm* in groups it is to be expected that 
an analytical description of the stress will be very complex. Stress dis- 
tributiorm in isotropic plates containing unstressed circular holes have been 
studied by several writers, and a general method for solving such problems 
has been given by the present writer (Green 1940, 1941). The method con- 
sisted in finding groups of fundamental stress functions which satisfy the 
equations of equilibrium and which give single-valued expressions for the 
corresponding stresses and displacements, and then combining these 
functions in an infinite series so as to satisfy the boundary conditions at the 
edges of the holes. The same method is used in Part HI of the present paper 
in order to estimate the effect of groups of circular holes or discontinuities 
on various stress distributions in aeolotropic plates. It is found that some 
care has to be taken in selecting the fundamental stress functions in order 
to secure the convergence of the series involved, but the functions used in 
Part II are found to be suitable. These functions are fairly complicated in 
form, and in any given problem considerable numerical work is required 
before the analytical results can be interpreted. So far, numerical work has 
only been carried out for the problem of two equal unstressed circular holes 
in a spruce plank under tension, the holes being such that the line joining 
their centres is perpendicular to the grain. Spruce was chosen for the 
numerical work, since it is frequently used in practice and since it is highly 
aeolotropic. Also calculations have already been made for a spruce plank 
pierced by one hole. The amount of calculation required for the case when 
the line of centres of the holes is parallel to the grain is very much more than 
that required for the case considered here, but calculations for other types 
of wood which are less aeolotropic would not be so heavy, 

PART I 

General equations tob aeolotropic materials 

2. The plane of the material is taken to be the z{ - x-^iy) plane, and the 
plate contains a hole defined by the curve ^ = 0 in the transformation 

ft 9 

z - J’CO - 6„e-« + ^ = F '{0 = Je** = + (2-1) 

where * - ib^, a„ »n6„ and where is the angle between the tangent to 
the curve if m constant through any point and the a;-axis. The point ^ -►oo 
oorrespondd to the point at infinity in the z-plane. The transformation (2-1) 
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includes the circle and ellipse as special cases. The plate is supposed to be 
in a state of generalized plane stress in its own plane so that the cartesian 
components of mean stress may be expressed in terms of Airy's stress 
function x I'be equations 


XX 





( 2 - 2 ) 


Stress oomjionentB in the orthogonal co-ordinates (f,?;) are related to the 
cartesian components by the expressions 


H = 5ico8*^i + i^sin 25 S-h^ 8 in®^i,] 
^ = xi sin® ^ — xy sin 2(j> -f ^ cos® 

— iEr) sin 2^ + xy cos 2^. 


(2-3) 


When X and y are the directions of symmetry of the material the function 
X satisfies the equation 


^3® 0®\/a2 0®\ 


;\: = o. 


(2-4) 


where 0C2 (2*5) 


the elastic constants «ji, being defined in the usual way (Green & 

Taylor 1939). In addition, it is convenient to write 


~ 1 a| — 1 


(2-6) 


and since it has been shown that and a^y if real, are necessarily positive 
(Gieen 1943), Yi 7z inust lie between — 1 and 1 .♦ 

The mean cartesian components of displacements ajre given by 

dy 3l^^ 8y 

u =r — Sjj) ^ t) Bs _ + gjj _ ^ (2'7) 


where is to be found from the equations 


ay 

dxdy 


V!x. 


ay ay 


(l-ai)(l-aj) 


dxdy* 


(2-8) 


♦ a^, aj may also be complex conjiigates, which was not mentioned in Green 1943 > 
and tliia case can also be covered by similar analysis. In practical problems, however, 
(Xfy OL^ usually appear to be real and therefore positive. 
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The geneeal solutiok for aeohotropic materials 
3. A general solution of equation (2-4) may be taken to be the real part of 


A" = /(2 + ri 2) + ?(s + 722), (3- 1 ) 


where i = — iy. In previous work terms which produce an isolated force 

at the origin were separated out from the general functions, but here the 
function will be left in the form (3-1). From (2-2) and (3'1) it is found that 
the cartesian components of stress are the real yiarts of 


XX = ~ (I - Yiffiz + yiz)- (I -yt^i/iz + y^z),' 

yy = {1 + 7 i)V ''(2 + 7j2) + (1 + 72)‘‘»''(z + 72'z). 

xy = _,:(I --yf)/''( 2 ; + y, 2 )-i(l-y |)!/*(2 + yj.z),, 


(3-2) 


and (2-1) and (2- 3) then give 


F'{QF'{^) 


F%)F'(l) 


^ if'T^) F'Wr^ TO 


where the real parts only are to be taken. 

From (2*7), (2*8) and (3-1) the cartesian components of displacement are 
found to be (see Green 194Z) the real parts of 


(1 4-yi) (2-f7iS)4-{l +72) (^12 ^1^23) (^■t*72^)> ] 

r (^*^) 

V = i(l-7i)(«i2“aj^22)/'(z + 7iz) + i(l -72)(«i2-a2^2a)(/ (^ + 722).J 


The stress resultants round a circuit 

4. The X and y components of stress at the curve rj = constant are 

rjx ^ -xisin^ + x^cos^, % = ^co80-Sysin^, (4*1) 

and using (I3-2) these become the real parts of 

^ - t(l " Yx) + Yi + 7i ^ - Y 2 ) g'^iz 4- 7 * 2 ), ] 

# * (1 + yi) + yi c-^'>)/''(z 4- yis) + {1 + 72) {e** +.y*e-‘<‘) g''(z + y,2). j 

(4-2) 



306 


A. E. Green 


Also, if ds is an element of the curve measured in an anti-clockwise direction 


dz dz 

’ da 




(4-3) 


and hence the cartesian components X, Y of the force resultant exerted 
upon the material outside the curve are the real parts of 


X = - i( 1 - yi)J fiz + 7 iZ) d (2 + 7 i 2 ) - i(l - yj J g'’{z + y^z) d(z + y^z), 

Y = (H-yi)J/''(z + yi2)d(2 + yiz) + {l+y*)J/(z + ygz)d(z+yj2), ! 

or the real parts of the change in values of * 

X = -i(l-yj)/'(2 + yi2)-i(l -yi)g'{z + yiZ), 

7 = (1 -fyi)/'(z + y,5) + (i+y*)g''(z+y*z), 


(4-4) 


(4-5) 


in passing once round the curve. The couple M exerted upon the material 
outside the curve ^ = constant is the real part of 


M == j{z + yiz)f'’{z + yiz)d(z + yiz)+ j{z + yiz)g''{z+ytz)d{z + ytz), (4-6) 


or the real part of the change in value of 
M = {z + yiz)f'{z + yiz)-f(z + yiz) + (z+yiz)g’(z+y^z)-g{z+ytz), (4-7) 
in passing once round the curve. 


The general solution for isotropic materials 


5. The stress function is now the real part of 


a: “/{*)+ zfl'W. (6*1) 

and, as in the aeolotropic case, terms which produce an isolated force at the 
origin are included in the general form instead of being displayed separately 
as in previous work. The corresponding stresses are the real parts of 


and 


Sx = -f''(z) + 2g'(z)-F(^)g’'{z),\ 

0 = f"{z) + 2g'{z) + F{^) g^z), ■ 

a = 2g'(z) - r(0{/''(*) +r(^)g*(z)}/F(0,: 

^ » 2g'(2) r(D{/'(*)+r(C)g'(z)}/F(C), - 
= - iF%) {r{z) + Fd) g''{z)}lF'(l). 


(6-2) 


(6-3) 
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The mean displacements are now the real parts of 

Eu:-= (3-or)p(2)-(l+o-){/'(z)+^'(2)}, \ 

Ev = -i(3-cr)fir{2)-i(l+(r){'/'(z)+^'(2)},l 

where E is Young’s modulus and cr is the ordinary Poisson’s ratio. 

The force and couple resultants are found by a similar process to that used 
in § 4 and are the real parts of 


Y = 

Y = 
M = 


- * |*{/"(2) + ds + ijg'iz) {dz - dz), 

j{f”(z)+zg"{z)}dz+ Jjf'(z) {dz + dz), 
J{/''(2) + 5g''(2)} zdz + J g'{z) {zdz + zdz). 


(5-6) 


or the real parts of the change in values of 

X = -if'(z) + ig(z)~izg'(z), Y =-f'(z)+g{z) + zg'{z),\ 
zf’(z)-f(z) + zzg’{z), I 

in passing once round the curve. It can immediately be verified that (4*5) 
and (5'6) give the results (4*17), (2-23) and (2*24) of Paper IV (Green 1942). 


Solution fob given edge displacements 

6. When the displacements have prescribed values at the edge of the 
hole 7} = constant it is convenient to introduce two functions of 
and H[Qy which are such that the real part of 0(Q = and the imaginary 
part of jff (^) « on the edge of the hole, and represent the edge values 
of the cartesian components of the displacement. From (3-4) it is seen that 
(?(^) and may be written in the form 

<7(0 “ (1 + yi) («u-a 28 M)/'OT)+ 71 ^( 0 } ' 

+ (l+72)(«i2-a,Sja)flr'(i'(0 + r2-?'’(0}. 

m ) « -(i-yi)( 8 iz-ai 82 z)/W)+yir( 0 } 

- (1-72) (812- “2822) 1/W) + 72^(0},] 

for aeolotropic materials. Using (5'4) the corresponding forms for isotropic 
materials are found to be 

EGiO = (3~or)(7(z)_(l+o-){/'(2)+r(f)i,'(z)}.| 

EH(Q - (3-<r)flr(z) + {l+o-){/'(z)-(-r(aflf'( 2 :)}.l 


( 6 - 2 ) 
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For isotrojjic materials it is possible to solve equations (6*2) for the 
functions f(z), g{z) and then to obtain general expressions for the stresses 
from (5-2) and (5-3). When the hole in an aeolotropic material is circular or 
elliptical general values for the stresses may be found from (6*1), {3*2) and 
(3*3). All these stresses are fairly complicated but they take comparatively 
simple forms at the edge of the hole and only these values will be given here. 
Thus the edge stresses for an aeolotropic material are found to be the real 
parts of 


2 /ir{or{OTh 

= a'{0{p^F'{0+P,riC)]-H'(0{p,F'(0~pJ’(0}, ( 6 - 3 ) 


2flF'(0F’{0fle 


MUe + VIe) 

= 2[G'(0 {p, F%) + y^7,p^r(C)} +_H'(0{fU nO~7iy^P,F'm 

X (e-s) 

where 


. , •«aa{3 + yi+78-ri7*) 

(l -rrm-7a) 

«ii{3-J/i-7a-7j,7a) 
(l+yi)(l + 7a) ’ 


Pa ^12 


Pa — ^12 + 


Pi 


'^12 ^ 


_ -7i-ya-3yi7a ) 

(l-7i)(l-7a) ■’ 

«u(^+7i + 72-371 7a) 


(l+7i)(l+7a) 


„ 25i»«a2(l + 7i)(l + 72) a|2(l+7i)(l+72)f«/, vin 

‘ = i{PiPi + p2pa)- 


( 6 -(>) 


For isotropic materials the edge stresses are the real parts of (6:3) and (6-4) 
where the constants now have the values 


Pi. = Pi * ('S~(r)IE, /3j = - (1 +<r)lE, ft = p,/3j = p^p^. (6*7) 

The expression (6-6) simplifies considerably for the isotropic case and 
becomes the real part of 

(3-o-){|l4 + ^*) « 2E{0'{0 + H%))IF'(0- (6-8) 


7. Only one application of the above analysis will be considered here. 
It will be supposed that the origin of co-ordinates is inside the hole and that 
each point of the boundary of the hole receives a small rigid body rotation 
about the origin through an angle Stevenson and others have solved 
this problem for the case of an elliptical hole in an isotropic material. The 
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present work is applicable to circular or elliptical holes in aeolotropic 
materials or for the more general hole (2* 1 ) in isotropic materials. The values 
of the displacement components at the edge of the hole are 

(7-1) 

and the corresponding values of H{1^) are 

H{0 = iP{F{0 - + 6oe’-t} j 

When the hole is given by the transformation (2*1 ) it can easily be verified 
that (7*2) are suitable forms for 0(^) and H{Q for isotropic materials, giving 
vanishing stresses and displacements at infinity, whilst from (5*fi) and 
(0*2) it is found that the couple applied to the material outside the hole is 

M =: inliE j f j . (7-3) 

For aeolotropic materials the forms (7*2) are suitable when the hole is 
circular or ellii)tical, that is when 71 is 0 or 1 in (2*1). The couple is now 
obtained from (4*7), (6*1) and (7*2) and is found to be the real part of 




PART II 

General stress functions for circular holes 

8, *When the problem of an aeolotropic tension member containing a 
circular hole was first solved (Green & Taylor 1945) fundamental stress 
functions were used which were equivalent to the complex stress functions 

(2: + yiZ)“«, + (n^l), (8*1) 

these being the most obvious extension of the forms used for isotropic 
materials. It was found, however, that those were not completely suitable 
as, when they were combined in an infinite series, the series did not converge 
at every point of the plate. A general method for finding suitable stress 
functions was given in a later paper (Green 194a). Two functions of a, V{z) 
and W{z)i were defined which were such that the real part of V(z) ^ ft ^ 
and the imaginaiy part of W(z) =» at the edge of the hole r ^ a. The 
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general stress functions were then obtained in terms of V{z) and W(z) by 
means of the equations 

(ri - 7s) {«/'(«) + ^ ( J - Ts) («« - a 2 « 8 s) + »^( 1 + 7s) Ks - “I'ss)} 

= A ( 1 - 7a)2 («,3 - - A ( J - rO ( 1 - 7s) («i 2 - «! ^ss) 

- iB{ 1 + ya)“ (•'■'is ^ ai« 2 a) + i-S{ 1 + 7,) ( 1 + 72 ) («is - as^ss) 


-lM{F(w)+T 7 (M)}|l + |^l-^^'“-j I 

[1 _ j , ,8.2) 

»'i - rs) (> - ^a~)' {••?'(••) - ^(1 -yi) («» - «i » m) - »B( ' +?!> («ii - “a»M)} 

= A ( 1 - 7i)* («i2 - aj S 22 ) - A ( 1 - 7i) ( 1 - ya) (ajj - 0 .^ 8 ^^) 

~ tB(l + 7 i)* (Sia- aaSja) + iB(l + 7,) (1 + 7*) {Sja - a,aga) 


+ ^Ly w - jl - (1 . (8-3) 

where F(u), F(v), W{v) are found from V(z), W{z) by using the 

substitutions 


and afterwards u and v are given by 

w = 2-hyii, v^z^-y^z, (8*5) 

The constants A, B are related to the cartesian components JC, 7 of force 
at the origin by the equations 

X - 2wA(l-7i)(l-yj)(ai-a2)«2„| 

y - 27r£(l +7i)(l +7«)(*i-a»)«s.J 

The stresses corresponding to (8'2) and (8-3) are found from (3’2) and (8'3) 
by using the transformation 

z -= ae-<<. (8-7) 

By choosing suitable values for ^(z), W{z) it is possible to find stress 
functions which have prescribed values for the normal and shear stresses 
at the edge of the hole r « a. A list of functions suitable for the problems in 
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view is given below, together with the corresponding values of the stresses 
at the edge of the hole, in plane polar co-ordinates r, 6^ and also the corre- 
sponding edge values of the cartesian components of the displacement. 
For convenience the following notation is introduced, namely, 

( 8 * 8 ) 


where 




I _ ^ 1 - 

(z + yr^r * (z + r.z)*‘ 


( 8 - 9 ) 


The quantities and are chosen to be positive and and are to lie 
between —n and rr: 


Xn =/»(•“■) + y«.W. (w>0). V(z) = - 1^(2;) = -a^lz^, A = B = 0 

(7x-r2)«”(2ri)"+*^i/:(M) = 
(ri-ra)«"(2r2)”+^-3f*sr;(w) = -yir’‘(l-Z,)»+*,/ 

_ op 4 0 O 8 (w+ 1 )^ ap 28 in(«+l)d 

~ ’ *’* “ '~'T+i ’ 

»Tg = 008 wd, == sinnd, 

^«( 1 + yf — 2yi 008 2d) ( 1 + y* — 2 y 2 oos 20) 

= -yiyjCO8(n-4)(9+(yi + ya)(l+yiy*)co8(»-2)0 

+ {Syfyi - (yi + ya)* - 1} cos nO 

+ (Vi + 7*) ( 1 - 37 i y,) cos (n + 2) d + Zy^y^ cos (n + 4) 0. , 
Xn = ■?’„(«) + (n>2). F(g) = W{z) » 

(yi-y,)a"-*(2y2)»-iZ2G» = j 


( 810 ) 

( 811 ) 


( 812 ) 


( 8 - 13 ) 


apaCOB(n— 1)5 a/>j0in(»— 1)5 

u sa — - — f) as 

' n~l * n-1 


( 8 - 14 ) 


•= ooBn5, ■= — 8mn5, ’ 

1 + yf — 2yj 008 25) ( 1 + y| — 2y, oos 25) 

= 3yiy2 0O8(w-4)5+(yi+yj)(yiy,-3)co8(n-2)5 ■ 

+ {8 - (71 + 7*)* “ 7i7i} cos 

+ (7i + 7») ( 1 + 7i 7* ) oos (n + 2) 5 - y^y, 008 (« + 4) 5. , 

” K{v) + h^jv), (w '» 0). V(z) » - W{z) ^ B » 0 

(7i-7*)o"(2yi)"+‘-X'iK(«) = tyBtt"(l--X’i)"+M 

(7i -• 7*) a"’(2y,)'‘+* X, k';,{v) « - jy, »«( 1 - X,)’*+i, 1 


( 816 ) 


( 816 ) 


Voi. 184. A. 


30 
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ap^am{n+l)^ a/?2 0os(»+ 1)<? 

^ ' ’ 

fff = Binnd, r^^^—omnO, ^ 

1 + yf — 2yi cos 20) ( 1 + yl — 2y^ oos 20) 

“ -yiy4sin(n-4)0 + (yi+ya)(l + yiy8)8m(»-2)0 

+ {3yi yi - (yi + ys)* - 1 } s»n 

+ (yi + ya) ( 1 - 3yiya) sin (n + 2) 0 + SyaYaBin (n + 4) 0. j 


(8-17) 


(fl'lS) 


BJV') + K„(v), (n>2). V{z) W(z) = A =» J9 = 0 


_ ap3Bin(n“* 1)0 _ api0O8(n~“ 1)0 

«« n-l • ^1 > 


( 8 - 20 ) 


f?g = sin 71$, rbg >= coa n0, 

+yf — 2yjCO8 20) (1 + y| — 2 y 2 cos 20) 

» Sy^ya sin (n - 4) 0 + (y^ + yg) (y^y* - 3) sin (n - 2) 0 
+ {3 - (yi + yg)* - yf y|} sin n0 
+ (yi + y«) ( i + yiya) sin (n + 2) 0 - y^ya sin (n + 4) 0.. 


( 8 - 21 ) 


The above list of fundamental stress functions contains those which 
produce zero force resultants at the hole. To complete the list two more 
functions are added which give force resultants of amount — 2rro along the 
X- and j/-axes respectively: 


Xi = •^iW + -^(i-y8)(^ia-«aaaa)«logM + Qi(t>)-A(l-y,)(Saa-aiSaa)vlogv 
V{z)» W [x) » - a/z, fi' = 0, 1 - y^) (1 _ y,) (a, - a*) Sgt * - o, (8*22) 


fr, « CO80, =a — sin0, 

Sd m — 008 0 — \ _ ^8(*ia~^i*ti) \ 

* («i-aaf«aa|l + yS^2y,cos20 1 + y| - 2ya cos 20/ 

Ug and Vg are constants. 


(8-23) 


(8-24) 
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^ + ya) (^la ~ 0^1*82) M log M + Ki(v) - tJ8( 1 + yi) (ji, - «t^M) v log v 


V{z) = W(z) - -iajz, = 0 , jB( 1 +ri) (1 +72) («!-«,)«*, = -a, 
(«! — a2)Xi{Miii(M) + ijB(l + 72)(ajg— aj«22)} =* 

ioLi-a^)X^{vKl{v)-iB(l +7i)(«i8-“8«88)} = 

TTg = 8m0, rdg = COS0, 

^ = - sin /? - /. 7l(gl8 -«l*8«) _ 78(*18- g gga8) ) ' 

“ (ai-a2)«a2\l +7f- 27^0082^ 1 + 71-27, cos 20/’ 

M(, and V, are constants. 


(8-26) 

(8-26) 


(8-27) 


9. When the region r^a contains a different material from the rest of 
the plate further stress fimctions are needed. If the material inside the cirole 
r = a is isotropic, general stress functions may easily be obtained, but if it 
is aeolotropic, general functions appear to be very complicated. The func- 
tions required for problems discussed in this paper are, however, fairly 
simple and only these will be given here. The material in the region r ■= o 
is supposed to have the same directions of symmetry as the material outside 
the circle and dashes will be added to denote the elastic constants for the 
material: 


^0 °° y^) + w.n(c) 

Qu) = ,3- 


I+7J* 


Tv. »»S(w) = -. 




2(71-74) (I -7i7;)’ 2(7i-7;)(l-7i7;)* 

fr=l, j^ = 0, (9^=1, 

M a («' j + 3[^)r cos 0, V — (si, + ^ 

1^2 ” 


lliu) 


78 


y:7\, wj(v) = 


7i 


(7i-74)(i-7l74)' (71-74) (1-7174)’ 


fr ■» cos 20, = — sin 20, — cos 20, 

u *= (^u — si,) r cos 6, V = («l2 - ^la) 


(9-1) 

(9-2) 

(9-3) 

(9-4) 

(9-6) 

(9-6) 


10. In the rest of this part of the paper a number of problems will be 
examined with the help of the above stress functions. The work will be 
illustrated numerically for a specimen of spruce wood whose elastic con- 
stants are shown in table 1. The constants are chosen so that the grain of 
the wood is parallel to the y-axis. If the values of a,, and Sgs inter- 
changed (which means a change in sign of 7, and 72), then the grain will be 


80-2 
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parallel to the ai-axis. The wood is cut from the tree so that the annular 
layers are parallel to the plane of the plank and the elastic constants 
**»> *ia> ^66 measured in sq. mm./lOOO kg. 

Table 1 

7i 7% 

sprue© 16*6 0-687 -0-33 11*6 16-91 1-66 0-608 0-111 

Noemai^displacemekt at the epgk op the hole 

11. In isotropic fnaterials an all-round pressure at the edge of a circular 
hole produces a uniform normal displacement, but this is not true for 
aeolo tropic materials. The problem of a uniform all-round normal pressure 
at the edge of a circular hole in an aeolotropic material was solved in a 
previous paper (Green 1942). A solution is now given for the problem of a 
uniform normal displacement at the edge of a circular hole. Such a con- 
dition arises approximately if a pin or rivet is inserted into a hole, the natural 
diameter of the pin being greater than the natural diameter of the hole, and 
when the pin is assumed to be very rigid compared with the material of the 
plate. Since the problem in this form is one in which the edge displacements 
have prescribed values, the solution could be deduced from Part I. The 
solution given here uses the fundamental stress functions developed above. 
The required stress function is 

(IM) 

where the constants A , B are to be found from the condition that each point 
of the circle r » a receives a small normal displacement c so .that 

0 /J 4 A -ap^B s= c, ap^A +api-® = <>• (* 1 ’ 2 ) 

The average normal pressure P on the ec^e of the hole is -r- A and the edge 
stresses are 

*» B cos 2d, — BBm2&, ^ 

1 + yf — 2yi cos 2d) ( 1 + yi — 2y, 008 2d) 

« A {3yf yS - (y, + y,)* - 1 + 2(yi + y,) ( 1 -- y^y,) cos 2d + 2yi y, cos 4d} • 

+ ■B{(yi + y*) (yiy* - 3) + [3 + 3y,y, - (y, + y,)» - yf yj] cos 2d 
+(yi+y*)(i+yiy»)coB 4 d-y,y 2 co 8 0d}. ; 

(11-3) 

Using the values of the elastic constants which are given in table 1 it is 
found that B =» 0-627P and the values of the edge stresses are recorded in 
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table 2 where the line 0 « 0 is parallel to the grain. The values of St), ff are 
shown in figure 1 and the values of S^ corresponding to constant norma l 
pressure are included for comparison. For an isotropic material the value of 
Sd/P equals 1 at all points of the circle for both the case of constant normal 
pressure and the case of constant normal disjdaoement, but there is a marked 
difference in the oases when the material is as highly aeolotropic as 
spruce. The maximum of Sd occurs at very different points in the two cases 
and is much greater for the case of constant normal displacement. 





Figuke 1. Stress distribution at tho edge of the circle r = a in spruce. 
Grain parallel to 6^ = 0. 


Table 2. Values of steesses at 


6^ 

rrjP 

ebip 

TojP 

0 

-1*63 

0*195 

0 

10 

«P50 

0-178 

-0*180 

20 

~P40 

0-134 

-0*339 

30 


0*083 

-0*457 

40 

-1-09 

0*064 

-0-619 

60 

-0^908 

0*149 

-0-619 

60 

-0-736 

0*477 

-0*467 

70 

-0*696 

1*39 

-0*339 

76 

-0*643 

2-27 

-0*264 

80 

-0-604 

3*66 

.-0*180 

S6 

-0*481 

6-02 

-0*092 

00 

-0*473 

6*77 

0 


THE EDGE OF THE CIBCLK : SPRUCE 


xxfP 

yyIP 

xylP 

-1*63 

0-196 

0 

-1*51 

0*190 

-0-117 

-1*44 

0-172 

-0-236 

-1*32 

. 0*142 

-0*366 

-M3 

0*098 

-0*479 

-0*800 

0*040 

-0*611 

-0-222 

-0*037 

-0*754 

0*936 

-0*146 

-0*897 

1*95 

-0*223 

-0*933 

8-87 

-0*320 

-0*864 

4*97 

-0*423 

-0*668 

6*77 

-0-473 

0 
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Uniform tanoentiaTj dispi»ac®mbnt at thb holk 


12. This is a special case of the problem solved in Part I. If each point 
of the circumference of the hole receives a small rotation about the centre 
through an angle /? then a suitable stress function is 

X = + (12-1) 

where p^A+p^B~—p. (12-2) 


The couple Q required to produce this displacement is —2na^A and the 
corresponding edge stresses are 


rff — B sin 26, r6f — —A-\- Btm 26, 
^«( 1 + yf — 27 j cos 2(9) ( 1 + yl — 27 ^ cos 20) 

- ~ Ta { (Ti + 72) sin 26 — sin 4/9} 

+ fi{[3 - (71 + 72)® - yf 7| - Syj, 72] sin 2(9 
+ (ri + 72) ( 1 + 71 72) sin 40 ~ 7i7, sin 60). 


(12-3) 


For spruce B = 0-5276?/(27ru*) and the numerical values of the edge 
stresses are given in table 3 where the line 0 = 0 is chosen to be parallel to 
the grain. The values of id and rr are showm in figure 2 together with the 
values of SB when a uniform couple O is applied at the edge of the hole. 


Bolt in a tbnsiok mbmbeb 


13. A problem of some practical importance arises when a pin or bolt is 
inserted into a circular hole in a piece of timber under tension, the natural 
diameter of the bolt being greater than that of the hole, and a solution of 
the problem is given in this section. Coker and Filon examined the problem 
when the materials of the bolt and plate are both isotropic by extending 
some work of Suyehiro (1914). They assumed that 

(i) the friction between the pin and the plate could be neglected; 


(ii) contact is maintained between the bolt and the plate throughout. 
The same assumptions are made here so that at the boundary r = a, 

fr, = ff^, (13*1) 

j0, = * 0, (13-2) 

(13’3) 


the suffixes 1 and 2 referring to the bolt and the plate respectively, and c 
being the excess of the natural radios of the bolt ovot the natural radius of 
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Table 3. Valttks of stbesses at the soaE of the oibolb; sfbttok 


0^ 

2na^rr 

27raW 

awaVd 

2na^xx 

2iTa*yy 

2na*xy 

Q 

Q 

0 

G 

Q 

0 

0 

0 

0 

0-473 

0 

0 

-0*473 

10 

01 80 

0-117 

0-604 

0*361 

-0-054 

-0-463 

20 

0*339 

0-269 

0-696 

0-714 

-0-106 

-0-434 

30 

0-457 

0-491 

0*736 

1*10 

-0-156 

-0-383 

40 

0-519 

0-818 

0-908 

1*64 

-0-200 

-0*305 

50 

0-619 

1-28 

1-09 

2-04 

-0-241 

-0-185 

60 

0-457 

1-93 

1-26 

2-66 

-0-269 

-0-006 

70 

0*339 

2-71* 

1-40 

3-34 

-0-286 

0*314 

75 

0-264 

3-01 

1-46 

3*65 

-0-281 

0-676 

80 

0-180 

2-92 

1*50 

3*36 

-0-249 

0*937 

85 

0-092 

1-98 

1-62 

2-23 

-0-158 

1*33 

00 

0 

0 

1-53 

0 

0 

1-63 



10 30 50 70 90 


FlorRS 2. Stress distribution at the edge of the circle rsa in spruce. Grain parallel 
to tf*s0. Curve (a) ^a*0OlO. Curve (b) 2fra*rr/0. Curve (c) 2va*rOIQ. Curve (d) 
2in*a&6lO for uniform couple at the hole. 
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the hole. The plate is aeolotropic of the type considered throughout this 
paper and the bolt will be supposed to be isotropic with Young’s modulus 
E' and Poisson’s ratio a'. The stress functions are then taken to be 


+ S C»n{(2w + 1 ) cos 2n6 — (2n — 1 ) cos 2nd}/o*" (r ^ a), 

n-l 

(13-4) 

and X = + ^oXx, + + S ^a»(Xa,. + A:i») (r ^ «)• (13-6) 

n-8 

These give a tension T at infinity parallel to the x-axis and single-valued 
stresses and displacements at all points of the material and the bolt. Con- 
dition (1^2) gives 

A,-B^ = IT, (13-6) 


and condition (13-1) requires that 


Ao + jr = 2C'o, = 

(»>2). ^ 


(13-7) 


After some straightforward calculation it is found that the condition (13*3) 
is satisfied if 


(Pff/J 4 )Ao-l-(pi— p8)5j + (aii-l-Si 2 ) T * 4{y —<r')CJE' + 2cla, ’ 

(Pi~ Pt) ■^0'^ Pi) P») + ^ 

- -4(3-Kr')Ci/i?', 

iPl"" P») •^tn +t I ( P»+Pa 4 ■ iP*~ Pt) ■^in-% 

2n + l ■^\2n+l 2n-l/ 2»-r 


(13*8) 


40-4^. 


When the coefficients in the above equations have been evaluated the 
stresses in the plate at the edge of the drole r » a are given by 

ft*, ■■ iT(l-^oo825)+Ao*h(A,-+-B,)oos2^+2 2 A,^oo8 27»^, (13*9) 

n-S 


S A,^oo8 2n0 

floO 


(13*10) 
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where 

^ 0 “ {3r!r2-{ri+ri)‘-i}^o+(yi+ra)(i+rir*)'4, * 

+ (ri+r2)(7ira-3)-Ba+2rirjyi4, (i3-ii) 

Kz = 2(7i + ra) ( 1 - Ti Ts ) ^0 + {3y!rS - yiy* - (ri + ya)* - 1} ^2 
+ {3 - (yi +72)®+ 37x7* - yfyj) 

+ 2(71 + ya) (7i7a “ 1) ^4 + 2yi72^e. (13-12) 

Ki =■27178^0+ (7i + ya) ( 1 - 37i7a) ^2 + (71 + ya) ( 1 + 71 ya) Ba 
+ 2{i-(yi+y2)*+y!yi}^4 

+ 2(71 + ya) (71 ya - 1 ) + 2yiya^8. (13-13) 

Kt = 37178.48-717252 + 2(7i + y*)(l-7ir*) (^4-^*) 

+ 2{1 - (7i + 72 )* + 7?7|} + 271 78.4 in, (13-14) 

K^n — 2{1 — (7i + 78)’‘ + 7iya}-^2n + 2(7i+ya) (^ ~yiya) (-^an-2~-^2n+a) 

+ 27iya(^an-4 + -^2«+4) {n>4). (13-15) 

If the material of the plate is isotropic all the coefficients are zero except 


.4o, .48, 5g, Cfl, Cj and the solution is then given in a finite number of terms 
as shown by Coker & Filon. 

If the bolt is to remain in contact with the plate at all points of the circle 
r * o then the normal stress must always be a pressure and this means that 
c/(aT) must exceed a certain number which will be denoted by A. If T 
exceeds c/(aA) a gap will appear between the bolt and the plank at the points 
where the diameter parallel to the line of the tension cuts the circular 
boundary. It is of some interest to examine the case whm contact just 
ceases at these points, i.e. when T » c/(aA), and calculations have been 
made for a bolt in a spruce plank. Calculations for an isotropic plank have 
also been made for comparison. 

The elastic constants of the bolt may take various values so for simplicity 
the calculations have been confined to the case when the material of the 
bolt is supposed to be very rigid compared with the material of the plank, 
in which case the C terms of the right-hand side of equations (13-8) may be 
neglected. The extra calculation which is required to allow for the elasticity 
of the bolt is not great. . 

For a rigid bolt in an isotropic plate FA = (11 + 5(7-)/(6— <r) and when 
T » c/(aA) the edge stresses in the plate at the boundary reduce to 

■> --62’(l-0O8 2d)/(5-er), ” T{11— O’— 2(2— (r)oos20}/(6-<r). 

(13-16) 
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Table 4. V^miES of coefficients for spettce 

Tonsion parallel to grain 


0-20S 

BJT 
- 0-408 

AJT AJT AJT A,IT 

-0-824 0-0924 0-0404 0-0171 

AJT 

0-0071 

AJT 

0-0029 

A,, IT 
0-0012 

AuiT 

0-0006 

A,JT Au!T KJT 

0-0002 0-0001 0-313 

KJT 

-0-0764 

KJT 

0-212 

KJT 

0-0185 

K,IT 
- 0-0065 

KJT K,,iT K,JT 

-0-0027 - 0-0011 -0-0006 

KJT 

-0-0002 

KJT 

-0-0001 

A/^„ 

44-2 

B,/r ' 
3-10 

Tension perpendicular to grain 
AJT AJT AJT AJT 

-6-62 3-69 -1-62 0-684 

AJT 

-0-284 

AJT 

0-116 

A,,/T 

-0-0473 

9 

2 

A,JT AiJT AJT KJT KJT 

-0-0077 0-0030 -0-0011 4-33 -2-62 

KJT 

1-28 

K,IT 

-0-574 

KJT 

0-260 

KJT KJT KJT KJT 

-0-109 0-0461 -0-0186 0-0076 

KJT 

-0-0034 

KJT 

0-002P 


Table 6. Values of stresses on the edge of the hole 
FILLED with A SMOOTH’RIQID BOLT: SPRUCE 


0^ 

rrIT 

OOIT 

XX jT 

yylT 

cry/T 



Tension parallel to grain 



0 

0 

0*143 

0 

0*143 

0 

10 

-0*072 

0*166 

-0-066 

0*168 

-0*041 

20 

-0-206 

0*224 

-0-155 

0174 

-0*138 

30 

-0-308 

0*318 

-0*162 

0*162 

-0*271 

40 

-0-371 

0-466 

-0*026 

0*119 

-0*411 

60 

-0-409 

0-706 

0*246 

0*061 

-0*649 

60 

-0-430 

1*140 

0*748 

-0*038 

-0*680 

70 

-0-443 

2*03 

1*74 

-0*164 

-0*794 

75 

-0-447 

2*81 

2*60 

-0*229 

-0*816 

80 

-0-460 

3-91 

3*78 

-0*318 

-0*746 

85 

-0-461 

6-16 

6*11 

-0*408 

-0*487 

90 

-0*462 

6*79 

6*79 

-0*462 

0 



Tension perpendicular to grain 



0 

0 

22*3 

0 

22*3 

0 

6 

-0*019 

19-8 

0*131 

19*7 

-1*72 

10 

-0*080 

14*9 

0-371 

14*4 

-2*66 

16 

-0*187 

10-6 

0*634 

9-86 

-2*69 

20 

-0*333 

7-66 

0-690 

6*64 

-2*64 

30 

-0*848 

4*40 

0*466 

8*09 

-2*27 

40 

-1*72 

3-16 

0-290 

1*14 

-2*40 

60 

-3*22 

2-71 

0-269 . 

-0*770 

-2*92 

60 

-6-76 

2*71 

0-589 

-3*64 

-3*67 

70 

-9*87 

3-03 

1*62 

-8*36 

-4*16 

80 

-15*2 

8*66 

3-00 

-14*6 

-3*21 

90 

-18*1 

8*87 

3*87 

-18*1 

0 
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The solution d{)e8 not reduce to a finite number of terms when the material 
of the plank is not isotropic. The coefficients Aq, ... for spnice hUve been 
found from equations (13*6) and (13*8) by neglecting every coefficient 



iO 30 50 70 00 

0 ^ 


FiGtruK 3. Values of circumferential strf)ss at the edge of a smooth bolt. 
; Tension parallel to 0 =^ 0 , 


beyond -d j„ as it ie found that this gives suffioient accuracy. When T =* c/(aA) 
the values of A and the coeifioients are recorded in table 4 for the cases when 
the tension is parallel and perpendicular to the grain. The corresponding 
values of the stresses at the edge of the hole are given in table 6 where 0 » 0 
is a lino through the centre of the circular bolt, parallel to the applied 
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tension. The values of ^ and tt are shown in figures 3 and 4 respectively 
together with the corresponding values for an isotropic material whose 
Poisson^ ratio is 



0 ® 

Fioueb 4. Values of radial stress at the edge of a smooth bolt. 
Tension parallol to 0 = 0. 


Bolts or knots in a tension member 

14. The condition that friction between the bolt and the plate is negli- 
gible is probably not accurately fulfilled in practice. Any practical estimate 
of the effect of friction seems to be difficult, but it is of some interest to con- 
sider the limiting case in which the surfaces are perfectly rough so that the 
conditions at r =« o become 

= frt, 

=> (u^)i + c, (v-g)t “ (%)i' • 


(U-l) 

(14-2) 

(14-3) 
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When c « 0 these conditions will also be applicable to the problem of a 
circular discontinuity (such as a live knot) in a tension member if the dis- 
continuity is rigidly connected with the rest of the plate. It is found that 
a solution of the tension problem satisfying conditions (14-l)-(14-3) can 
be expressed in finite terms even if the material of the bolt or discontinuity 
is aeolotropic as well as that of the plank. If the material of the bolt or 
discontinuity is aeolotropic with two directions of symmetry in the same 
directions as those of the plate, suitable stress functions are 

(r^a), (14*4) 

and X = + + (r>a), (14-6) 

if there is a uniform tension T at infinity parallel to the x-axis. The con- 
ditions (14-l)'^and (14*2) give 

(14*6) 

and (14*3) can be satisfied if 

ap^A + T == (1(5^1 + 5^2)^ + ^ Wi “ ^12) ^ 1 

f (14*7) 

Qp^ A. "t" B Q/8^^ T (I'(522 "t" ^18 ) "t ^(^12 ^22) "i" C. i 

The stresses in the plank at the edge of the circle r = a are 

A \T ■\‘{B^\T)eon2d, =* (14*8) 




where 


S K2n^os2nd 

» •» 0 __________ 

( 1 + yj — 2yj cos 2d)(i+y\ — 27, cos 20) ’ 


(14-8) 


(14-9) 


^0 “ {3r! ri - (yi + 72)’’ - 1} ^ + (ri + r*) (n y* - 3) if, ( 1 4- lo) 

^^2“ 2(7i + 7,)(l-yi7a)^ + {3-(7,+yj)*-7?ri + 37,7,}5, (14-11) 
^4 * 2y,yj4 + (714-78) (1+7178)5, Kt^-y^y^B. (14-12) 

Consider first the problem of a rough bolt in a tension member. As in 
§ 13 the bolt will remain in contact with the plank j)rovided c/(aT) exceeds 
a certain number A and calculations are again carried out for the case when 
T « c/(aA), i.e. when the bolt is only just in contact with the plank at the 
end of the diameter of the circle which is parallel to the applied tension. 
Also, calculations are again confined to a rigid bolt. For an isotropic plank 
JSA » (6-f (r)/(3— <r) and the edge stresses for the case T = c/{aA) are 


;(1“OOS26>), 

- {6 O' 4- 2<r cos 26} » 


sin 2d, 


(14*13) 
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Tlie values of A, /i for spruce are given in table 6 and the corresponding 
stresses at the edge of the circle are recorded in table 7, where 0 » 0 is 
parallel to the applied tension. Values of and fr are shown in figures 5 
and 6 respectively. 

Table 6. Values of coefficients for rough bolt in spruce 

tension parallel to grain tension port)ondioular to grain 

aJt i/P A/T bJt 

017» ~0079 * -0-32T 2C-7 -3-47 2-47 



Figubb 5. Values of circumferential stress at the edge of a rough bolt. 
Tension parallel to 6^ = 0. 


When the tension is applied parallel to the grain in spruce the shear stress 
at the edge of a rough bolt is quite small and the values of and fr at 
the edge of a rough bolt do not differ greatly from those at the edge of a 
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Table 7. Valtjes of stresses on the edge of the hole 

FILLED WITH A ROTJOH RIOID BOLT; SPRUCE 



rrjT 

miT 

r?/r 


.y.y/3' 

^IT 



Tenaiou parallel to grain 



0 

0 

0-179 

0 

0 

0-179 

0 

10 

» 0-011 

0-200 

-0-061 

0-016 

0*172 

-0-094 

20 

-0-042 

0-263 

-0-116 

0-068 

0-164 

-0-186 

30 

-0-089 

0-371 

-0-166 

0-160 

0-122 

-0-277 

40 

-0148 

0-631 

-0-176 

0-300 

0-077 

-0-366 

50 

-0-210 

0-764 

-0176 

0-636 

0*019 

-0-449 

60 

-0-268 

M3 

-0-166 

0-916 

-0-053 

-0-529 

70 

-0-316 

1-81 

-0116 

1-64 

-0*141 

-0-696 

76 

-0-334 

2-39 

- 0-089 

2-26 

-0196 

- 0-604 

80 

-0-347 

3-19 

-0-061 

3-10 

-0-262 

-0-647 

86 

- 0-356 

4-08 

-0-031 

4-06 

-0-327 

-0-364 

90 

- 0-368 

4-63 

0 

4-63 

-0*358 

0 



Tension perpendicular to grain 



0 

0 

26-8 

0 

0 

26-8 

0 

6 

-0046 

23-1 

-0-516 

0-220 

22-8 

-2-61 

10 

-0-179 

16-8 

-1-02 

0-649 

14-9 

-3-68 

16 

-0*398 

9-44 

-1-49 

1-00 

8-04 

-3-76 

20 

-0*696 

612 

-1-91 

1-21 

3-21 

-3-33 

30 

-1*49 

0-892 

- 2-57 

1-34 

-1-93 

-2-32 

40 

-2*46 

-0-394 

-2-93 

1-28 

-413 

-1-52 

60 

-3-49 

-0-477 

-2*93 

MB 

-513 

-0-976 

60 

-4-46 

-0-088 

-2-67 

1-05 

-6-60 

-0-606 

70 

- 5-26 

0-392 

-1-91 

0-960 

- 6-82 

-0-349 

80 

-6-77 

0-762 

-1-02 

0-903 

-5-92 

-0*159. 

90 

-6-96 

0-884 

0 

0-884 

-5-96 

0 


smooth bolt, except in small regions at the ends of the diameter of the bolt 
which is perpendicular to the grain. The differences between rough and 
smooth bolts is rather more marked when the tension is applied iierpen- 
dicular to the grain ita spruce, also for isotropic materials, and the stresses 
are compared graphically for an isotropic material in figure 7. 

The problem of a live knot in a tension member may also be discussed 
with the help of the analysis of this section by putting c =* 0. The solution 
then assumes that the knot is connected continuously with the rest of the 
plank. The actual values of the elastic constants of the knot will be very 
difficult to determine, but the limiting case in which the knot is supposed to 
be very rigid compared with the rest of the plank is of some interest and 
calculations have been made for this case. The problem is then really 
equivalent to a circular hole with clamped edges in a tension member. The 
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Fiouhk 6. Values of radial stress at the edge of a rough bolt* 
Tension parallel to /9=:0. 



Figttbe 7, Stresses at the edge of a smooth and rough bolt 
in anisotropic tension member. 
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values of tlie coefficients B are given in table 8 and the corresponding 
edge sti’esses Are recorded in table 9, where 0 = 0 is parallel to the tension. 
The distributions of and rr are shown in figure 8 for the case when the 
tension is parallel to the grain and in figure 9 for the case when the tension 
is ]>erpendioular to the grain. The values of SB around an unstressed circular 
hole in a tension member are also shown in figui'es 8 and 9. 


Table 8. Values of coefficients for live knot in spruce 


tensioH parallel to grain 


tension perpendicular to grain 


AjT BIT AjT B/T 

0-106 00924 0-903 0*133 


1 'able 9 . Values of stresses at the edoe of a 

KNOT IN A SPRUCE TENSION MEMBER 


0^ 

rrjT 

OOjT 

rOjT 

xxjT 

yylT 

xyjT 



Tension parallel to grain 



0 

1-20 

0-026 

0 

1*20 

0-020 

0 

10 

1-16 

0-060 

- 0-203 

1-20 

0-024 

-0-002 

20 

1-06 

0-168 

- 0-381 

1-20 

0-019 

-0-002 

30 

0-901 

0-307 

-0-613 

1-20 

O-OI 1 

0-001 

40 

0-708 

0-481 

- 0-683 

1-19 

0-000 

0-010 

60 

0-602 

0-648 

-0-683 

M6 

0-012 

0-029 

60 

0-309 

0-769 

-0-613 

1-09 

-0-023 

0-062 

70 

0-161 

0-727 

-0-381 

0-904 

-0-026 

0-107 

76 

0-092 

0*609 

-0-290 

0-723 

- 0-022 

0-127 

80 

0-048 

0-401 

- 0-203 

0-460 

- 0-011 

0-130 

86 

0*021 

0-141 

-0-103 

0-168 

0-004 

0-091 

90 

0-012 

0*006 

0 

(>•005 

0-012 

0 


Tonnion perpendicular to grain 


0 

2-10 

1*18 

0 

2-10 

M8 

0 

6 

2-09 

0*777 

-0-1 10 

2-JO 

0-768 

0-006 

10 

2-06 

-0-005 

- 0-217 

2-07 

-0-017 

0*149 

16 

2-01 

-0-647 

-0-317 

1*99 

-0-627 

0-390 

20 

1*96 

-1-02 

-0-407 

1-86 

-0-938 

0-643 

30 

1*78 

-1-22 

-0-648 

1-60 

-0-940 

1*03 

40 

1*57 

-106 

-0-024 

MO 

-0-682 

1*18 

60 

1*36 

-0*760 

-0-624 

0-727 

-0-134 

1-16 

60 

M6 

-0-456 

-0-548 

0-420 

0-271 

0-967 

70 

0-978 

-0-203 

- 0-407 

0197 

0-578 

0*691 

80 

0*868 

-0-039 

-0-217 

0*062 

0*766 

0-369 

90 

0*829 

0-017 

0 

0*017 

0*829 

0 


Vol, 184. A, 
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When the problem of an unstressed circular hole in a spruce tension 
member was solved (Green & Taylor 1945) an estimate of the type of failure 
to be expected was made by applying ultimate yield values for spruce in 
conjunction with the calculated stresses. A similar process can be carried 
out for the problem of a knot in a tension member and it is found that the 
results are very similar in character to those found for a hole. In particular, 
when the tension is applied parallel to the grain failure may take place at 
the edge of the knot by a breakdown in shear parallel to the grain, the shear 
cracks being in almost the same positions as they are for the hole. 


Knots in tlank bent by cotrrLKS 


15 , In this section the plank is supposed to be bounded by two straight 
edges y ^ ±h, where b is so large that the edges may be thought of as being 
at infinite distance apart. The plank is acted on by a couple so that there is 
a pure bending moment of amount M across every section of the plate 
parallel to the y-axis. The plank contains a circular knot of radius a whose 
centre is at the origin of co-ordinates. As attention will be confined to a knot 
which is supposed to be very rigid compared with the rest of the plank it 
is sufficient to consider conditions at the edge of the knot which are equi- 
valent to clamping. A suitable stress function for the plank is then 


and the conditions at the edge of the knot require that 

P4 A —P3B — — I 

/>2 A + Pi 5 - 1(^11 + ^12) f 


The edge stresses at r — » reduce to • 
fr = ( A -f- SMajSb^) sin ^ 4* ( B + ZMaj^b^) sin W, 

7^ = “ (A 4 3 i/a/ 8 i^) cos 6 ? 4 (iS 4 BMajSb^) cos 30 , 

3 




3 Ma 


(3 8 in^-sin 3 <?) 


4 


n 0 

(1 -i-yf-27, cos 2^) ( 1 + - 2yg 008 26 ) ’ 


where 


( 16 - 2 ) 

( 16 * 3 ) 

( 16 * 4 ) 

( 16 - 6 ) 


« {3y!7S-(yi+ya)*-] -(ri+72)(i+7ir2)}^ 

+ {(71 + 72) (7 i 72 - 3) - 37172} -®, (16-6) 

= {(7i + 72) ( > - ^71 72) + 7 i 72} ^ + (3 - (7i + 72)* - 7i 71} B , (16-7) 

= 37iy8^ + (yi + 7*)(l+7i72)^. (16-8) 


21 3 
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Table 10. Values of ooEFFitaBNTs fob ijvb knot 

IN SPEUOE PLANK BENT BY COUPLES 

« 

couple across sections couple across sections 

perpendicular to grain parallel to grain 


A 

0*203 

A 

4*01 

B 

01 36 

B 

-1*63 

K, 

0*108 

■Ki 

-6*33 

X. 

0*232 

K^ 

-1*48 

K, 

-0*0626 

K, 

- 0*444 

K, 

-0*0091 

K, 

0*110 


Table 11. Values of stresses at the edge of a knot 

IN A SPRUCE PLANK BENT BY COUPLES 


6^ 

6*rr 

6W 

bQ 

b^xx 


b*x^ 

aM 

~aM 


aM 


aM 



Grain parallel to lino ^ = 0® 



• 0 

0 

0 

-0*068 

0 

0 

-0*068 

10 

0*366 

0*033 

-0*128 

0*389 

-0*0006 

-0*066 

20 

0*639 

0*123 

-0*288 

0*764 

-0*0023 

-0*066 

30 

0*799 

0*304 

-0*601 

Ml 

- 0*0068 

-0*036 

40 

0*813 

0*679 

-0*698 

1*40 

-0*0113 

-0*006 

60 

0*698 

0*904 

-0*813 

1*62 

-0*0181 

0*040 

60 

0*601 

1*18 

-0*799 

1*70 

-00221 

0*106 

70 

0*288 

1*22 

-0*639 

1*62 

-0*0142 

0*192 

76 

0*198 

1*06 

-0*610 

1*25 

- 0*0002 

0*229 

80 

0*128 

0*712 

-0*366 

0*816 

0*0238 

0*234 

86 

0*083 

0*270 

-Q-182 

0*300 

0*0631 

0*163 

90 

0*068 

0*036 

0 

0*036 

0*068 

0 



Grain perpendicular to line 0 =a: 

0*^ 


0 

0 

0 

-6*64 

0 

0 

-^5*64 

6 

0*066 

- 7*12 

-6*68 

0*971 

- 8*04 

-4*88 

10 

0*132 

-10*4 

-6*41 

1*66 

-12*0 

-3*28 

16 

0*244 

-10*6 

-6*13 

2*08 

-12*4 

-1*73 

20 

0*409 

- 9*36 

-4*76 

2*32 

-11*3 

-0*603 

30 

0*983 

- 6*26 

-3*80 

2 43 

- 7*74 

1*21 

40 

1*73 

- 3*73 

-2*73 

2*16 

- 4*16 

2*21 

60 

2*73 

- 1*99 

-1*73 

1*66 

- 0*922 

2*62 

60 

3*80 

- 0*887 

-0*933 

1*09 

1*82 

2*60 

70 

4*76 

- 0*264 

-0*409 

0*686 

3*90 

1*92 

80 

6*41 

0*034 

-0*132 

0*241 

6*20 

1*04 

90 

5*64 

0*120 

0 

0*120 

6*64 

0 
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For an isotropic material the stresses at the edge of a rigid knot reduce to 
2Mat Bind sin 301 SMal cosO cos 301 

w-lr+l,+T-v|. ’«-15rj-rfS+3r?l- (“■») 

Calculations have been carried out for an isotropic material whose 
Poisson's ratio is ^ and also for a spruce plank. The values of the constants 
.4, for spruce are given in table 10, the corresponding stresses being 



FiotniK 10. Stress distribution at the edge of a circular 
discontinuity in an isotroj)io plato bent by couples. 

recorded in table 1 1 where the bending moment acts across sections which are 
perpendicular to ^ =^5 0. The distribution of stress is shown graphically in 
figures 10, 11 and 12 respectively for an isotropic material, for spruce when 
the bending moment is across sections which are perpendicular to the grain 
and for spruce when the bending moment is across sections which are 
parallel to the grain. The corresponding values of the stress at the edge of 
a free hole are included for comparison. In table 10 each coefficient is to be 
multiplied by aM/h^, 

Bending tests on wooden planks are usually carried out on planks cut 
in the L, T or L, R planes and bent by couples across sections which are 
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FiGtJKE 11, Stresses at the edge of a knot in a spruce plank. Bending moment 
applied ac?roas sections which ar<i perpendicular to the grain and to OzzO, 



FioxrRE 12. Strossos at the edge of a knot in a spruce plank* Bonding moment 
applied across soctioiis wliich are parallel to the grain and^jorpendicular to ^==0. 
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perpendicular to the L direction, and failure would nonnally be expected 
by breakdown in fibres in compression at the edge of the plank. When the 
plank contains no knots or holes the maximum value of h^xxjM at the edge 
of the plank is 1 ' 5 . When an isotropic plank bent by couples is pierced by a 
central hole Howland & Stevenson (1933) have shown that the maximum 
stress at the edge of the i)lank is only very slightly less than 1*5 even when 
the hole occupies half the width of the jfiank. The same result might be 
expected for a wooden plank when the L direcdion is parallel to the edge. 
It is of interest to enquire whether a central knot or hole in a wooden plank 
is likely to affect the kind of failure to be expected in bending tests. By 
applying values of ultimate yield stresses which Jiave been used previously 
(Green & Taylor 1945) to the specimen of wood tionsidered here, Avhich is 
cut in the L, T plane, it is seen from table 1 1 that, if breakdown could take 
place at the edge of the knot it would do so by failure of the fibres in the L 
direction in compression at about 30 ° from the section of the plank through 
the centre of the knot, where fAB-jM = Using this approxiniate 

value, which is not likely to be altered much by the 2)roscnce of the straight 
boundaries if a/6 is not too large, it is seen that for a/6 » 0*5 the maximum 
value of b^xx/M = 0-85 and this is well below the maximum at the edge of 
the plank. It thus seems probable that most knots situated near the centre 
of the plank will not appreciably alt^er the conditions of failure. 

Referring to table 3 a of a jirevious paper (Green 1942) a similar conclusion 
is reached when the plank is pierced by a central hole provided that the hole 
occupies less than a quarter of the section of the plank. For larger holes 
failure at the hole itself becomes possible. 


FART III 

The general method ok solution 

16 . So far attention has been confined to problems of stress distributions 
in plates of infinite extent wMch contain a single hole or discontinuity. 
The j)resenoe of other holes may have considerable effect on the dis- 
tribution of stress and in this part of the paper a method of solution is 
given for problems of stress distributions in an infinite aeolotropic plate 
containing any number of circular holes of varying radii. The method of 
solution is analogous to that used previously (Green 1941) for isotropic 
materials. 

At the centre of each hole a set of rectangular axes is taken parallel to 
the directions of symmetry of the material. For example, if 0 ^ is the centre 



334 


A. E. Green 


of the rth hole whose radius is axes are taken at 0^ which may be denoted 
by ^KVr' RefeiTed to these axes at 0^ a complex co-ordinate may 
be defined as 

= (1(M) 

wliere Ej., 9^. are plane ]K)lar co-ordinates having their origin at 0^, 

If there were no holes in the plate then the stresses produced in it when 
it is acted on by a system of generalized plane stress may be derived from a 
stress function In order to allow for the effect of the holes a fundamental 
set of stress functions is required for each hole which gives zero stresses at 
infinity and which gives single-valued expressions for the corresponding 
stresses and displacements. Suitable functions are those defined in Part II, 
namely ^Xny where the prefix r refers to the rth hole. In these 

functions u, v will now be denoted by + 

... become •••• If there are m holes the general 

stress function for any particular problem is then 

m w 00 

where are constants which are determined by the boundary 

(conditions at the circumference of each hole. 


Expansions abottt the centre of any cmcnE 


17. Before the constants can be evaluated it is necessary to express the 
stress functions in terms of each set of polar co-ordinates and hence to 
obtain Fourier expansions for the stresses at the edge of each hole. The 
stress functions related to the origin produce stresses over the edge of 
the hole surrounding the origin Oj. which can be expressed in the 

following forms : 


•*Xn “ S ’’ k6j, + sin k9^)j 

ifc«0 

fc - 1 

COB kO, + ”f%-^ Bin kdr), 

A :-0 


( 17 - 1 ) 


* This function is not the Xo defined in Part II, 
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A-** 0 

*•-•1 

= S COS -f sill kd^), 

A-O 


Jfc- 0 

- S C^yt’'' cos 4- sin kd^), 

k^l 

^ S cos 4- “//J’*' sin kO^)^ 

/c «“ 0 - 


— S cos A:<9^ 4“ sin 

fc«0 

cos 4~ sin kOf,)^ i 

‘ fc-i 

^ i ("4*^ cos kd^ 4- M*'’ sin 

it- 0 

The coefficients in these Fourier expansions have not been evaluated for 
the general case but the values required for the particular problem con- 
sidered here are given in § 19. 

Evalitatiok of the constants 

IS. The stresses corresponding to Xo can be expressed in terms of and 
0^ and at the circumference of the circle — a^, they take the forms 


fr = S'*C7j;,sinA:6/^4- 23 cos = 23**3Tfc8inifc/?^4- S%cosfc(?^. (18-1) 

fc-l it-o fc-l fc-O 

With the help of {I7‘iy(ll'4) the complete values of fr and id at tjie edge 
of the hole be found as Fourier series in 6^, In order that 

ff and fd may be zero when R^ - u, for all values of 0,. the coefficients of the 
sines and cosines must be zero. These boundary conditions give the following 
sets of equations: 

00 til 00 W 

+ Mo + s S' (Mfc »ar + n ''aS-’-) + S S' ('^k + ‘A M’") = 0, 

k»0a»l k-l<-l 

( 18 - 2 ) 
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and for I, 

CO m CO m 

■•«„ + +*•£„+ s S' (M fcX’" + + S S' Wgli- + V„'>-) = 0, 

A:<-0s«> 1 #-l 

00 7rt oo m 

fc-= 0 S= 1 k’-' l H^\ 

Also 

and for 1, 

oo m 00 m 

+ '•c„ + + S S' (M;, ''6*/ + oc, + E S' ("A ’‘hr + = o. 

Ac-0«^1 

00 trt 00 m 

- "A + ’•A. + s S' (M, *=<•>• + + s S' {■‘B, “ur + »A- '‘^r) = o. 

A; BS 0 8 1 A:"-l8>»l 

m 


(18-3) 


(18-4) 


7 « 

The symbol X' means the sum for all values of s from 1 to m excluding the 
8-1 

value 5 = r. The above equations were derived from the boundary conditions 
at the edge of a typical hole whose centre is 0^, Similar sets of equations 
may be obtained from the boundary conditions at the edges of all the other 
holes and so r will take all values from 1 to m. 

Since 


then 

and a formal solution of equations (18'2)-(1^'^) is 

••A„ = £ = i: rc^\ 

p •« 0 p «* 0 

'■B„ = £ --Af). --A. » S 

p*- 0 P-0 

where 

m 

- - 'So - S' (*A + »JSi ^9g-' + •/), M-’’). 


(18-3) 


- m 

'AS?) = -i('A. + '!rj-iS'*Co(Oar+®^{?') 


m 


8-1 


-iS'{*5i(y„-'+v/)+'AW+v„>')} (»>i), 

8—1 

m 

'5S?) - i('2; -'5fJ + i S' »<•') 


w 


8—1 


+iS'{'i?i(v„-'-y„-')+«z>i(^5'- W} («> 2), 

« 1-1 


(18-6) 


(18-7) 


(18-8) 


(18-9) 


(18*10) 
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m 

}i » 1 

+ *<'’•)} (n>l), (18-11) 

ft- 1 

* 

w 

rI/0> ^ _ J(r/7„ + %) - i S'*q,(”rr + r„-o 

, ft - 1 

m 

“ i S' f -f V/ + (w > 2), ( 1 8* 1 2) 

ft- I 

while for p^O 

CO m 
A; — 0 « ] 

+ Ytn} (» > 0), ( 1 8-13). 

CO m 
fc ^ (1 R =. 1 

+ M;'' “ *+%'■) + ''4'+a(*+ Y,-’' - *+*»'?.’’■)} (» > 2). (18-14) 

«> m 
ft - 0 ft «= 1 

+ + {n> 1), (18-15) 

00 m 

= - i S L' + M/) + + *+*r50 

k^Os^l 

+ + ''^X'O + *4'5’2(‘+*n-" + *^*f;-’’)} ^ (» 5^ 2). (18-16) 

Equation (18-13) includes the case n = 0 if the constants ^dj-’', ... are 
defined to be 

*dg•" = *ai|-^ (18-17) 

No attempt will be made here to establish the convergence of the above 
formal solution. 


Two EQUAL CIBCULAB HOLES 

19. The analysis developed in §§ 16-18 will now be applied to the par- 
ticular case of two equal holes situated so that their line of Centres is either 
along or perpendicular to the grain. Axes O^x^, 0.^y^\ OjX*, O^y,, are taken 
at the centres of the circles as show-n in figure 13 so that if O^O, =* 6, 


2i-f Zg-f-h =» 0. 


(19-1) 
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Attention will be confined to stress systems which are symmetrical about 
the line of centres 0^0^ and the perpendicular bisector of 0^02 so that the 
stress function (J 6 * 2 ) reduces to 


X 


n - 0 n « 2 


(19*2) 


In order to complete the solution of any given problem it is necossary to 
obtain the values of the coefficients given in § 17 which arise from the Fourier 
expansions of the values of the stresses over the hole = a due to stress 
functions which are related to the other hole. For this purpose Fourier 
expansions of expressions of the type 


I (^2+ 722)^1 

are required in terms of 6^ when Rj =« a. 




(19^3) 


For convenience the following notation is introduced: 
A = -f y)^-~4aV)■“^ - 6 (l*f 


and a suffix 1 or 2 is added to A, /e, w to correspond with 7 equal to or 
respectively. 

When the expression (19»3) can, with the help of {19‘1) and 

(19-4), be written as 


(/i + w)" 

n + 2/<w>+M>*i 

|r 



1 1 + 2/tw+tt>*l 
l/i® + 2/iiw + w*l 

1 


w) 


(19-5) 
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if a factor ( ~~ )” is omitted. It can be verified that w) satisfies the partial 
differential equation 

_ 1 ) _ _ 2nf^, (w;0) - 0, ( 1 9*fi) 

and if the substitution 

0(li,w) — (19*7) 

is made then ¥^(//, u?) satisfies the equation 

dW oW d'^ 

1 ) + 2(n + 2)// + (n + I ) (^ + 2) (wW) - 0. (1.0-8) 

For the values of /i, w given in (19*4) W{/i,w) is a regular function of to 
which can be expanded in a Taylor series in the form 

¥^(//,w) = ^w^O^(/i). (19-9) 

r 0 

This series may be differentiated any number of times with respect to w 
and it may also bo shown that it may be differentiated at least twice with 
respect to /i in the possible range of values of /4, w. Thus the series (19*9) 
will satisfy equation (19*8) provided that 

( 1 - //*) - 2//,(n + 2 ) -I?* 4- (>* - » - 1 ) (r + n + 2) = 0. (19-10) 

The relevant solution of this equation is 

«,(//) =:^F(r + nH- 2, n+l-r; n + 2; S) (19*11) 

wliere F{r + ?i -f 2, n 4- 1 - r ; w + 2; 5) is the ordinary hyper-geometric 
function, ^ is a numerical factor which depends on r and n and ^ i( 1 “* z^). 
The factor A can be determined by considering the expansion of to) 
when /* = 1. It is found that 

and this may also be expressed in the form 

The above expansion may also be obtained by using Lagrange’s expansion 
formula (see Hobson 1931) which gives in terms of the associated 
Legendre function P^+^fi). 



340 


A, E. Green 


When Ry — a the required expansion of (19-3) now takes the form 


+ 1-1 


[‘ 


4a®y 


n"+i 






(^8+722)“ 


i L-r(-:±ytl>!”r,vr,r+ u ,.9.i4) 


A^^(n+1)! 


Since the applications are confined to those stress systems which are 
symmetrical about the line of centres and its perpendicular bisector, not 
all of the coefficients in (17-l)~{17-4) are required and only the relevant 
ones will be given here. The coefficients for unsymmetrical systems may 
easily be obtained by a similar method if needed. Consider the stress 
functions With the help of (3*2), (3*3) and (19*4) it will be found that 
the value of the normal stress fr over the edge of the hole whose centre is 
Oj, duo to is given by 

X (e‘®» + yie-*'®>)’'{(e*'** + yi«~^''*)*-4yi}f’(-r,r + l; n + 2; Sy) 

[ 71 , 

(e<«. +y*e-*<’ir{(e<«.+y,e-«.)2-4y,}i’(-r.r+ 1; « + 2; ^,)}. 

(19-15) 

Each term in <9, in (19-15) must now be expanded and, considering only the 
real part, the expression can be rearranged as a Fourier cosine series whose 
coefficients are 

^ (r-hl~2*'«)(2r + n+ll! 

“ (71 - 7.) 2" (« +'l j"! . (r + 1 + i) ! (r + 1 - k) T 

x{ya(Ai-ir'*‘Ml + 7r)Af-’‘7!;-"-*r(-2r,2r+l; 71 + 2; Sy) 

- 7i(/h - 1 )'‘+^ ( 1 + 71*) ^r-'* rt-’'-* F{-2r,2r+l;n + 2; a*)} (k > 0), 

(19-10) 

n„*.i _ (-)”^’ ^ (r + l-2A:-2<:*).(2r + n+2)l 

(7i-78)2"(n+l)lr-t-i' > + 2 + )fc)!(r+l-A;)l 
. x{7,(;ti-l)«+i(l+yf^i)Af+i“»*7l-»-*4P(-2r-1.2r+2; n + 2; Sy) 

- 7i(A'a - 1 )”"^' ( 1 + 78*+^) F{-2r-l,2r+2-,n+2;St)} ^ ‘’)- 

(19-17) 
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The remaining coefficients in (17'I) and (17‘2) may be found by a similar 
process. The details of the work will be omitted and only the final results 
will be quoted here. Thus, for A; > 0, n > 0, 


V ^(2r+l)(2r + n+l)! 

X {Jiifh - 1 )’*+^ ( 1 + r!*') Af-" yH ■?’( - 2r, 2r + 1 ; n + 2; dj 

-yxUh- l)"+Ml+rf)A|’-”y5-«-* J’(-2r,2r+ 1; « + 2; ^j)}, (19-18) 

ni2,i ^ V (2A-+l)( r+l)(2r-fw + 2)! 

(r.,-7.)2''(w+l)!r».-i {r + 2 + i)!(rTl-/fc)T 

X {y 2 (Ai- +yf+^)Af''+i-"yJ-«-*i!’(-2r- l,2r+2; n + 2; 

- yMi - 1 ( 1 + yf^^) Af"^ ‘7’* y 2 ~"~* i^{ - 2r - 1 , 2r + 2 ; » + 2 ; (19-19) 

„, 2 a ^ (-)” (r+l)(2 r-fl) (2r + TO-f 1)1 

(Ti ■“ y*) 2” (w + 1) ! r- *■- j (V+ 1 + i) ! (r + 1 — A;) ! 

X [yzifii - 1 )’*+M 1 + rf ) Af - " yr -P’( - 2r, 2r + 1 ; w + 2 ; «j) 

- 7 i(A' 2 -l)"+Ml + rf)Ar-»yr"“*'-?'’(-2r,2r+lj n + 2; da)}, (19-20) 


„,a,i ^ V (»*+])(2r+3)(2r + n + 2)! 

(y,-yV)2Mn+I)!r = fc-i (r+2 + A:)1(r+r-i)! ’ 

X {ya(//i- I)"-"* (1 +yf' »)Af' » '‘yI-’‘-*-F’(-2r - 1, 2r + 2; n+2; tf,) 

- ri(/^a - 1 ( 1 + yi*+*) Af+i-^yS-"-* f’(-2r-l,2r + 2;n+2; ^j)}, (19-21) 

and for A; > 0, n ^ 2 

_ I::!" V ^+L~2**)12»^«-1)! 

(yi-ya)2"-*(’t-l)!r-fc-i (r+l + fc)!(r+l-A:)! 

X - 1 ( 1 + yf*) Af yj -» * - * i’( - 2r, 2r + 1 ; n; ^, ) 

-(/ig- l)»-i(l +^i*)Af -“ «y5 */’(-2r,2r + l; n; #,)}. (19-22) 

n„a,i (-)"+» S (r+l -2A;-2A;«)(2r+n )! 

‘'"J'+i (yi-7JF-*(n-Tr!r-*-i (r+2 + A:)l(r+l-A:)! 

x{(//,,-l)»-»(l+yf*+»)Af-’*-»yI-'-*-*l'(-2r-l,2r + 2; n; ^j) 
-(A»-l)"-‘(l + yi*'+‘)Ai’-”-^y5-"'*-®-P’(-2r-l,2r+2; n; ^e)}, (19-23) 

(- )" y fe( 2r+l)(2f + n-l )! 

(ri - r*) 2"-* (n - 1 ) ! , .t- 1 (»• + 1 + ^) ! (»• + » - *) ! 

x{(//,i-l)«-J(l + y?*)Af-"-*yi:--”-*-*i?’(-2r,2r+l; n; S^) 

-(/tg-l)"-»(l + y|*)Af-"-*yJ ”-*'-*JP(-2r,2r+l; n; ^j)}, (19-24) 
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>,,V =— S ( 2fc+l)(r+l)(2r + n)! 

(ri~r2)2"-*(w-l)i,.i„i (f + 2 + jfc)!(»-+l-iS:)I 
X {(//,! - 1 )"-i ( 1 + yf*+i) Af-i-" yJ-»-*-2 F(-2r-l,2r+2,n;8i) 

-(/**- +yi*+i)A|'-i-»y5~»-*--*l’(-2r-l,2r + 2; n; «*)}, (19-26) 

[-)" V (r+_l)(2r+J)(2r + «-l)! 

(7i-rs)2"®(«-J)!r»fc-i (r+l+ifc)!(r+l-*)! 

X {(Ai - 1 ( 1 + yf) Af "«-* y|;--»-k- » /-( - 2r, 2r + 1 : «; «,) 

- {/h - 1 )"-M 1 + yi*) yj-”-*-* J’( - 2r. 2r + 1 : #,)}, ( 1 9-26) 

= (-r^ ^ {r+l)(2r + 3){2r + n)! 

(yi - ya) 2» ■ * (n - 1 ) ! , 1 (V + '2 + F) ! (r + 1 - ifc j ! 

x{(/<i-l)«-i(l+yf+i)Af -^-«yI-'‘-*-*/’(-2r-l,2r + 2; n; ij) 
-(Aa-l)"“Ml+y|*+*)Ar-^-"yr”-*'*-^’{-2r-1.2r + 2; «; 8^)). (19-27) 

The remaining coeifioients in (17-1) and (17‘2) are zero for two holes whose 
line of centres is along or perpendicular to the grain. The set of coefficients 
... is equal to the set ... given above. The values of and 
are not given by (19*18) and (19*24) but are to be obtained from 
(18*17). 


The tensiok problem ^ 

20. If the plate is under a uniform tension T parallel to the line of 
centres, then 

IS, - - ^S, «= - - 27 ; - iT, (20*1) 

and 

= * JT, Mi? =- 0 (n^ 1), - 0 {n>3). (20*2) 

Calculations for any given material and for particular arrangements of 
the hole are long. In order to get some idea of the eCFect of one hole on the 
stress distribution round a neighbouring hole calculations have been made, 
with the help of §§ H-IO, for spruce when the grain is perpendicular to the 
line of centres and for the case when the distance between the centres of 
the holes is four times the radius of either hole, i.e. b — 4a. The tabulation 
of the various constants which are needed in this work would take up 
considerable space, and they are of no use for any other material or arrange- 
ment of holes, so only the final values of the edge stresses round either hole 
are given in table 12 where 0 » 0 is parallel to the line of centres. Values of 
ffd for a single hole in spruce are included for comparison. It will be seen that 
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the presence of the second, hole tends to reduce the magnitudes of the stress 
round most of the hole, the reduction being most marked in the compressive 
stress at points of the two holes which are nearest together. 


Table 12. Values of stresses on the edge of a hole. Tension 

PARALLEL TO LINE OF CENTRES AND PERPENDIOULAE TO GRAIN 





xylT 


S$IT^ 

0 

0 

-4*86 

0 

-4*86 

-6*14 

0 

--0'030 

-3*89 

0*340 

-3*92 

— 

10 

-0002 

-2*01 

0*364 

-2*07 

-2*22^ 

16 

-0*031 

-0*433 

0*116 

-0*464 

— 

20 

0*072 

0*546 

-0199 

0*618 

0*681 

30 

0-420 

1*26 

-0*727 

1*68 

1*70 

40 

0*836 

M9 

-0*996 

2*02 

2*07 

60 

1*23 

0*864 

-1*03 

2*09 

2*16 

00 

1*66 

0*516 

-0*892 

2*06 

2*13 

70 

1*77 

0*236 

-0*646 

2*01 

2*09 

80 

1*91 

0*069 

-0*337 

1*97 

2*06 

90 

1*94 

0 

0 

1*94 

2*04 

100 

1*87 

0*068 

0*330 

1*93 

2*06 

110 

1*71 

0*227 

0*624 

1*94 

2*09 

120 

1*46 

0*485 

0*840 

1*94 

2*13 

130 

M3 

0*793 

0*946 

1*92 

2*16 

140 

0*744 

1*06 

0*886 

1*80 

2*07 

160 

0*363 

109 

0*628 

1*46 

1*70 

100 

0067 

0*429 

0*156 

0*486 

0*681 

106 

-0*031 

-0*429 

-0*116 

-0*460 

— 

170 

-0*066 

-1*79 

-0*316 

-1*85 

-2*22 

176 

- 0*026 

- 3*40 

-0*298 

-3*43 

— 

180 

0 

-4*23 

0 

-4*23 

-5*14 


* Single hole. 


21. When a tension is applied at right angles to the line of centres 

i.s; = % = % = “T, = - = IT, (2M) 

and 

« - J?’, = 0 (n > 1 ), - iT, = 0 (n > 3). (21-2) 

Calculations are again limited to a spruce plank whose grain is jperpen- 
dicular to the lino of centres and for the case 6 = 4o. The stresses at the edge 
of either hole are shown in table 1 3 where ^ — 0 is parallel to the line of 
centres and the values for a single hole are included for comparison. In this 
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case there is a general increase in the values of the tensional edge stresses 
due to the presence of the second hole, the increase being greatest at the 
points of the holes which are nearest together although these are not the 
points at which there is the greatest percentage increase. The compressive 
stress is slightly less for two holes than for one. 


Table 13. Vaiates of stbbsses on the edge of a hole. Tension 

rERPENDICULAB TO LINE OF CENTRES AND PARALLEL TO GRAIN 



XX IT 

yylT 

xyjT 

OO/T 

OOjT * 

0 

0 

6*62 

0 

6*52 

6-37 

5 

00434 

6-67 

- 0*496 

6*71 

6*67 

10 

0-124 

3*98 

- 0*701 

4*10 

3-99 

15 

0-180 

2-60 

- 0*670 

2*68 

2-61 

20 

0199 

1-60 

- 0*646 

1*70 

1-66 

30 

0-161 

0-482 

- 0-278 

0-643 

0*616 

40 

0*0793 

0*113 

- 0*0945 

01 92 

0-173 

60 

- 0-009 

-0006 

0*007 

- 0*016 

- 0*028 

60 

- 0*084 

- 0*028 

0*0485 

- 0*112 

- 0*123 

70 

- 0-140 

- 0*0186 

0*0608 

- 0*168 

- 0*169 

80 

- 0-174 

- 0-006 

0*0306 

- 0*179 

- 0*189 

90 

- 0*181 

0 

0 

- 0*181 

- 0*196 

100 

- 0*166 

- 0-006 

- 0*029 

- 0*171 

- 0*189 

110 

- 0*129 

- 0*017 

- 0*047 

- 0-146 

- 0*169 

120 

- 0-070 

- 0*023 

- 0*040 

- 0-093 

- 0*123 

130 

0*008 

0-006 

0*007 

0*014 

- 0*028 

140 

0*096 

0*136 

0*114 

0*231 

0*173 

160 

0*174 

0*623 

0*302 

0*697 

0*615 

160 

0*207 

1*66 

0*669 

1*77 

1*66 

166 

0*184 

2*67 

0*688 

2*76 

2*61 

170 

0*126 

4*02 

0*710 

4*16 

4 3*99 

176 

0*044 

6*72 

0*500 

6*76 

6*67 

180 

0 

6*67 

0 

6*67 

6*37 


* Single hole . 


In general it may be concluded that the stress distribution round a hole 
in a spruce tension member is not greatly affected by the presence of 
another hole provided that the line of centres of the holes is perpendicular 
to the grain and to the tension, and provided that the shortest distance 
between the boundaries of the holes is not smaller than the diameter of 
either hole. When the tension is parallel to the line of centres the effect of 
the second hole is more marked but the magnitudes of the stresses are 
mostly less than for a single hole. 
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The phosphorescence of various solids 
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[Plate 8] 

Introduction 

Ultra-violet radiation absorbed by a solid may be dissipated either as 
boat or as luminescence. If the electrons involved in the absorption 
transitions return to the ground state in a time not greater than 10^® sec,, 
the resulting emission is described as fluorescence. Delayed return is 
generally referred to as phosphorescence, and it is the chief object of this 
paper to describe some measurements of the decay law for various solids, 
together with some associated measurements of photoconductivity. A 
preliminary account of this work has already been published (Randall and 
Wilkins 1939). 

The phenomenon of phosphorescence can be described by reference to 
figure 1. Suppose we have a beam of ultra-violet radiation the intensity of 
which varies with time as shown in figure la. If this beam is allowed to fall 



< Fiacmss la 





FtGtmm 16 


on a solid and excite luminescence, the intensity of luminescence will vary 
as shown in figure 16, rising to an equilibrium value /^ax. according to 
definite laws, and decaying after the exciting radiation has been out off, also 
according to definite laws (Randall 1939; de Groot 1939a). The law of 
decay is in general a complex one; the two simplest assumptions con- 
cerning the mechanism of decay give an exponential and a hyperbolic law. 
Further reference to this is made in the discussion. The time constants for 
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the rise and decay for any chosen solid appear to be the same^ or approxi- 
mately so, in oU cases examined so far. The decay periods vary over a wide 
range. The decay in platinooyanides and a number of tungstates appears 
from approximate measurements to be complete in a time of 10"'* sec. In 
zinc and zino-cadmium sulphides the decay may last for minutes, and in 
alkaline earth sulphides periods of many hours or days have been observed. 

Since the experiments of Gudden and Pohl (1921 ) it has been known that 
there may exist some direct connexion between luminescence and photo- 
conductivity, and modern ideas of energy states in solids have shown in 
what way such a connexion could arise. Few attempts have so far been 
made to probe tliis connexion further. The optical energy levels in solids 
are complex, and it is necessary for a complete understanding of the 
mechanism involved in luminescence processes to approach the problem 
from aa many directions as possible. In addition to the phosphorescence 
measurements already mentioned, we have also examined the photo- 
conductivity of our specimens. The results show some complexity; in the 
discussion which follows the presentation of results, we examine a number 
of the more probable explanations. 

Expebimesntal technique 

The fundamental principle of the apparatus is in no way original. The 
metal disk D (figures 2, 3) 10 in. in diameter rotated on ball bearmp, the 
axis of rotation being horizontal. The disk was driven by a d.o. motor and 
endless web-belt attached to the pulley P. The speed was adjusted by a 
resistance in series with the motor, and the speed could be kept constant by 
using a neon lamp running on the a.c. mains as a stroboscope. Speeds of 
2000 r.p.m. were used for the uranyl salts, and speeds of 125 and 250 r.p.m. 
for the imptirity phosphors. It was important to adjust the speed of the 
disk so that the phosphorescence decayed to a negligible value after one 
revolution. 

In order to obtain as much light as possible the powdered specimens were 
applied in annulus form round the circumference of the disk. We found it 
convenient to apply the powder to a cellophane disk which was fixed to the 
metal disk by adhesive. (For speeds up to 2000 r.p.m., vacuum tap grease 
is useful as it allows the specimen sheet to be removed intact tom the 
wheel. Tap grease was also used for holding the powder to the cellophane.) 

The exciting source was an 80 watt Osira mercury lamp (with outer glass 
bulb removed) working on d.o. A single-stage quartz monochromator was 
used to transmit only a wide group of lines about 2560 A. The light from 
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Fiquhe 2. Sido view of diso pliosphoroscopo, showing rotating disk 
with photocoU P and dividtid circle C. 



FxGunB 3. Front view of disk phosphoroscope showing photocell P in box B arranged 
for reading phosphorosoence intensity at any point of amiulns A A. Luminesconoe is 
excited efc ^ by ultre-violet light. 


32-3 
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the monochromator was focused in a small patch at M (figure 3)* Stray 
ultra-violet light was cut off by diaphragms. An attempt was made to use 
an a-particle source of about 200 nullicuries of radon but imuffloient 
phosphorescence was excited. 

The intensity of phosphorescence was measured by means of a vacuum 
photocell P (type K.M.V. 6, G.E.C. potassium cell) and amplifier of the 
electrometer triode type (Winch and Machin 1935; Warren 1935). The 
advantage of the vacuum photocell and triode method lies in its sensitivity, 
steadiness, and linear response to light intensity. The deflexion of a galvano- 
meter measured the light intensity directly. The photocell was mounted in 
an earth-shielded box B on an arm rotating on an axis 0 in line with the 
axis of rotation of the phosphorescence disk. A divided circle C allowed the 
angular position of the cell to be read to within 0*1“. Lead- wires to the 
amplifier were kept short an^ were shielded, the rotating lead connected to 
the stationary lead through a fine spiral of wire 8 , figure 2. Wratten 2a filters 
were used to cover the slit on the photocell box so that stray ultra-violet light 
entering was negligible. The dimensions of the slit on the photocell box 
were 3 x 36 mm. With the box 2 mm. from the phosphoroscope disk the 
intensity recorded for a given setting of the box was a measure of the 
average intensity over 2° round the phosphorescent annulus. 

Observation of the decay started at approximately 14® after the exciting 
light was out off and thus the first part of the decay curve could not be 
observed. This was inevitable as the photocell box would out off the exciting 
light if the photoo(jll was moved closer to the beginning of the phosphor- 
escence tail. Readings of intensity reproduced to within 1% for the larger 
scale deflexions. A photograph of the phosphorescence decay of , cadmium 
chlorophosphate on the rotating disk is shown in figure 4, plate 1 (the photo- 
cell has been removed to show the complete decay). 

Oscillograph phosphoroscope 

In addition to the apparatus Just described we have also developed an 
oscillograph phosphoroscope, essentially similar to those developed inde- 
pendently by Schleode and Bartels (1938), and de Groot (1939a, 6). In 
this type of apparatus a constant source of ultra-violet radiation is regularly 
interrupted by means of a sector disk and allowed to fall on the specimen 
to be investigated. The luminescent light is foctised on the primary cathode 
of a multistage electron multiplier. The potential developed aorose the load 
resistance in the multiplier circuit is amplified by means of a linear amplifier 
and applied to an oscillograph. The rise and decay curves are seen on the 
screen and may be photographed for measurement purposes. One ad- 
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vantage of this type of phosphorosoope is that major effects of temperature, 
exciting intensity etc. can be observed rapidly. Examples of oscillo]graph 
records of various materials are shown in figures 6-8, plate 1. Our use of 
the oscillograph phosphoroscopo has so far been chiefly qualitative. 

The phosphorescence of ihianyl salts 

The fluorescence spectra of the uranyl salts consist of a series of narrow 
bands. This in itself indicates that emission is the result of electron 
transitions from excitation states in the crystal. Solutions of the salts 
fluoresce strongly. This and other evidence indicates that the co-ordination 
group of the uranyl ion is the seat of luminescence, whether the ion is in a 
solvent or part of the pure crystal. That the luminescent process is not 
confined to special centres is indicated by the observation that the flxior- 
escence intensity does not tend to saturate for high intensities of exciting 
light as it does for impurity phosphors (de Groot 1939c). It is very 
reasonable to expect for uranyl salts exponential phosphorescence decays 
independent of exciting intensity and no photoconductivity. This is found 
to be the case. 

Wawilow and Lewschin (1928), using visual photometry, showed that the 
uranyl salts give exponential decays. They also showed that the results of 
Nichols and Howes (1919) could be interpreted to show exponential decays. 

Figure 9 , curve c, shows oiu* results for ammonium luanyl phosphate. 
The decay constant a in the formula If « Iq is 703 sec.-^ The log of the 
intensity is plotted against time. In figure 10 the cui'ves show that the 
decay of the phosphate and nitrate is unaffected by variation of the intensity 
of the exciting light. The decay constant for uranyl nitrate is 1390 sec,"^, 
Wawilow and Lewschin give the value ISOOsec.^^. This discrepancy possibly 
arises from diflSculties of accurate visual photometry as used by Wawilow 
and Lewschin, 

The phosphorescence of ooMPOUNns with manganese impurity 

The phosphorescence of a number of solids containing manganese 
impurity has been examined and a list of these is given below. 

The first foxir of the compounds in this table give almost exponential 
decay curves, the semi-log plots Ixeirig shown in figure 9 a, 6, c, d. It was at 
first thought from preliminary examination that these compounds gave 
i^mi-log plots with no curvature; the oxirvature of the lines in figure 8 is, 
however, definite. The result for cadmium silicate agrees well with that of 
Johnson and Davis (1939). 
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Figubb 9. Dfxjay curves. Curves c, c are composite curves formed by fitting 
together two partially overlapping curves. For curve a, 1msec. = O'TS''; for curves 
6, c, d, 1 msec, = for curve e, 1 msec. — 12^. Decay l>egan at 3®. 

(а) Cadmium silicate, 1/a = 26 milUsecs at 40 milliseos. 

(б) Zinc mosodisilicato, 1/a =s 10*9 millisecs at 40 millisecs. 

(c) Cadmium chlorophosphate, 1/a = 11*1 millisecs at 40 milliseoa*; 

(d) Cadmium borate, 1/a = 16 millisecs at 40 millisecs. 

(e) Ammonium uranyl phosphate, a = 703 eec,-^. 


200 , 
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Fiottuk 10. Uranyl salt decay curves at different exciting intensities. The exciting 
intensity for carves a is ten times that for curves 6. Ammonium uranyl phosphate, 
a = 703 sec.*“^ Uranyl nitrate, a = 1300 see.*"*. 


♦Table 1 


Phosphor Mol. % of manganese 

Cadmium silicate 0-5 in 10* 

Zino mesodisilicatc*' 1 in 10® 

Cadmium chlorophosphato 1 in 14 

Cadmium borate 3 in 10® 

Zinc orthosilicate 1 in 10® to 1 in 10® 

Zinc beryllium silicate 0-5-2 in 10* 

♦ Zinc orthosilicate is not. as stated by Fonda (1939)* compound of zinc 

oxide and silica. X-ray diffraction measurements, together with luminescence results, 
clearly prove the existence of a mesodisilicate of composition ZuSLOj (Randall 1936). 


As will appear from the discussion which follows, it is important to know 
whether the slope of such curves at any instant of time is a function of time 
after the exciting light is cut off or of phosphorescence intensity. Figure 1 1 
shows that the intensity of the exciting light does not affect the decay 
curves for zinc mesodisUioate cadmium ohlorophosphate and cadmium 
borate. The form in which the results are presented in figure 1 1 makes it 
clear that the slope of the curve is a function of the time only. It will be 
noted that the result for cadmium silicate is not very definite. 
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FiGtTKB 1 1 . Effect of exciting intensity on decay curves of caclnuum silicate, cadmium 
boratfs cadmium chlorophosphato and Kino meaodisilicato* Curves marked 1 are for 
high exciting intensity, 2 ore for Ioav exciting intensity. In curves marked 3 the tails 
of the high intensity curves or© shifted so that the actual phosphoraaoenoe intensity 
at a given time abscissa is equal to that of the low intensity curve. Tlie fact that 
1 and 2 are parallel but at an angle to 3 shows that the slope of the phosphorescence 
curve is a function of time and not of intensity. 
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In the case of some artificial willemites and zinc sulphides the initial 
phosphorescence decay is followed by a prolonged glow, and on the 
phosphorosoope disk the phosphorescent annulus glows through the whole 
360°. Tliis phenomenon was not exhibited to any extent by the compounds 
of table 1 other than the zinc orthosilicates. 

The deviation from a straight line of the semi-log plots of the decay 
curves for the first four solids of table 1 was not great ; but in the case of 
zinc beryllium silicate (see McKeag and Randall 1938 for further details of 
this type of phosphor) the deviation is greater, in fact the curve fits an 
exponential no better than it does a hyperbolic formula. The results are 
given in figures 12 and 13. The decay of zinc beryllium silicate, however, 
resembles the decays of other substances in that the curve is unaffected by 
intensity changes. This distinguishes this type of decay from that of zinc 
sulphide activated with copper or silver. The zinc beryllium silicate curves 
of figure 1 2 show also that the slope depends on the concentration of the 
manganese impurity. 

In the case of zinc orthosilicates with manganese impurity (briefly 
referred to ‘below as willemite) the various specimens which we studied all 
gave an initial decay curve which is approximately exponential and which 
is unaffected by exciting intensity (see figure 13). The curvature of the 
semi-log plot for the first 40 milliseconds of decay was always slight and 
about the same order as that for cadmium silicate or zinc mesodisilicate. In 
most specimens the slope of the curve decreases considerably after 40 milli- 
seconds. Fonda (1939) states that tliis decrease of slope is temperature 
dependent and disappears at certain high and low temperatures. The de- 
crease of slope did not occur (see figure 12) for one of our specimens 
(referred to as A ) which had been subject to prolonged heat treatment and 
in which single crystals 0*2 mm. in size existed. Willemite with manganese 
contents from 0*1 to 1 % composed of an agglomeration of crystals about 
10// in size, have all much the same decay curve. All the specimens ga,ve 
prolonged faint glows lasting several minutes, except A, which gave a 
fainter glow about the same intensity as that of a zinc beryllium silicate. 
The large crystals of specimen A were ground up and the fine powder 
separated with acetone from the coarse grains. The average size of the 
grains in the two samples was 10 and 200//, and the decay curves for the 
two samples ore shown in figure 12. The decay curve is evidently inde- 
pendent of the grain size if the grains are split oS large single crystals. 
Grrinding the powder to a grain size of less than 1// or cooling rapidly from 
1000° C fails to increase the long afterglow. A specimen of composition 
1-8 ZnO, 0*2 BeO*, 1-5 SiO* with 0-6% Mn gave a decay curve intermediate 
between those of ZnBeSi04 and Zn^SiO^. 



intensity on log scale 



FlOtTBK 12 

1/a at 15 msoo. 

Willeraitoa 

in msecs. 

X 0*1% Manganese 

U‘3 

□ 0*5% Manganese 

13*1 

A 0*5% Manganese 

13*4 

O 1*0% Manganese 

11*4 

V 0*6% Speoiiuen A, 10/t grains 

12*3 

0*5% Specimen A, 200/t grains 

12*8 

Zinc beryllium silicates 


O 1*8 ISnO, 0*2 BeO» 1 SiO»+0*5% Mu by 

wt. 11*0 

D ZnO.BeO»SiO, + 01% Mn 

10*1 

A 2nO,BeO*SiO, + 2 0%Mn 
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The decay of zinc sulphide-Mn is of interest; the decay is independent 
of exciting intensity and temperature, and therefore is not of the bimole- 
cular type (as is zinc sulphide-copper). We suggest that the decay process 
is essentially similar to that of the substances of table 1. 



FiatTRB 18. Willemite and zinc beryllium silicate decay independently of exciting 
intonsity. Exciting intensity for curves a is ten times that for curves 6. Curve o is 
the tail of the zinc beryllium silicate curve shifted as in figure 11. 


Photoconductivity measurements 

The fluorescent materials studied were available for the most part only 
as powders; as a result only qualitative measures of photoconduction 
could be obtained. 

The powder was pressed gently in a layer about 0*2 mm. thick between 
quartz plates and (figure 14). A platinum shoot lying on the plate 
served as one electrode, while the other consisted of a series of fine graphite 
lines painted on the quartz plate P^. The light entered the powder by 
passing through the spaces between the graphite lines. Electrons produced 
by external photoelectric effect at the electrodes could not pass between 
the electrodes because the powder completely covered the electrodes. The 
airangement was placed in a vacuum to reduce leakage currents due to 
moisture in the powder. Currents down to 10“^* amp. were measured using 
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an electrometer triode as amplifier. The ultra-violet light was produced by 
a monochromator and mercury arc. 

Potentials of 200 V were applied betweeix the electrodes. When the light 
was shone on the powder a current was produced instantaneously; this 
current then died away to zero roughly accordii^ to an exponential decay. 
This decay could be explained if the photoelectrons could not pass freely 
between the electrodes but accumulated as a space charge at for instance 
the surfaces of the powder grains. (Alternatively the space charge may be 
due to the fact that the positive charges cannot move and electrons cannot 
enter the powder from the cathode.) The rate of current decay calculated 
according to such ideas agreed with that found ex]:)erimentally. The field 
in the crystal grains was due to the combined effect of the space charge 
and the applied field, but as the amount of space charge depended in an 
indefinite way on the previous applied fields and times of illumination of 
the powder, the currents measured are probably significant only to about 
100 %. 


A 
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Tables 2 and 3 summarize the measurements of the initial photocurrents 
using two different wave-lengths of light. In both tables the following 
symbols are used to indicate the degree of fluorescence: ff, brightly 
fluorescent; f, faintly fluorescent; vf, very faintly fluorescent; nf, not 
fluorescent. The uranyl salts (table 3 ) fluoresce brightly but give no 
detectable photocurrent. All the manganese impurity phosphors give 
currents of about the same order. It should be noticed that the presence of 
manganese does not appear essential for the existence of photoconductivity ; 
also it may be significant that photoconductivity is produced by long 
wave-length ultra-violet which excites negligible fluorescence (although 
Hofstadter ( 1938 ) obtained results for willemite which showed relatively 
very little photoconduotion for these long wave-lengths). Calcium tung- 
state fluoresced brightly and gave a small but definite photocurrent. 
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Table 2. Photoconduction cubbknts. Phosphoes containino man- 
ganese AND THE CORRESPONDING PITRK MATRIX. CURRENTS IN 10-“ AMP. 


PhosphorB with manganese impurity Pure oompounda 


Exciting 

wave- 


Exciting 

wave- 


length 


length 







Phosphor 

2650 A 

3(mo A 

4360 A 

2650 A 

3050 A 

ZnjSiO* (0-6% Mu) 

60 ff 

40 vf 

6 nf 



ZujSiO. (0-6% Mn) 

40 ff 

15 vf 




Mim>ral willoinito 

20 ff 

36 ff 


16 nf 

20 nf 

ZnBeSiO. (2% Mn) 

9ff 

3 nf 

ZnBeSiO^ 

0*4 nf 

0-2 nf 

CdSiA 

12 ff 

~nf 

CdSiA 

2-0 nf 

0,05 nf 

30d3(F04),.CdCl, 

40 ff 

26 nf 

3Cd,(I>04),.CdC4 

160 nf 

160nf 

CdB ,04 

76 ff 

100 nf 

CdBA 

26 nf 

100 nf 


10 ff 

5 vf 




55nS (Mn) 

100 ff 

1000 ff 

100 



ZnS (Ag) 

50 ff’ 

2000 ff 




CaWO. (1% Sm) 

0-2 ff 

0-2 ff 




Approx, ratios of energy 
in different wavelengths 

60 

100 

60 




TaBLIS 3, PHOTOOONBTTnriON IN OTHER PURE SOLIDS 


Currents in amp. 


Compound 

Uranyl a<ieta.te 
Uraiiyl nitrate 
Calcimn tungstate 


Current using 
llg 2560 A 

-0 02 IT 
0-2 ff 


Curnmt using 
Hg 3050 A 
-O’Ol ff 
- 0-01 ff 
0-3 f 


DisoussroN 

The sharp energy levels of single isolated atoms are in general broadened 
out into bands by the aggregation of the atoms into a solid. Such bands may 
or may not retain the characteristics of the atomic levels from which they 
derive. According to the theoretical work of Peierls, Slato, Mott, Seitz 
and others the forbidden energy levels lying between the possible zones of 
energies may contain isolated levels, known as excitation states. Those 
ideas are represented diagrammatically in figure 15. Bands A and C 
contain possible energy levels for electrons, and band A in an insulating 
solid is full of electrons. Band C is generally referred to as the conduction 
band. The excitation states lying below the conduction band are denoted 
by E. We will now consider the bearing of these ideas on the experimental 
results just described. 
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If light shines on a crystal and is absorbed so that electrons sae raised 
froiQ the full band A into the excitation states E such electrons are still 
bound electrons and are not ‘'free”. In consequence no photooonduotion 
can arise as the direct result of absorption into excitation states. Absorp- 
tion into excitation states can however result in a radiation transition from 
the excitation state to the ground state. Such a transition from one of the 
states E to band A in figure 15 would be a luminescence transition. The 
extent to which the luminescence spectrum is of the line or band type 
depends on how much the levels E have been broadened. The probability 
that in time dt an electron returns to the ground state with the emission of 
light is given by andt where a is a constant for the crystal at a given 
temperature, and n is the number of electrons in excited states at time i 
after the switching-off of exciting radiation (see figure 1). 


e 


B 


B 



A 


FimiRK 16. Energy levels in solids. 


For this decay dnjdt ^ --ocn 

and 

or / = (i) 

where / is the phosphorescence intensity at time t 
The results for uranyl salts show the law of decay to be of this typo with 
10”* sec. ; the lack of photoconduction shows that in these salts we are 
dealing with a case of excitation states. It appears probable from the 
values of a that the transitions are of the ** forbidden” type. Much faster 
decays (- 10“* sec.) would be expected for allowed transitions. The oscillo- 
graph records of figure 5 show that the value of a is for the uranyl salts 
almost temperature independent between room temperature and K. 
Further confirmation that the decay for uranyl salts is simply exponential 
is obtained from the intensity curves of figure 10. 
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The phosphorescence of most of the solids dealt with above however 
depends on the presence of manganese impurity. Using the model of 
figure 16 it has been supposed generally that the presence of the impurity 
gives rise to new energy levels some of which may lie in band jB. Absorp- 
tion of light could then give either the exponential type of decay already 
observed for pure solids, or a hyj)erbolio type of decay if the electrons are 
raised to the conduction band G. The hyperbolic decay law arises as follows. 
Supposing that there are n electrons per unit volume in the conduction 
band, then there will also be n vacant impurity levels or positive holes in a 
filled band. The variation of n with time will now depend on the number of 
holes as well as on the number of electrons in band C and we shall have 

dnjdi=^ 

Solution of this equation gives 

/==V(l+At^oO^ (ii) 

(This expression is characteristic of a bimolecular reaction.) From this we 
see that 1/^/ is a linear function of time and the slope of the decay curve is 
proportional to ^/. A further consequence is that such solids should be 
photoconductors. 

Let us now examine these points for the solids cadmium silicate, zinc 
mesodisilicate, cadmium borate and cadmium chlorophosphate. Variation 
of exciting intensity over a wide range showed that the rate of decay was a 
function of time only and not of exciting intensity. This would immediately 
suggest a decay of exponential type similar to equation (1) above, the 
radiation transitions taking place from excitation kwels of manganese ions 
to the ground state. The slight curvature of the semi-log plots could then 
be explained as a result of manganese ions having different environments in 
different parts of the crystal. This would lead to different values of transi- 
tion probability and the law of decay would be of the form I^EI^ 

Such an arrangement would give a decay curve of the type observed and 
the decay would be independent of the exciting intensity. The rate of decay 
would however vary with the time of excitation. Our experimental 
arrangement did not allow wide variation of time of excitation and this 
point could not be checked. This explanation does not however take account 
of the photoconductivity of the specimens. While it is impossible to be 
certain, we are inclined to the view that the photoconduction arises in these 
solids from secondary caui^s. Reference to table 2 will show that the 
addition of quite large amounts of impurity makes comparatively little 
change in the photeconduotion, and it may be that only a small proportion 
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of the excited electrons pass into the conduction band, A further point in 
favour of the view that the mechanism of luminescence in these solids is 
fundamentally one of excitation states in manganese ions is suggested by 
the fact that the mean slopes of the semi-log plots are not widely different 
in the four solids. Reference to figure 6 also shows the decay to be in- 
sensitive to temperature changes. 

An alternative view is possible: the electrons may, on absorption of 
ultra-violet light by the solid, be set free from the manganese ions into the 
conduction band. If the recombination of these electrons by the manganese 
ions takes place in a time short compared with the life of the excitation 
state of the ion, the decay will still be essentially* exponential and inde- 
peudout of exciting intensity. 

The curvature of the semi-log plots for zinc beryllium silicate and zinc 
orthosilicatc is much greater than that observed for the four solids con- 
sidered above. The decay law is not, however, of a hyperbolic type, since 
the rate of decay is independent of exciting intensity. The initial part of the 
decay is approximately exponential and the mean slope is not very different 
from that of the manganese impurity phosphors already considered. The 
presence of a pronounced tail to the semi-log plot, especially in the case of 
zinc orthosilicate, makes it difficult to assume that excitation states only 
are involved. For electrons to remain trapped for a time of the order of 
minutes it seems necessary that they should first bo freed into the con- 
duction band and subsequently become trapped. It should be noted that 
in preparing such phosphors the solid is not usually kept at a high tempera- 
ture ( 1200"’ C) for more than an hour. In consequence it seems probable 
that at least some of the manganese impurity atoms will not have had 
time to roach iK)8itions of minimum energy. As a result the immediate 
surroundings will be unlike those of the normal lattice and a trap in the 
neighbourhood of an impurity atom is very probable. Thermal agitation 
of the lattice will be sufficient to eject electrons from traps of this 
or other types, and rapid recombination with impurity atoms will take 
place. In view of the fact that the slope of the initial position of the decay 
is for zinc orthosilicate roughly the same as that of other manganese 
containing phosphors we think it probable that the electrons are first 
captured into an excited state, and that the time constant of the initial 
decay is characteristic of the life of an excited state of the impurity atom. 
Figures 7 and 8 show that tlie decay is almost temperature independent, 
as would be expected if this view is the correct one. Fonda (1939), on the 
other hand, ascribes the initial exponential decay to the fact that at any 
moment in this period there are many more positive holes than free electrons. 
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Thia theory depends on the observation that the total number of electrons 
involved in the initial decay ( -- 100 msec.) is much smaller ( ^ l/50th) than 
the number involved in the temperature-dependent tail. Our alternative 
suggestion does not rest on this assumption. Moreover, it should be noted 
that the impurity produces little effect on the photoconductivity. Assu- 
muig values of 10“^® cm.^ for the collision cross-sec^tion of the impurity ions, 
and a thermal velocity of 10* cm./sec. for the free electrons, the initial 
decay would bo complete in a time of -- sec. which is several orders of 
magnitude less than the value observed. Thus it appears that the current 
explanation (given above) of the hyperbolic decay, equation (ii), is not 
correct. While J'onda’s theory would explain the exponential nature of the 
initial decay, and be in general agreement with our qualitative results on 
photoconductivity, it would not account for the observed time constant. 

The results for tungstates are of interest in showing that these com- 
pounds are slightly photo(;onducting w^hen fluoVoseirig. Inhere is no reason 
to suppose that the observed pholocondiudion current is a result of 
fortuitous impurity, and it seems probable that absorption takes placie in 
the tungstate ion WO^ and electrons are set free. The smallness of the 
current ol)8erv(3d may be a result of rapid recombination. 

We are greatly indebted to Professor M. L. E. 01if)liant for the provision 
of facilities for this work, and to the Warrc.n Research Fund Committee of 
the Royal Society for apparatus and a grant to one of us (M. H. P. W.). 
We also wish to thank Professor R. Peierls for much helpful discussion, 
and H. C. Cole for his valuable assistarujo in the eoiistructiou of the 
apparatus an<l in the taking of observations. 

Summary 

Observations of the laws of pho8j)hor(5Bcence decay have boon made on a 
number of solids, and an attcmipt has been made to correlate the results 
with associated measurements on photoconductivity. Pure uranyl salts 
decay e34>onentially and are not j)hotocouductor8. The luminescence of 
those salts is a property of excitation states in the co-ordination group of 
the uranyl ion, and the transitions are of the forbidden type. 

The decay of the solids cadmium clilorophosphato, ^ino mesodisilicate, 
cadmium silicate and cadmium borate is approximately exponential, and 
independent of phosphorescence intensity. The photoconduction of these 
solids is also present in the pure state and does not appear to bo associated 
with the luminescence process. The phosphorescence of zinc orthosilicate 
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and of various zinc beryllium silicates is also approximately exponential 
initially, but subsequently slows down into a phosphorescent tail. It 
would appear that the initial decay is (as for the other solids with Mn 
impurity) determined by the lifetime of the excitation state of the man- 
ganese ion ; the long tail process produces a number of free electrons, of 
which a certain proportion is subsequently trapped, probably in the 
neighbourhood of the Mn ions. The free electrons which escape trapping 
combine with the Mn ions very rapidly, forming excited Mn atoms; the 
time in the excited state is by comparison considerable, so those electrons 
are responsible for the initial exponential decay. The trapped electrons are 
slowly released by thermal vibrations and then combine with further 
Mn ions, giving rise to the phosphoresceiit taU, 
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Phosphorescence and electron traps 
1. The study of trap distributions 

By J. T. Rakdali. {Warren Research Fellow) and M. H, F. Wilkin^ 
Physics Department, The University, Birmingham 

{Communicated by M, L, Oliphant, FEB, — Received 6 November 1940) 

Tlie fimdamental connexion betwoan thfMTnolurainoscence, phosphor- 
esccnoo and electron traps in solids has been investigated. Thonno- 
luminescencG and long -period phosphoresoence arise from tho release of 
eleotrtjna from metfistiibio levels or traps. IJy studying the thermal 
stability of trapped electrons and the probability of release from traps of 
different depths, methods have been developed for finding tho doptlis of 
electron traj>8 in phosphors. Tho main experiment consists in exciting the 
phosphor at low temperaturos until all tho traps are filled ; the phosphor is 
then wanned at a steady rate and tho light otnittod wliiio warming is 
measurt^d as a function of the temperature. The results show that tho trap 
distribution in impurity phosphors such as willemito and tho alkaline earth 
Hilly )hides ore, in general, complex, and oxtemd over a range often as wide as 
0*2-1 ‘0 oV. Tho probivbility of roloaso of an electron from a trap of deyith E 
at temperature T is of the form where » is a constant. Values of 6 

for alkaline earth and zinc .sulphides aro in tho neighbourhood of 10®^^ sec."*. 


Intropttction 

As an introdnetion wo shall give an outline of those ideas which are now 
generally accepted concerning the nature of a phosphor. The basis of a 
phosphor is a pure insulating crystal which is made luminescent by the 
addition of a small proportion of imiDurity atoms ; those additional atoms 
are supposed to occupy interstitial or substitutional positions in the matrix 
lattice. The energy states of electrons in the crystal may be considertid, 
}:>artly, as being derived from states which exist in the individual atoms or 
ions which compose the crystal. The narrow energy levels which exist in 
the ions in free space ore, in the lattice, broadened into bands {A and B, 
figure 1) by tho field due to surrounding ions. These bands in an insulator 
are filled ; and although the electrons in these bands may move fairly freely 
from ion to ion, the total state of motion cannot be altered by an electric 
field, and electrical conduction cannot take place. Some distance above the 
tilled bands there is an empty band C corresponding to the states of an 
electron freed from an ion ; this bapd is called the conduction band, because, 
if an electron is raised from B to C, the movement of the electron in C and 

[ 306 ] 
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of the poBitive hole left in B can give rise to a current. Impurity atoms or 
lattice irregularities give rise to localized electron states (such as 2), and 
F) with narrow energy levels which may occur between the energy bands 
of the pure crystal. An. electron may be raised into the conduction band 
from Dy or F by light absorption : this is the case of photoconduction ; 
but if the electron is not given sufficient energy it may remain bound to its 
positive bole in an excited state at Ey and then no photooonduction is 
observed. In the case of semi-conduction, the levels F are only a small wa y 
below the conduction band and electrons from may be excited by thermal 
motion into the conduction band. In a phosphor the excited electrons 
return to the ground state at luminescence centres ; the electron dropping 


C 



Fiqttre 1. Energy levels in a phosphor, 

first from C to E and then from E to i); the second transition being 
associated with the radiation of luminescent light. The levels F are 
normally empty, and are called traps, and may capture electrons excited 
into C, The release, by thermal agitation, of electrons from these trap levels 
gives rise to a delayed luminescent emission called phosphorescence. Also 
short period phosphorescence (not dealt with in this work) lasting not 
longer than a few milliseoonds may arise owing to the finite time ah electron 
spends in the excitation level E, 

All non-metaJlic solids appear to contain some electron traps and many 
niay be made to phosphoresce to some extent if suitably excited. In the 
case of alkali halides, the traps, called colour centres, have been studied 
in great detail by Pohl and his school (Pohl 1937) ; and a satisfactory picture 
has been evolved of their nature by Mott and Gurney (1940), who believe 
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that colour centres exist at points in the crystal lattice where a negative 
ion is missing* Traps in silver hahdes play a role in photographic processes ; 
and have in this connexion been studied by several workers (e.g. Berg 
1939). The presence of luminescence centres in a solid makes possible new 
methods of studying traps. This pai)er deals witli the thermal stability of 
trap jjed electrons and its relation to thermoluminescence and with methods 
of finding the distribution of the traj) levels at diffenmt depths below the 
conduction band. A second paper relates this work to long-period phos- 
phorescence, and provides a quantitative explanation of phosphorescence 
in terms of the trap distribution. Previous work on phosphorescence (e.g. 
Lenard, Schmidt and Toinaschek 1928, Ives and Luckeish 1911, Mulder 
1938) has been extensive, but has not been very susceptible to theoretical 
interpretation. An exception is the work on phosphorescent potassium 
chloride (Biinger and Flechsig 1931 a, 6, Seitz 1938), which substance, 
however, differs in several respects from the more usual type of phosphor, 
'i'he chemical and physical nature of traps in phosphors is not yet known ; 
further work is required in this direction. It appears likely, however, that 
the traps are independent of the luminescence centres and exist in the pure 
matrix crystal like colour centres in alkali halides. 


The STIiny of TnERMOLTTMINBSOEKCB GLOW 
The glow experimerpt 

It is a well-known fact that if a phosphor is excited while cold and is then 
warmed, light is emitted while warming. Such emission of light heis aU the 
properties of thcrmoluminescence ; though, in the past, the term thermo- 
luminescence has been used only for light emitted when a solid is heated 
above room temperature. In the present work thermoluminescence 
emission is referred to briefly as glow. The glow ex])eriment consists in 
measuring the light emission when a thermoluminescent solid is warmed at 
a uniform rate ; and the curve obtained of light emission against tempera- 
ture is referred to as the glow curve. It has been generally assumed (e.g. 
Johnson 1939) that glow is due to release of electrons from traps; the 
probability of escape from a trap increasing with temperature and the 
shallower traps being emptied at lower temperatures. We have found that 
a study of the glow curve provides a means of showing how the traps are 
distributed in depth. 

The experimental method is now described. A thin layer of the powdered 
phosphor is spread on the surface of a small copper box. A suitable phosphor 
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layer is made by putting a Blight smear of glycerol on the copper and 
sliaking the powder on. A copper-constantan thermocouple is soldered to 
the surface of the box, and an electric heater coil is arranged inside. 
Figui'c 2 shows two types of apparatus which have been used. Apparatus 1 , 



B' 



Apparatijs 1 

A, copper tube 0*2 mm. thick 

gerrnon silver tube 0*06 mm. thick 

C, copper funnel 0-04 mm. thick 

D, heater coil 6V 

By mica diads 0*2 mm. thick 

J*, thermocouple loads 0*1 mm. diam. 


B' 



Apparatus 

Apparatus 2 


A\ copper tube 3*2 mm. thick 
B\ german silver tube 0*2 imn. thick 
C\ copj>er tube 0-5 mm. thick 
JD', copper end-platos 
E\ coiled helical heater* 

F\ thermocouple leads 


* In E* the turns ore separated by thin mica and insulated from D' by quarte 
tubes and from C' by asbestos. Coil resistance lOOfJ, lOOV. 
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in which liquid air is poured into the funnel C, is very convenient to use; 
but the rate of warming varies considerably with the temperature. 
Apparatus 2 was designed so that heat losses from the surface of the box 
would not affect the rate of warming, and so that high temperatures could 
be reached. For cooling, the whole system is placed in a beaker full of 
liquid air. 

time in secs. 



Figubr 3. Glow curve for ZuS-Cu phosphor no, 2« 

When the box is cooled with liquid air, the phosphor is excited with a 
mercury arc until all the traps are filled. The arc is then switched off, and 
the apparatus is placed in the dark in front of an electron multiplier type 
of photocell. The current in the heater is then switched on (in the case of 
apj>aratus 1 this is not done until the liquid air in the funnel C has oil boiled 
away). The glow produced during the warming is observed as the deflexion 
of a galvanometer connected to the multiplier. 

The galvanometer light spot is followed by a pointer connected to a pen 
which writes a trace on paper on a rotating drum. Marks are made on the 
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trace every 10 sec., and the thermocouple ctirreut is noted at the same time. 
The 10 sec. times are given by an electric bell connected to a clock. For 
accurate work two observers are required, one to follow the glow curve and 
the other to note the thermocouple readings. If the speed of the drum is 
constant the clock and bell can. be dis|)en8ed with, and marks made on the 


time ill secs. 



Fiqurk 4. Glow curve for SrS-Bi phosphor no. 1. 

trace when the thermocouple current takes certain values. (To avoid dis- 
placement of temperature readings relative to the glow curve, it is best to 
use the same period and damping for both the galvanometers employed.) 

Glow curves of common phosphors ore shown in figures 3 and 4. Before 
we begin to discuss the exjierimental results it is necessary to consider in 
more detail the theory of the form of the glow ctirve and the theory of some 
of the properties of trapped electrons. 
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ThEOEY of fHE GLOW CUEVE 

If the energy level of a trapped electron is e V below the conduction 
band, the electron must absorb at least energy E before it can escape from 
the trap. By analogy with the case of a gravitational field acting on a ball 
in a hole, E is called the trap depth. The electrons in the traps have a 
Maxwellian distribution of thermal energies ; hence the probability p of an 
electron escaping from a trap of depth E at temperature T is of the form 

p = ( 1 ) 

where k is Boltzmann’s constant and s is a constant which may, however, 
vary slowly with temperature. 

If the trap is regarded as a potential box, s will express the product of 
the frequency with which the electron strikes the sides of the box and of the 
reflexion coefficient (cf. Mott and Gurney 1940, p. 136). There is, therefore, 
reason for supposing s to be of an order rather loss than that of the 
vibrational frequency of the crystal, 10^^ sec.”^^. In fact 8 is found to be 
-- 10** sec.”^ in the phosphors studied. 

As we have said above, the glow experiment provides a method of finding 
how the traj)B in a phosphor are distributed with depth, siixce traps of a 
given depth provide a glow at a given temperature. In order that we may 
find the relation between the glow temperature and the trap depth, we will 
calculate the form of the glow curve when E is single valued and when the 
temperature rises at a constant rate. 

Let n be the number of electrons in the traps at time i, then from 
equation (1), 

dnjdt = — (2) 

This assumes that there is no retrapping : that is, if an electron is liberated 
from a trap it always goes straight to a luminescence centre and does not 
on the way fall into another trap. We shall see in Paper II that this 
assumption of negligible retrapping is largely justified. The intensity of 
glow 1 is proportional to the rate of supply of electrons to the luminescence 

I - Cdnjdt = - (3) 

Now from (2), dn/n « — 

then writing dT — fi dt^ where is the rate of warming, and integrating, 
we have 

log n/rip = - J 1 //? . dT, 
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n = 





I =- Cdnldl ^ 



se 


-EjkT^ 


w 


Tliis expression represents the glow curve for a phosphor containing traps 
of one depth. The curve has been calculated for s 2*9 x 10® sec.™^ and 
E = 0*67 eV, and for two different rates of warming (see figure 5), 

Beginning at low temperatures, the curve rises exponentially according 
to the exponential term in equation (3). When the light emission has 



, .. I. ■■J..-— J t 1 1 I J 

260 280 300 330 340 360 380 400 

temperature °K 


FiGuaic 6. ThfKjrotioal glow curve for a single trap depth and for two rates of 
wanning, (a) 2-6'^ per sec., (6) 0*5'’ per sec, jE — O-OVcV; # — 2-9 x lO** sec.-^; at 
356“ K the decay period of the trapped electrons is 1 sec. 


continued for some time the number of trapped electrons {n in equation 
(3)) becomes appreciably diminished and the curve, after reaching a 
maximum, falls, and when ail the traps have emptied reaches zero. The 
maximum intensity of glow occurs at a temperature somewhat below the 
temperature at which the probability of an electron escaping from the trap 
is 1 per see. In figure 5 the probability is 1 per sec. at 366° K ; hence we 
may write 

« 1, 

where is the temperature of maximum glow and / (j?, yS) has a value 
small compared with one. 

E ^ Tail -hfis.mk logs. 


Hence 


(5) 
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The temperature of maximum glow varies only slightly with the rate of 
warmiag. We will refer to this temperature as the temperature which 
corresponds to the trap depth. From equation (5) we see that the trap 
depth is proportional to the corresponding temperature; so it is possible 
to establish a relation between trap depth in electron volts and temperature 
of glow in ^K, and thus to calibrate the thermal glow spectrum in units of 
trap depth. The above calculation shows that 0*67 eV corresponds to 340'^K 
at the rates of warming normally used. Hence the relation is approximately 
that 50° K coiTesponds to 0*1 eV or that the trap depth is approximately 
26iT. Thus the glow near liquid air temperature (90° K) corresponds to 
trap depths of 0*2 eV. Figure 5 shows that the form of the glow curve is 
altered little by change in the rate of warming, but that the curve is slightly 
displaced as a whole towards lower temperatures when the rate of warming 
is decreased: this point has been experimentally confirmed. 

In practice the trap depth E is not single valued but varies over wide 
ranges, and the glow curve consists of broad peaks built up from the 
overlapping peaks due to the various E values (see figures 3 and 4). 


The connexion between bhosphorescenoe 
AND thermoluminescence 

Phosphorescence and glow are terms used to describe different forms of 
the same phenomenon. In the case of phosphorescence the temperature is 
kept constant, but when glow is produced the temperature is rising rapidly. 
There is, however, a correspondence between the phosphorescence curve 
and the glow curve; for it is the deep traps which oontributo both to the 
phosphorescence after long times and to the thermal glow at high tempera- 
tures, and similarly the shallow traps contribute to the short times of 
phosphorescence decay and to the glow at low temperatures. 

A given temperature of glow corresponds to a given trap depth, and if 
phosphorescence takes place at a given temperature it is possible to oalou- 
late the mean time an electron stays in the trap of given depth. 

From equation (4) we have seen that the trap depth E corresponds to a 
temperature of glow given by equation (5). If phosphorescence takes place 
at a constant temperature T, the mean time t that an electron spends in 
a trap is the reciprocal of its probability of release, and is by equation (1) : 

^ aas Ijp sst 

Hence log t ^ EjkT - log s, 
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and substituting for E from equation ( 5 ), 


log i^logs 


T ' 


( 6 ) 


where Tq is the glow temperature. 

This expression provides the required relation between the time of 
phosphorescence decay t and the temperature of glow. It also shows at 
what rate different parts of the glow curve will decay if the phosphor is 
kept at a constant temperature. 


Experimeotai^ results 

1 . Traps in some phosphors activateft by mmiganese 

All the powders in this group were excited l>y short wave-length ultra- 
violet from a quartz mercury arc. The phosphor(?s(!ent properties liavo been 
described by Kandall and Wilkins (1945). 

The willeraite powders (zinc silicate Mn) give tJio brightest glow; figure 
6c is typical. The various peaks can be observed qualitatively in a very 
convenient way. The powder is spread on a piece of coj)per foil which is 
dipped in liquid air and illuminated by ultra-violet radiation; the foil is 
then withdrawn and allowed to warm in the dark; tiie liquid air hanging 
on the bottom edge of the foil causes a tc^mperature gradient to be formed 
in the copper; the glow peaks are observed as bands of light moving rapidly 
downwards across the foil. Different powders (^an be compared by spreading 
them side by side in vortical strips on the foil. 

All willemitcs gave peaks at the same temperatim^s, except a fluorescent 
mineral specimen which gave no visible glow at all. There are two cliarao- 
toristic small j>eaks at 125 ^ and 170 ° K; there is also a trace of a peak 
nearer liquid air temperature, but this peak decays rapidly and gives rise 
to phosphorescence at liquid air temperature. Thert^ is a larger peak with a 
maximum which varies in position from 245 ° to 260 ° ; the height of this 
peak also varies considerably. By applying equation (6), we see that at 
room temperature the traps in the temperature range of the large peak give 
rise to phosphorescence of period '-'0*1 sec. This is the temperature de- 
I>endent phosphorescence tail observed by Fonda (1939). temperatures 
much higher or lower than room temperature this phosphorescence disap- 
pears. The glow peak in question was almost entirely absent in specimen A 
(Randall and Wilkins 1945); and this accounts for the absence of a 
noticeable phosphorescence tail in this specimen. If the peak extends much 
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above room temy)erature a phosphorescence lasting seconds and minutes 
may Iks observed. 

The zinc beryllium silicates (figure 6 h, i) appear to have a trap distribu- 
tion similar to that of the willemites. The phosphorescence is similar. 

time ill sees, time in aoos. 



Ftouue 6. Thermal glow curves for phosphors activated by manganese, a, Cadmium 
borate. 6. Cadmiiun chlorophosjihato. c, Zinc mesodisilicato. d, Cadmium silicate, 
e, Croon zinc silicate 0*6% Mn. /, Zinc silicato 1 % Mn. g. Zinc silicate 0*1% Mn. 
h. Zinc beryllium silicate Mn. i. Zinc beiyllium silicate 2 % Mn. 

Cadmium borate (figure 6 a) has practically no room temperature 
phosphorescence, as there are no traps of the depth required to produce 
such phosphorescence. The peak near liquid air temperature gives rise 
to strong phosphorescence at liquid air temperature. Cadmium chloro- 
])hosphate, zinc mesodisilicate, and cadmium silicate (figure 6), all have 
slight room temperature phosphorescence. None of the powders in this 
group have more than a trace of a phosphorescence tail of period ^0*1 sec. 
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No general similarity is apparent in the glow spectra of the various phos- 
phors activated by manganese ; and these experiments give no indication 
that the traps are associated with the manganese impurity. 

When studying the photoconductivity of these phosphors (Randall and 
Wilkins 1945), it was found that space charges were produced in the phos- 
phor after the photoconductivity current had flowed for a time. This space 
charge decayed away slowty in the dark when there w'as no applied field. 
The most probable explanation is that the space charge is produced by 
electrons which travel through the crystal some distance and are then 
trapped. In the dark the electrons are slowly released from the traps, this 
process corresponding to phosphorescence, and the space charge is dis- 
l^ersed. The magnitude of the space charge shows that, at the lowes?t limit, 
there are 10^^ electrons trapped per c.c. of phosphor. Tiio space charge can 
be stored in both pure zinc Hili(^ate and zinc silicate activated by manganese ; 
tins indicates that the traps in this phosphor are a j)roperty of the crystal 
matrix and not of the manganese impurity. Infra-red light has little effect 
in dispersing the space charge in the phosphors of the group we are con- 
sidering; and this agrees with the observation referred to in the section on 
the optical properties of tra|)ped electrons — that infra-red has little effe(^t 
in releasing the glow from these phosphors. 

An important observation has been made by Herman and liofstadter 
(1940). A zinc silicate-Mn was exposed at liquid air temperature to ultra- 
violet light and then warmed in the dark. A sudden increase in the dark 
current was observed at 213 '' K. This temperature corres|)onds to that of 
the large glow i>eak observed in our experiments, and it is almost certain 
that the electrons which eontributo to the dark current are the same 
electrons which produce the thermal glow. Thus the observation shows that 
the electrons do pass through the conduction band during the phos- 
phorescence process. Another indication of this is in the observation that 
a glow is produced in phosphorescent zinc silicate when an electric field is 
applied to the phosphor in the dark. The electric field apparently assists 
the electrons to leave the traps (cf. Frenkel 1938). 

The observation made on the dark current of zinc silicate suggests a new 
kind of experiment in which the variation of dark current with temperature 
is measured during the glow experiment. In this way trap distributions 
could be studied in non-fluorescent solids. The experiment could also bo 
used to distinguish between semi-conductors which contain equal numbers 
of electrons and semi-conduction levels and those which (iontain less 
electrons than levels. In the second type of semi-conductor the trap 
distribution could be foimd by the method, and this would supplement the 
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knowledge already gained from experiments in which the semi-oonduction 
current is measured under equilibrium conditions at different temperatures. 
The experiments which are described in this paper, on trap distributions 
in phosphors, indicate that most impurity levels in solids are distributed in 
depth. The trap levels in phosphors resemble in many ways semi-conduction 
levels ; it is, therefore, reasonable to suppose that the apparent variation 
with temperature of the activation energy in semi-conductors is to be 
attributed to a distribution with depth of the semi-oonduction levels. 

2 . The phos 2 )horescence and thermal gloto of potassium 
cMoride acMvated tvith thallium 

The phosphorescence of KCl-Tl has been studied with great thorouglmess 
by Biingor and Flechsig ( 193 x « and h), and an interpretation has been given 
by Seitz (1938) and Hilsch (1937). The study of the glow, however, enables 
some further information about the phosphorescence to be obtained. Also 
KCl is of special interest in that specimens can be obtained with a single 
trap depth jK, while in all other phosphors we have examined there is a 
wide distribution of E values in any one specimen. The single value of E 
should give rise to a glow peak of the type calculated above (figure 5) ; and 
hence, by using Biingor and Flechsig’s values for E and it is possible to 
check the tlujory we have given of the glow curve, or alternatively to 
assiunc the theory and check Biinger and Flechsig’s values. 

Biinger and Flechsig found that in some specimens of KCl-Tl the phos- 
phorescence (which is almost entirely in the tdtra-violet) decays near room 
temperature almost exactly according to an exponential law. The rate 
of decay changed rapidly with temperature and the decay law fitted the 
formula : 

I = /(, exp ( 

where 1 is the intensity of phosphorescence, E is an activation energy equal 
to 0-fi7 eV and s is a constant 2*9 x 10® sec."”^ 

The sj)ecimen of KCl-Tl (kindly given us by Prof. Pohl) which we have 
used was not a specimen with a single E value; but it was found that the 
value of E was distributed only over a narrow range, the E values differmg 
by less than 1 %. This small distribution of E values, however, causes the 
phosphorescence decay law to differ considerably from an exponential form. 
It must be pointed out that it is not impossible that the constant s will vary 
as well as E, but experimentally it is difficult to distinguish between trap 
distributions in which E varies slightly and a is constant and those in which 
E is constant and a varies slightly. This distinction is not of much physical 
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importance, and for convenience of discussion we will assume s is constant 
and E varying. 

Figure 7 shows the decay curves plotted on a logarithmic scale for 
Kd-Tl at various temperatures : a slice of crystal was excited by a mercury 
arc and the phosphorescence curve recorded by the multiplier and rotating 
drum* 



FiGtTBic 7 . Phosphorescence decay curves of KCbTl at different temperatures. 
The exciting light lised for the 28 ® C curve wus normal intensity. 

We will now consider what distribution of E values will give rise to the 
phosphorescence observed. The E value will not be expressed in electron 
volts, but as the corresponding glow temperature. 

For the rate of warming used (1*3'' per sec.) equation (6) gives the. 
following connexion between period t of phosphorescent decay at tempera- 
ttire T and the glow temperature : 

iogjoi = 9‘5(r<,xi*o8-!r)/y, 

taking a as 10*’® see.-^ 

Vol. 184, A, 
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The results of figure 7 may be stated in the following way, the tempera- 
ture of glow corresponding to the period of decay being calculated from the 
formula above. 


Temperature of 


Glow temperature 
corresponding to 
period of phos- 

phoapboroacenco 

Charactoristica of the decay 

phoroacenoe decay 

296" K 

Pi’t^dominanfc period of decay ia ~100 sec. 
With a loHfter proportion of }x^riod 
'^15 aec. 

33r K 

310" K 

302" K 

Predominant period is —30 hoc. 

32S" K 

308" K 

Predominant period is —10 sec. 

With a leaser proportion of period 
— 200 see. 

310" K 

358" K 


The glow peak should V)e built up from corn]>onent glow peaks which 
have maxima at different temperatures corresponding to different E values. 
'Pho mean temperature of the predominant period is, from the table, 327“^ K . 
Hence the predominant component of the glow peak should have its 
maximum at 327® ; in oilier words, the maximum of the E distribution 
should be at 327®. The E distribution should on this scale of cori*esponding 
temperatures extend from 310® to 358®. 

To test the correctness of these ideas the glow curve has been studied. 
Powdered KCl was used on the glow apparatus (type 1). The powder was 
excited at room temperature, a drop of liquid air was then placed in the 
funnel and warming was begun from below room temperature. The powder 
phosphoresces at an appreciable rat« while at room temperature, and if 
this phosphorescence is allowed to proceed for some time before the glow 
curve is recorded, the resulting glow peak will be much smaller than the 
undecayed peak. Figure 8 shows the glow curve after different times of 
phosphorescence at room temperature. If the peak corres]>onded to a 
single value of E, the peak would decay as a whole and its maximum would 
remain at a fixed temperature. In fact the maximum moves to higher 
temperatures as the peak decays ; which means that the components of the 
peak with maxima at lower temperatures decay more rapidly than the 
higher temperature components. From the data of figure 8 the E distribu- 
tion can be deduced. For, roughly, the height of the E distribution curve 
at a certain temperature is proportional to the height of the decayed peak 
which has its maximum at that temperature. The dotted curve in figure 8 
shows the approximate E distribution curve deduced in this way. The 
curve agrees with the rough estimates obtained from the phosphorescence 
data. 
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In the above we have shown that the phosphorescence decay curve may 
be correlated with the glow curve by assuming the value of s given by 
Biinger and Flechsig. This amounts in fact to a confirmation of that value 
of s. It is possible to make a more precise check of the E and s values given 
by Biinger and Flechsig (and alternatively to test the correctness of the 
theory given above of thermal glow) by comparing the experimental glow 
curve of figure 8 with that of figure 6 which has been calculated by 
assuming the E and s values of Biinger and Flechsig. When the different 
rates of warming for figures 8 and 5 are taken into account, the position 
of the maxima of the peaks is found to agree to 2 % ; and the width and 
shape of the peak also agrees well. 


time in secs. 

0 10 20 '30 40 50 60 80 100 



temperature 

FiatrBB 8, Glow peak of KCl-Tl after decay at 287“ K. Time of d(xjay: (a) 10 sec., 
(6) 7 min., (o) 33 min. Curve d shows the probable distribution of traps at different 
depths. 

The discussion so far has referred only to one part of the E distribution, 
in the region of 0*7 eV or 330“ K. The curves in figure 8 show that there 
are also traps in the region of 370“ K. It is not possible to tell from the 
glow curve alone whether there is a sharply defined E level at 370“, or 
whether the E values are spread over a region several degrees wide; t/O use 
an optical analogy, the resolving power of the glow experiment is not 
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sufficiently great. To analyse the peak at 370^ it would be necessary to 
measure the phosphorescence decay cufve at a suitable temperature such 
as 340°, or to measure the peak after various times of decay at that 
temperature. 

The whole glow spectrum from 90*^ K upwards is shown in the lower 
curves of figure 9. In all there are four peaks in the spectrum. The peak 
near 200"^ K would correspond at room temperature to a decay period of 



KrcnjiiE 9. Glow of KCl-Tl when excited (a) at 90° K, (&) at 286° K. (c) is the 
pfiosplioreKccnco curve at 90° K which is continuous with the glow curve (a). Tlmiri 
tlie temj>erature is kept constant at 90° K from ^ to B and starts to rise at the point 
A . The inmn rat(? of warmiiig is about 3° per sec., hcmoe the position of the high 
temperature peaks is slightly different from those in figure 8, 


- 10“** secj, Biinger and Flechsig have, in fact, observed a yery short decay 
I>eri<)d which they suggested was 0*6 x 10“^ sec. It may well be that this 
quicik decay is duo to release of electrons from the 200^ K traps. There is 
also a glow peak near 100° K which causes intense phosphorescence at 
90° K. The decay curve of this phosphorescence is almost exponential (see 
figure 9c), hence the E level is sharply defined. 

The two curves, (a) and (6), in figure 9 illustrate a phenomenon which has 
not been observed in any phosphor other than KCl-Tl. When the phosphor 
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is strongly excited at 90 ^ K, very little energy is subsequently released in 
the glow peaks between 300 ^ and 400 "^. If excited at room temperature, 
about ten times as much energy is released from these peaks. To explain 
this phenomenon it must be remembered that KCl-Tl is an exceptional 
phosphor in that it does not photoconduct (Hilsch 1937), while all the other 
phosphors we have used are known to photoconduct (e.g. Randall and 
Wilkins 1945). Also the trap levels m KCl are much more sharply defined 
than those in other phosphors. In any ordinary phosphor the traps are 
almost certainly separate from the luminescence centres, and the electron 
wanders about the crystal from the fluorescence centre to the trap. . In 
KCl'Tl, Seitz (1938) suggests that the traf) consists of a metastable level 
in diatomic thallium molecules which are also the luminescence centres. The 
excited electrons do not at any time jmss outside their particular centre. 
The different trap depths we have observed probably correspond to dif- 
ferent levels in the thallium molecules. The coexistence of these various 
levels in one centre is also indicated by the structure in the infra-red 
quenching spectrum (Biinger and Flechsig 1931 6). In an ordinary phosphor 
which photoconducts there are, a])parently, always moi-o luminescence 
centres tlian traps; and hence at whatever temperature the phosphor is 
excited, all the traps corresponding to higher temperatures arc filled and 
the phosphor is said to be saturated; this is shown by the fact that the 
saturated glow curve is the same height at whatever temperature excitation 
takes place. In KCl-Tl, however, for low teinj^erature excitation each 
excited electron enters the shallower trap level in its particular thallium 
molecule and the deox>er trap levels are not all filled. When excited at higher 
temperatures the electrons are not stable in the shallower traps, and the 
ehictrons all fill the deeper traps. This idea is supported by the observation 
that the total light energy which can bo stored (in phosphoresceuijo and 
glow) at 90 *" K is about equal to that which can bo stored when excitation 
takes place at room temperature. This total of energy corresponds to the 
total number of thallium molecules in the phosx>hor. 


Tim deiermiiiation of the tnlue of the constant s by 
measuring the decay of the glow cur ve 

As has been said before, the emission of energy during phosphorescence 
corresponds to a diminution in the amount of energy stored in the phosphor 
and to a diminution in the height of the glow curve. If the phosphor is 
kept at a fixed temperature T during phosphorescence, the various i>arts 
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of the glow curve, corresponding to different trap depths^ decay at rates 
given by equation (6), 


log / = log 8 


~T ' 


where Tq is the glow temperature and t is the period of decay of that part 
of the glow curve. 

These decay periods can be found by measuring the glow curve in various 
stages of diminution after phosphorescence has taken place for varioiis 
times. 8uch measurements provide a method for finding a value for the 
constant 8 in phoBj)hors which contain a wide distribution of trap depths. 
It must be noted that equation (0) is only approximate, as in its deriva- 
tion it is implicitly assumed that each part of the glow^ curve corresponds 
to a single E value and to a single period of exponential decay. In fact, the 
glow curve is built up from component glow })eak8 of finite width, each 
peak corresponding to a sitigle value of E. Hence, during phosphorescence, 
each temperature of the glow peak corresponds to a range of decay periods 
the mean of which is given by equation (6). It has been found that the 
most convenient way of finding s — and the way w hich seems least affected 
by the approximation contained in equation (6) — is to allow the glow curve 
to decay for various times, and to find the glow temperature at which the 
glow curve has fallen to half its undecayed value, and to plot these tem- 
peratures against the logarithm of the time of decay. 

* From equation (6) it is seen that the graph Tg against log t will be very 
nearly a straight line which makes an intercept on the log t axis, when Tg 
is zero, wliich is equal to log s. Also, the line should cut the temperature 
axis, at a point below the temperature at which decay took place. At 
this temperature log t is zero ; hence from (6) 


hsj) 




Figure 10 shows the experimental results for a ZnS-Cu phosphor (no. 2). 
The decay took place at room temperature and the apparatus was cooled 
slightly before the glow curve was recorded. At high temperatures (near 
440° K) the glow curve is not appreciably decayed, and the various glow 
curves overlap accurately. The undecayed glow curve was obtained by 
exciting the powder at a temperature well below room temperature. The 
amount of stored energy (the area under the glow curve) decreases rapidly 
with time; hence the phosphorescence decay of this type of phosphor is 
rather rapid. 
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Figure 11 shows representative decayed glow curves for a SrS-Bi 
phosphor (no. 1). 

The decay of the glow curve of the SrS-Bi phosphor (no. 1) while 
phosphorescing at liquid air tem|)erature is shown in figun^. 1 2. Frosting up 
of the powder while the decay took place was avoided by placing the 
powder (on apparatus 1 ) in a box with a cellophane window warmed by an 
air blast at about 100“ C. Figure 12 shows that for long times of decay the 
glow curve decays in all temperature regions ; this effect being superimposed 



Fiourk 10. Glow ctirvo for ZnS-Cu ])h(>Hi>hor aftor various tirnos of phoaphoroscenct) 
dficay at room temporaturo 290'’ K markwl by <iuttod lino. Hate of warming 
2*2'" per sec. Time of decay (o) zero, {h) 25 sec., (c) 140 sec., (d) 20 inhi., (<?) 95 min. 


on the decay of the curve on the low temperature side, as predicted by 
equation (6). This phenomenon is not general in piiosphors and is probably 
caused by absorption of infra-red radiation of wave-length 2-3 p, which 
may be radiated from the box and the warm window. In order that the 
decay predicted by equation (6) may be separated from the general decay 
of the glow curve, the decayed glow curve has been multii)lied in height by 
a factor such that the height of the curve at high temperatures is the same 
as the height of the undecayed curve. The temperature at which the glow 
curve has decayed to half its initial height is measured from the curve 
multiplied in this way. 





500 ' 450 400 B50 mo 250 

toinporaturo 


FiGtTRE 11. Glow curve for 8rS-Bi (no. 1) powder after various times of phosphor- 
cHooncio decay at room temperature 293° K marked by the dotted lino. Rate of 
warming 2*2° per soc. Time of decay (a) zero, (6) 36 sec., (c) 9 min., (d) 80 min. 



Fiouke 12. Glow curve of SrS after phosphorescence has proceeded for various times 
at liquid oxygen temperature 90° K. Rate of wamiing 6° per sec. Dotted curve 
shows probable form of undecayed peak. [The temperature scale is not quite correct; 
10° on the scale correspond in fact to 11°.] Time of decay (a) 6 sec., (6) 26 sec., 
(c) HO sec., (d) 10*6 min., (e) 30 min. 
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The results of figures 10, 11 and 12 are plotted graphically in figure 13 
together with data obtained from other experiments. The results agree 
with theory ; the points obtained by decay at 90 and 290° K both lie on 



F’icuthe 13. Decay of glow c\irvo. The log of t-ho time of phoaphoroscenco decay is 
plotted against the toinporature for wliieh the glow curve has decayed to half itw 
original value. The temperature at wliich decay took place was about 90 and 290'^ K. 
The straight lines drawn through t he points out the log i axis at the value — log 8, 


Temp, at which Glow curves 

decay took placo Pliosphor shown in 

290 □ ZnS (no. 2) Fig. 10 

293 0 SrS(no. 1) Fig. U 

293 A 3) — 

90 0 SrS (no. 1) Fig. 12 


90 □ Cadmium horato Mn — 

90 A Cadmium ehlorophosphate Mn — 

straight lines which out the time axis at the same point, s appears to l>e 
-- 10®*^^ seo,“^ for both zinc and strontium sulphides. The results for the 
cadmium phosphors appear higher ( - 10^^ sec.“^), but the experiments in 
this cose were not made so carefully. 
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Optical pbopbetiks of tbappbd elbctboks 

Electrons in traps in a phosphor should give rise to an ahsorption band 
which will not be present in the unexcited phosphor. Absorption of a 
quantum of radiation of fre<i[uency v will cause the trap|>ed electron to be 
ejected from the trap if* hv>E, where E is the depth of the trap. If after 
absorption of such radiation the phosphor is warmed, the intensity of the 
glow (which is proportional to the number of trapped electrons) will be 
reduced below its normal value, provided that the radiation is not of 
sufficiently short wave-length to re-excite the phosphor. The minimum 
frequency which vill cause this effect provides a value for E, since 
— E. It is clear, however, from arguments which need not be 
repeated here (ref. de Boer and van Geel 1935, Mott and Gurney 1940, 
p. 160 ), that 8U(^h a value for E will be greater than the value obtained 
from experinicnts on the thermal release of electrons from traps. 

Preliminary exj)erinientB have been made to find values of E for different 
temperatures of thermal glow. The method used was a 00m bination of the 
thermal glow experiment and a photographic method due to Dahms (1904). 
As expected, E was roughly proportional to the temperature of the glow ; 
this applied for different glow peaks and within single peaks covering a 
wide temperature range. 

Phosphors (tooled by liquid air, or liquid hydrogen, might be useful in 
photographing the infra-red spectrum from 2-10//. A sheet of phosphor 
would be exposed to the infra-red, then placed over a photographic plate 
and warmed a few degrees. 

Table 1. Optical akd thermal activation energies 


Glow 

tCOTJfXM'ature 

FOE A CaSrS-Bi phosphor 

B (optically) 

E (Uicrmally) 

"K 

A maximum 

eV 

oV 

400 

10// 

1*2 

0*75 

250 

1*4// 

0*9 

0-5 

130 

2*0/t 

0*6 

0*3 


Table 1 shows specimen results for a CaSrS-Bi phosphor. The temperatures 
shown correspond to the maxima of three large peaks in the glow spectrum. 
Near the maximum wave-length the effect of the radiation increases rapidly 
witli decrease of wave-length. Several zinc sulphide phosphors gave similar 
effects. Zinc silicate, zinc mesodisilicate and cadmium silicate and borate 
^were much less sensitive to the radiation. 

There w^as in no case an indication that the effect ceased for short wave- 
lengths ; hence it is reasonable to suppose that the radiation which excites 
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luminesoence in a phosphor is active also (but in general to a lesser extent) 
in ejecting electrons from traps. Luminescence produced after trapping and 
ejection from the trap requires the absorption of two quanta to produce 
one luminescence quantum ; hence the efficiency will be lower than usual. 

Mott and Gurney (1938) have suggested that the decrease in apparent 
luminescence efficiency of some phosphors with decreasing temperature 
may be due to reduction in the absorption coefficient of the phosphor when 
most of the electrons from the luminescence centres are held in traps. This 
effect is observed for ZnS-Mn and CaS-Bi and vSrS-Bi phosphors. If the 
explanation is correct, tluirc should be a rapid rise in fluorescence at 
temperatures associated with well-defined peaks in the thermal glow 
spectrum ; such an effect is, however, not apparent. It may be significant 
that the phosphors which show decrease in Jumi nescience at low tempera- 
tures arti those which sociin to have empty himiuescenoc centres in the 
unexcited phosphor (see Paper II). 

We wish to thank Professor M. L. Oliy)liant, F.R.S., for encouragement 
and provision of facilities for this worlc. We are also indebted to Professor 
Peierls for much valuable discussion and helj) with the theoretical aspects, 
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involved. Our thanks are also duo to the Warren Research Fund Com- 
mittee of the Royal Society for a grant to one of us (M. H. F. W.) and to 
H. C. Cole, who has given skilled assistance in the making of apparatus and 
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Phosphorescence and electron traps 
II. The interpretation of long-period phosphorescence 

By J. T. Randall (Warren Research Fdlow) and M. H. P. Wilkins 

Physics Department, University of Birmingham 

{Communicated by M. L. Oliphant, F.R, 8 . — Received 6 November 1940) 

This paper is oonoomod with the measiirfjrnont and theory of long -period 
phoaphorescono© in solids. The delayed emission is, in sxxch eascvi, due to the 
time electrons spend in traps or motastable states beforr^ r(?turning to the 
luminescence centres. The theory shows how the observed decay laws aro 
related to the trap distributions found in Paper I. In alkaline earth 
phosphors there are equal nuinhors of traps at all doptlis over the range 
considered, and the expression developed shows tliat the intensity of 
phosphorescence should be inversely proportional to time. For zinc 
sulphide phosphors an exponential trap distribution has been found, and 
this loads to a simple invc'xso power law for the thoorotical decay curve. 
Measurements of decay on these phosphors utilizing an electron multiplier 
have confirmed the theory, and put on a quantitative basis the connexion 
between thermoluminesoonce and long-period decay. At the same time 
the work provides the first satisfactorj’' and detailed explanation of long- 
period decays. The extent to which retrapping of electrons modifies the 
picture given is discussed. 


iKTROPrCTtON 

Phosphorescence is of two main types. In the one type the delay in 
emission of light is due to the time an electron spends in the luminescence 
centre in an excited state. This kind of phosphorescence lasts only for a few 
milliseconds, and gives an exponential decay curve which is temperature 
independent (Randall and Wilkins 1945). In the present work we are 
concerned with phosphorescence of the other type in which the delay in 
emission is due to the time an electron spends in a trap. The phosphorescence 
in this case may continue many hours or days. If the traps are of one depth 
only; the decay curve will be exponential and highly temperature dei>endent 
as in the case of KCi-Tl (BiingerandPlechsig I93iaand6); but in most cases 
many different trap depths are involved, and the resulting phosphbrescenoe 
emission is given by the summation of the separate phosphorescence 
emissions (cf. Curie 1939) due to each trap depth. The form of the decay 
curve and its dependence on temperature then depend on the distribution 
of trap depths. 


[ 390 ] 
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Phosphoresce.nce and electron traps 

In the previous paper, Phosphorescence and electron traps, I (to be 
referred to as Paper I), we have described a method by which the depth of 
electron traps in a phosphor may be found. In this paper we shall show 
how the decay curve of phosphorescence is related to the distribution of 
trap depths. In the theory in this paper and in the previous paper, it is 
assumed that retrapping of electrons (that is, electrons freed from traps 
being recaptured by traps before they reach lunnnescence centres) is a 
negligible factor, and the extent to which this assumption is justified is 
discussed in a later section of this paper. 

ThEOKETICAL BERIVATTO^r OF PHOSPHORESCENCE DECAY DAW 
FOR VARIOUS TRAP DISTRIBUTIONS 

(i) Single trap depth 

If n is the number of electrons in traps of depth E, then the intensity I, 
of phosphorescence due to traps of depth E, is (from equation (3), Paper I) 
given by 

I = dnidi »: - 

Integrating we have 

/ exp [ — ( 1 ) 

or If « /y exp [ — 8ie , 

This equation gives the intensity of pliosjihoroscence due to a single trap 
level (cf. BQnger and Flechsig 1931 a). 

(ii) Uniform distribution of trap levels 

In most phosphors there are trap levels at many different depths. It is 
required to find the phosphorescence for a phosphor in which there is an 
equal number of traps of all depths : that is, the trap distribution is uniform. 
If is the numlior of traps between depths E and E + dE, then the 
phosphorescence at time t is given by (from equation ( 1 )) 

= J Nj^ exp [ — dE, 

which on integration gives directly 

If = nkT/t(l--e^). 

When si > 1 , that is, after a microsecond, is negligible and 

« nkTjL 


( 2 ) 
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The decay of many phosphors approximates to this law. In simple terms 
tlie reciprocal relation may be derived as follows. The intensity of phos- 
phorescence emission due to release of electrons from traps of a certain depth 
is ])roportional to the rate of release of electrons from those traps. The rate 
of release of an electron from a trap is inversely proportional to the mean 
time an electron spends in the trap. When there is a continuous distribution 
of trap depths, at time t during the phosphorescence, most of the light 
emission is due to tra])s in which electrons spend a mean time because the 
shallower traps arc mostly emptied by that time and the deeper traps release 
electrons too slowly to contribute much to the phosphorescence. If there is 
an equal number of traps at all depths, the phosphorescence is at all times 
j)roi)ortional to Ijt. 


(iii) Quasi-uniform trap distributions 

For a uniform trap distribution the product It is constant. The previous 
paragraph may be summarized in the form lice where is the number 
of traps in which electrons spend a mean time i. This relation holds whether 
is constant or slowly varying. 

l^lotted against E is, however, the trap distribution curve and has 
approximately the same form as the glow curve. As It and Foe log i 
(equation (1), Paper I), the curve obtained by plotting It against log t will 
have the same form as the glow curve. And by equation (6) (Paper I) 

where Tq is the glow temperature and T is the temperature at which 
phosphorescence takes place. There is, therefore, an almost linear relation 
depending on s between Tq and log^. If a is chosen suitably, the 7^-log^ 
curve may be made to fit the glow curve when glow temperature and time 
are plotted along the same axis. Such a fitting of the two curves provides a 
vrflue for the constant a. This link between two independent sets of observa- 
tions is verified by experiment and is discussed in a later section. 

(iv) Exponential trap diatribution 

Many zinc sulphide phosphors have a trap distribution which, in the region 
we are concerned with, is approximately exponential in form. Thus 

Ng. = Ac’^^dE, 

and as above 

It « Aa exp [ - exp [ « ElkT-~aE] dS, 
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Putting ^ the equation then becomes 

Af\hT 

As at is always large ( > 10^), the integration may be taken to infinity; 

* Jo 

I^^fisJcT) ( 3 ) 

It is clear from equations (2) and ( 3 ) that the decay law of phosphorescenci^ 
for a phosphor with a distribution of trap depths will be little dependent 
on temperature (W. W. Antonow-Bonianowsky 1935; de Groot 1939). 
While the individual processes involved in phosphorescence are highly 
teTn|>erature de}>endent, the sum total effect of the processes due to traps of 
different depths is temperature dependent in quite a different way. 

Equation ( 3 ) shows that the phosphorescence decays according to a simple 
inverse power law. For a zero, the case of a uniform trap distribution, the 
reciprocal law holds; this result agrees with equation (2). When akT is unity 
an inverse square law results. In the past such an inverse square law has 
been correlated with the idea that the excited electrons recombine with the 
empty lumiuesoence centres in the manner of a bimolecular chemical 
reaction. The delay in emission of light during phosphorescence is, according 
to this idea, due to the time taken for an excited electron to find an empty 
luminescence centre. Calculation shows that the time taken for such a 
recombination to take place is a small fraction of a second ( < 10“^ sec.) and 
for decay times of an order greater than this the time of phosphorescence 
must be due to the time an electron sjiends in a trap. 

ExFKRIMENTAL METHOP of MEASXJBIXa LOKG-PBIUOD 
PHOSPHORKSOJKNCB DECAY CURVES 

A twelve-stage electron multiplier focused by crossed electric and 
magnetic fields, and with rubidium surfaces, was used to measure the 
intensity of phosphorescent light. The current in the last stage of the 
multiplier never exceeded and with these conditions the current may 
be taken as proportional to the light intensity. The current to the galvano- 
meter could bo reduced by a known factor so that the galvanometer light 
spot could be kept on the scale when the phosphorescence was bright. The 
deflexions were reproducible to within 3 % and the sensitivity was so great 
that for the brightest phosphors measurements could be taken after decay 
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had proceeded for as long as a week, at which stage the phosphor was almost 
invisible to a weU*aocommodated eye. 

The phosphor was spread on a glass plate in a layer containing about 
O'Ol g./sq. cm. ISxcitation was for over a minute by a 125 W Osira 
mercury arc in a nickel oxide glass bulb, the lamp being distant 20 cm. 


PHOarHOBESCENCE RKSITLTS 

In the first section of this paper relations have been established, for a 
phosphor, between the trap distribution (or approximately, the glow cuive) 
and tlie phosphorescence decay curve. Two relations have been established: 
for quasi-uniform trap distributions, the glow curve will have the same form 
as the li-logt j>hosphorescence curve, and for the Bi:>ecial case of an ex- 
ponential distribution the decay will follow a simple inverse power law. 
These relations have been experimentally confirmed. 


CaEOTFM Am) STEONTItTM SITI^PHIDES 

The decay curves for those phosphors are sho wn in figures 1-4, the product 
of light intensity and time being plotted against the logarithm of the time. 
The glow curves are drawn on the same diagrams, a temperature scale being 
given by equation (6) (Pai)er I). The value of s was taken as 10® sec.*^, but 
a better fit of two curves might be obtained if s were rather loss ( 1 0**'® sec.“^ ). 
In figure 1 the decay and glow curve for a ZnS-Cu phosphor (no. 2) is shown 
on the same scale as the curve for a CaSrS-Bi phosphor. The correspondence 
between the glow curves and the decay curves was quite good for figures 1-3. 
Another specimen t)f SrS-Bi (results not shown) gave an equally good correla- 
tion. In tlie case of figure 4 tl^e correlation is poor. The phosphor was a 
CaS-Bi, and the colour of the glow changed strikingly with temperature. 
On account of this, the form of the glow curve was distorted because the 
sensitivity of the multiplier altered with wave-length. The correction to the 
glow curve was obtained by measuring the response of the multiplier to the 
fluorescence of the phosphor (excited by a constant source of ultra-violet) 
at different temperatures. The corrected glow curve makes a much better 
correlation. This i)rocedure was repeated for all the other phosphors 
including the zinc sulphide discussed in the next section, but in the tempera- 
ture range considered the correction was found to be small and was not 
applie<i. Apart from change in colour of the luminescence the above type of 
correction nmy be required because of change in the luminescence efficiency 
with temperature. 




tcmptwatim^ 

FiatTHE 2, PhoRphoresoencje curve and glow curve of SrS-Bi phosphor (no. I), 
Voi. ta^. A. 


*5 
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time (mins.) on log. scale 



Fioube X Phosohorescenco onrve anil glow curve of CaSrS-Bi phosphor (no. 3). 

time (mine.) on log, scale 



Fiotthk 4. Phosphorescence curve and glow curve of CaS-Bi phosphor (no. 6). The 
dotted lino in tlie glow curve corrected for variation in the colour of the glow. 





PhosphoresceMce and electron traps 397 

Zinc stTLPHiDE phosphors 

The glow curve for most zinc sulpliide phosphors follows an exponential 
curve in the region which is associated with room temperature phosphor- 
escence, that is, above 300° K (see figure 4, Paper 1). As is to be expected, 
the decay is found to follow a simple power law. In figure 5 the logarithm 
of the light intensity is plotted against the logarithm of the time: the slope 
of the line obtained gives the power of the decay law. 



Figttkb 5. Phoephoroscence of zinc aulphido phosphors. Various specimens of 
ZnS-Cu gave ratheir different decay laws. 

(а) ZnS^Cii-Ag at 18^ C. (d) ZnS-Cu at 38° C. 

(б) ZnS-Cu at 18° C. («) ZnS.CdS-Cu at 18° C. 

(c) ZnS‘Cu (no. 2) at 16° C. (/) ZnS.Cu at 19° C. 
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Table 1 shows the observed power law and the value calculated from the 
glow curve assuming the glow curve to correspond exactly to the trap 
<listribution and taking s — 10® seo.”^. When the glow curve is not exactly 
exponential the decay is correspondingly not exactly a power law; in such 
cases the mean value of the theoretical and observed power la w is given in 
the table. The close agreement shown in table 1 should not be over- 
emt)ha8ized, because the fonri of the glow curve can only be said to approxi- 
mate to the form of traf) distribution and, as is discussed in a lat/cr section, 
retrapping may to some extent cause the decay curve to differ from the form 
calculated, '.rhe different specimens of ZnS-Cu had rather different trap 
distributions and correspondingly different decay laws. 


TaULK 1. Dk(UY laws FOK ZTNC vSULPlUDia PHOSFHORS 


Piiosphor 

I oc /- * 

(value of X obtained from 
phospl ) oroBce tico curve ) 

X calculated from glow 
curve 

(taking 8 10'* sec."*) 

ZnS-(’u (no. 2) 

1*50 

If)? 

Zn8-Cu 

1-38 

1*31 

ZiiS-Cn 

1-60 

1*51 

ZiivS-Cu. Ag 

1*32 

1*30 

ZnS . 

1*65 

1*57 

ZnS-(Ju 

2-0 

2*0 


Table 2. Effect of intensity of excitation on 
DECAY OF CaSrS-Bi (no. 3) 


Time of docay in minvitos ... ... ... 0*2 1 6 10 20 90 

PhoHphoroHCOTico intouaity for exciting intensity 3*0 2*0 1-6 1*5 1*35 1*3 

100/ divided by phosphorescence intensity 
for exciting intensity / 


Dependence of decay law on intensity of excitation 

The results in table 2 show liow the decay curve of a CaSrS-Bi phosphor 
depends on the exciting intensity. For long times of decay the phos- 
phorescence is independent of the exciting intensity provided that the 
phosphor has been exy)osed sufficiently long for all the traps to be filled. 
Under excitation an equilibrium is reached when the rate of release of 
ele<itrons from traps is equal to the rate of input. For short times of decay 
shallow traps are involved and, as the rate of release of the electrons is 
appreciable, these traps are only partly filled when equilibrium is established 
during excitation. Thus the height and slope of the decay curve increases 
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with exciting intensity when low exciting intensities or short times of decay 
are considered. Table 2 shows the experimental results for a Ca8rS-Bi 
phosphor (no. 3 ), 


Total energy stored tn a phosphor 

Results obtained by Leiiard (ref. I^jiiard, Schmidt and Tomaschek 1928), 
who measured in absolute units the total thermoluminoscence omission from 
a phosphor, show that there are 4-5 photons em itted ]>er luminescence centre. 
It is difficult to conceive how more than one photon can be emitted per 
luminescence centre, and one is led to suppose that Lenard underestimated 
the number of luminescem^e centres. We have not, ourselves, made any 
measurements on this subject, but Harper, Robinson and Bowtell (1940) 
have measured the decay curve of an alkaline -earth sulphide pho8])hor in 
foot-candles and we have made a calculation based on these figures. We 
find that there is, during ])ho8phore8cence at room temperature, about 
1 photon emitted per 10^-10* Sr atoms in the ])hosphor. The number of Bi 
impurity atoms can hardly excet^d this figure, so that the number of electron 
traps in the phosphor of depth greater than 0’2eV is about equal to or greater 
than the nuinlxjr of impurity atoms. Tins result confirms Lenard’s figure. 


The capture ok ei.bctrons by traps (betrappiko) 

It has been assumed in the discussion above that an electron released from 
a trap passes immediately to an empty luminescence centre and that re- 
trapping does not occur. It is not impossible, however, that an electron 
might be retrapped several times, and if this were so the theory of phos- 
phorescence we have given above would have to be modified. The extent of 
retrappiug depends on the relative number of empty traps and empty 
luminesoenoe centres, and the i^elative probabilities of capture for the two 
types of centre. Two experimental approaches, which are discussed below, 
have been useful in studying this question. 

(i) The growth of fluorescence with time 

Consider a phosphor in which all the luminescence centres are filled and 
all the traps are emptied, ahd let there be more luminescence ceiitres than 
traps. The phosphor is exposed to a constant exciting radiation. At the first 
instant of exposure there are no empty luminescence centres and all the 
excited electrons will be captured by traps. As the traps are filled, the 
luminescence centres are emptied and are available for capturing electrons, 
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so that fluorescence results* The fluorescence intensity increases with time 
and reaches an equilibrium value when all the traps are filled. We will now 
derive an expression for the growth of fluorescence with time. 

Let n be the number of traps per unit volume, 
a the exciting light intensity, 

N the number of electrons in the condiiction band per unit voL, 

Wj the number of empty luminescence centres per unit vol. 

Electrons enter the conduction band at a rate proportional to a, and leave 
the conduction band by being captui*ed by empty traps and empty lumin- 
escence centres. 

Thus dNfdt =: a wdgCn — nj + 

where and are constants expressing the relative probability of capture 
of an electron by an empty trap and empty luminescence centre. 

If the time of recombination of free electrons with traps and Imninescence 
centres is small, N is negligible compared with n and and after the first 
fraction of a second N may be taken as slowly variable, then 


dNldt « 0 


and 




a 


( 4 ) 


The rate at which traps are being filled is 

d{n — nx-{'N)jdt = — ni + iV), 

which is approximately equal to the rate at which traps are being filled, 

dytyjdt ^ 

Combining equations (4) and (5) 

dnijdt =a + 

and integrating 


(1 —A^jA^)ni — A^IA^.n\og{n — nJn) « at. (6) 

This equation expresses the variation of with /. 

The fluorescence emission 1 is A^Nnx^ or using equation (4) 


/ ~ J! /7) 

To see the form of the I-t curve it is simplest to consider equations (6) and 
(7) separately. 

When nx is small, (6) gives Wj « therefore 

I as AyNux sa AxIA^.aHjn. 


(S) 
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Hence the 1 4 curve begins as a straight line with slope When 

approaches n, 

{n — Wj) oc (9) 

which means that near the equilibrium value the fluorescence intensity 
follows an exponential curve. Both equations (8) and (9) provide simple 
ways of finding AJA^* 

Factors which have not been taken into account in the theory are: non- 
uniform illumination of the phosphor grains, and the finite rate of escape 
of electrons from traps due to thermal motion and due to absorption of the 
exciting light, 

(ii) Experimental results 

A ZnS-Cu phosphor (no. 2) was heated in the dark on the glow apparatus 
to empty all the traps. Then at room temj)erature the exciting radiation was 
switchetl on. A mercniry arc was used with filters of nickel oxide glass and 
cupric chloride in water, and a Wratten 2a filter was placed over the 
multiplier which measured the fluorescence intensity. 

The curves of figure 6 agree well with the theory given above. The amount 
of energy stored in the phosphor is given by the area between the rising 
fluorescence curve and the line drawn at the level of equilibrium fluorescence. 
This area should be equal to the area under the phosphorescence and glow 
curves. The amount of stored energy increases with exciting intensity 
because the electrons have an appreciable rate of escape from the shallower 
tray>s, and hence the extent to which these traps are filled increases with the 
exciting intensity. Table 3 shows the results of figure 6. 

Table 3. Ek^ergv stored m a ZnS-Cu phosphor (no. 2) 

Exciting? iiif eusity fldt for glow and 

in cirbitrory xinits phosphorcsoonco for fluoroHoenc© 

1 100 98 

3 120 no 

9 im 148 

AJA^ may b© calculated from the curve using equations (8) and (9), 
(a, /, t and n are all measured from the curve in units of length and area.) 

The initial part of the curve gives AJA^ 1*3, and the part of the curve 
approaching equilibrium gives a value 2*2. The two values agree reasonably 
well. The meaning of the result is that the cross-sections for electron capture 
of the traps and luminescence centres are about equal. 

Figure 7 shows some results for ZnS-Mn at 90® K. The traps in this 
phosphor are of a depth such that at room temperature very few can be 
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FKJtTRK (5. Oirvefl for growth of fiuoreHCouoe, with timo for a XnS-Cu phosphor (no. 2) 
at 2iHy^ K. Intensity of exciting light (a) 9/, (6) 3/, (c) /. The time of excitation wa« 
(a) 150 HOC,, (6) 300 sec., (c) 800 sec. After excitation the phosphoresconoo and glow 
curve were recorded. 



Fiocmi: 7. Curves for growth of fluorescenco with time for ZnS-Mn at 90® K, 
Different times of excitation with the Bome exciting intensity were used for curves 
a, b and c. After the exciting light has been out off the phosphorescence and glow 
curve has been recorded. Curve d is for one-third the exciting intensity and in this 
case the discontinuity in the curve is shown clearly at D. 
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filled, and at room temperature the fluorescence rises to 95 % of its equili- 
brium value in less than a second. At 90"^ K most of the electrons are stable. 
In this case the fluorescence appears to rise instantaneously from zero to 
about 40 % of the equilibrium fluorescence value. As the galvanometer has 
a period of 2 sec., the nature of this sudden rise could not be followed. After 
the sudden rise the fluorescence increases slowly and tends exponentially to 
an equilibrium value. Table 4 shows the values of the stored energy after 

different times and intensities of excitation. In all cases J/ri/ for the glow 

curve is twice J(/oo Jt) for fluorescence. Measurements on the brightness 

of fluorescence at difl'erent temperatures indicate that the luminescence 
efliciency changes with temporature. If a correction is made on this basis, 
the above factor of 2 is reduced to J-5, but the expected equality is not 
obtained. A possible explanation is that the luminescence efficiency is low 
during fluoresceruje because some of the fluorescence is produced by ejecting 
electrons from traps. 

To explain the initial instantaneous rise of fluorescence, Wo explanations 
suggest tliomselves. The first explanation is that some of the electrons when 
excited may reach excitation levels in the luminescence centre and return 
to the ground state without passing into the conduction band, and these 
electrons would then give rise to an almost instantaneous fliforesconce. 
Alternatively, there may be empty luminescence centres in the cTystal 
before excitation begins, thus allowing electrons ejecte^d into the conduction 
band to return almost immediately to the ground state. This idea can also 
exi)lain the form of the glow curve when the trajjs are only partly filled (see 
figui*e 7 and below). 

Table 4. Knkroy stored m ZnS-Mn at 90'" K 


Exciting intenwity 

lldt for glow and 


in arbitrary units 

pliosphorosconce 

for Avion ^sconce 

3 

400 

175 

8 

ir>o 

75 

3 

80 

47 

1 

18 

10 

1 

38 

20 


(iii) The glow curve when the traps are partly filled 

There are two stages in producing a glow curve when the time of excitation 
is not sufficient for all the traps to be filled. First, during excitation electrons 
are captured by traps, the number of electrons caught in traps of a certain 
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depth being proportional to the number of such traps and the trap cross- 
section for electron capture. Secondly, the phosphor is warmed and some of 
the electrons liberated are immediately captured by luminescence centres 
and a proportion are captured by deeper traps. The result of this retrs-pping 
is that the partly charged up glow curve is relatively higher at high tempera- 
tures than it would have been if no retrapping had taken place. 

Examination of partly charged up glow curves of the type shown in figure 7 
indicates that the cross-section of all traps of different depth is about t\m 
same, and, to account for the small amount of retrapping apparent, it is 



Fkhttie 8. Glow ciirve for a CaSrS plioaphor (no. 4). The two lower curves correspond 
to partial filling of the traps and the top curve corresponds to saturation conditions. 
Tlie relative heights of the two peaks in the top curve is clearly different from the 
relative heights in the lower curves, 

necessary to assume that there are empty luminescence centres in the un- 
excited phosphor — there being about three traps to each empty luminescence 
centre. Similar results are also indicated for CaS and SrS phosphors (see 
figure 8), which also give an instantaneous rise of fluorescence. These con- 
clusions must, however, be regarded as somewhat tentative, as further study 
is required. 

Figure 9 shows the fluorescence intensity time curves for an SrS and 
CaSrS phosphor. The values of given by the curve ore hS and 3. The 
specimens were heated to about 700° K. in the dark before the experiment, 
to ensure that all the traps were emptied* 
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The fact that the cross-section of traps and luminescence centres is about 
the same suggests that the process of capture is similar in both coses. The 
capture into a trap is almost certainly non-radiative (though traps might 
fluoresce in the infra-red at sufiiciently low temperatures); hence it is to be 
expected that the capture of an electron by a luminescence centre is also 
non -radiative. The only way this can occur is for the electron in the conduc- 
tion band to be first captured into an excited state of the luminescence centre 
and then to make a luminescence transition within the centre from the 
excited state to the ground state (Mott and Gurney 1940 , p. 108 ). Apart 



aso 200 150 100 50 0 

timo in secs. 

Figure 9. Growth of fluoresoenco with time for CaSrS-Bi phosphor. 

Curve OE, phosphor no. 4; curve 6, phosphor no. 3. 

from the experimental evidence discussed here, this process seems more 
likely than a dii*ect radiative transition from the conduction band to the 
ground state of an impurity atom. Support for this idea is also to be found 
in the fact that phosphors activated with manganese photoconduct and give 
a quick exponential phosphorescence (Randall and Wilkins 1940 ). The 
exponential decay is associated with the lifetime of an electron in the excited 
state of a manganese ion. 

The effect of eeteapping ok the phosphorescence decay curve 

Figure 11, curve {d) (Paper I) shows the amount of stored energy which is 
liberated from a SrS-Bi phosphor (no. 1 ), after phosphorescence has pro- 
ceeded for 80 min. The area under that glow curve is proportional to the 
number of empty luminescence centres. The area between curve (d) and the 
curve (a) from 370® K upwards is proportional to the number of empty traps 
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in which a trapped electron has a mean lifetime of more than 30 min. The 
ratio of these areas is 4 : 1, Similarly considering the decay after 10 min., 
the ratio of the number of empty luminescence centres to the number of 
empty traps of lifetime greater than 3 min. is 3:1. The value of is 

about 1. Thus at time i during phosphorescence about 75 % of the electrons 
being liberated from traps pass almost immediately to luininescenoe centres, 
and 25 % are delayed by retrapping for a mean time of about Hence in 
this case, which is typical of CaS and SrS phosphors, retrapping has very 
little influence on the decay curve. There will be much loss influence still if 
(as seems likely) there arc more empty luminescence centres than there are 
trapped electrons. 

The ZnS-Cu phosphor (no. 2) contains an equal number of trapj>ed 
electrons and empty luminescence centres. In this case is again about 
J, and using the data in figiu'e 10 (Paper I) it has been calculated that at 
various times t of decay almost 50% of the electrons being liberated from 
ti :i[)s will be retrapped into traps of mean lifetime greater than 50 % of 
tlie electrons give phosphoresconcje emission after a mean delay due to re» 
trapj)ing of about 4^, If the phosphorescence is calculated from the tray) 
distribution, it may be said that the omission which would take place at 
time t, if there were no retrapping, does in fact take place at time t + It. It 
is rather surprising that, even in this case, retrapi)ing does not appear to 
have a very marked effect on the form of the decay curve, 

Magkittjdb of thb constant 8 

It has been said in Paper I that s should be of the order rather less than 
that of the thermal vibration frequency of a crystal ( seo.“^). Theory 
cannot, however, give anything more than a rough guess for the magnitude 
of 8 until a particular model of a trap is considered. The most accurate 
experimental value of 10®*® seo.**-^, has been obtained from measurements 
of the phosphorescence of potassium chloride (Hunger and Flechsig 1931a). 
Our measurements give a value of about secr^ for many speoimeiis of 
zinc sulphide and calcium and strontium sulphides, measurements having 
been made at 290 and 90° K . We have deduced our value of s from the experi- 
mental material by approximate methods, atxd for this reason the accuracy 
of the value we give must not be stressed too much, although two methods, 
phosphorescence measurements and decay of glow peak measurement, give 
the same value of 

A rough value for s has been obtained for F centres in alkali halides 
(Mott and Gurney 1940, p. 130) from the decrease of photoconductivity at 
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low temperatures. The value obtained is 10^® sec.“^, but several assumptions 
are made in the calculation. Another value for the same s has been obtained 
from measurenients of the movements of photoelectrons in alkali halides. 
The crosS'Section of the F centre trap is calculated from the distance which 
a photo-electron travels before it is captured by a trap. The s value is related 
to the crosB-seetion by a formula given by statistical mechanics (Mott 
and Curney 1940, p. 108). The formtda cannot, however, bo taken as exact 
because the interaction of the trapped electron witli the lattice is not taken 
into account in deriving the formula. The cross-section of the F centre is 
10”^® cm? and by the formula &* is 10^^ sec.*^^. If is 1 0® 860.“* in a phosphor, 
the cross-section of a trap would be 10“^® cm? We have shown above that 
the cross-sections of traj)H and luminescence centres are about the same 
in phosphors. If the cross-section of a luminescence centre is as small as 
cm?, the bi molecular theory of short-j)eriod phosphorescence may be 
true. Tlie cross-section of a trap given by-measurements of the photoelectric 
current may correspond to capture of an electron into an excited state of a 
centre and the cross-section for capture into the ground stat e may be smaller 
be(*ause an electron may be cai)tured into an excited state and released 
again several times before it falls to the ground state of the centre. 

Our thanks are due to Professor M. L. Oliphant, P.R.S. for his provision 
of facilities for this work and for his encouragement. We are greatly indebted 
to Professor R. Peierls, who has given much time to the discussioii of 
theoretical aspects and has helped with numerous mathematical points. 
Professor N. F. Mott, F.R.S. has also provided us with some valuable 
suggestions. H. C. Golo has again given us his skilled assistance. Thanks 
are also due to the Warren Research Fund Committee of the Royal Society 
for a grant to one of us (M. H, F, W.). 
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Short period phosphorescence and electron traps 
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The decay of p>ioHphore8cenoo of various is measured during the first 

few millisecomls of the process. Pliosphorescence with exponential decay 
occurs when luminescence is due to an optical transition of a type normally 
forbidden. Experimental proof of this is provided by a study of the ruby. 
A further study is made of the effect of temperature on exponential decays. 
Some phosphors give complex decays in which a temperature-dependent 
decay prr>ce8s due to thermally metastable states or traps is sviporimposed 
f)n the exponential decay. An experimental separation of these decay pro- 
cesses is described for the cose of ZnS-Mn. 

It had been believed that in hyperbolic decays, characteristic of ZnS-Cu 
and >5n8-Ag, the time constant of the process was due to the time that an 
excited electron spent in moving through the phosphor. The experiments 
described hero show, however, that this type of decay is due primarily to 
the time electrons spend in traps; therefore the biinoJeoular theory of 
phospht)resoenoe is largely rejected. The main experimental results show the 
temperature dependence of the decay curve and the correlation between the 
decay curve anti the amount of light energy which may be stored in traps 
in the phosphor at low temperatures. An explanation is given of the change 
of shape of the decay curve with temperature. 


iNTRODtlOTION 

When light falls on a body some of its energy may be absorbed and re- 
emitted as light of a longer wave-length. This phenomenon is called lumin- 
escence. In some solid materials there is a time lag between the absorption 
of the exciting energy and the resulting luminescence, and luminescence may 
continue after the exciting light is removed. Such delayed luminescence is 
called phosphorescence and solids which show it are called phosphors. The 
present work is concerned with the elucidation of the processes which 
produce phosphorescence in solids. 

Becquerel ( 1867 ) began the study of phosphorescence processes by mea- 
suring how the intensity of phosphorescence after-glow decreased with time 
after excitation had ceased. He found that phosphorescence decay curves 
so obtained were of two types, exponential and hyperbolic. Exponential 
decay occurs when the radiating electron does not leave the excited atom, 
and may occur if the atoms are isolated from one another oe in a gas or 
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aggregated in a solid. More interest lies in the interpretation of hyperbolic 
decays which may be of very great duration and which are peculiar to the 
solid state. Beoquerel suggested the bimolecular theory of phosphorescence 
which, stated in modern terms, attributes the delay in emission of phos- 
phorescence to the time an excited electron spends in moving through the 
phosphor from one atom to another. Lenard, Schmidt & Tomaschek (1932) 
studied alkaline earth sulphide phosphors and showed qualitatively that the 
phosphorescence which lasted minutes and hours was due to slow release of 
excited electrons from thermally metastable levels. However, many later 
investigators of phosphorescence (e.g. Lewschin & Antouow-Romanowsky 
1934) attempted to explain tlieir results in terms of the bimolecular theory. 
Recently, Randall & Wilkins (19456,0) made a more complete study of the 
thermally metastable levels (now called electron traps) in phosphors and 
gave a quantitative exjdanation of long-period phosphorescence and 
showed that the experimental results, e.g. Lewschin & Antonow-Romanow- 
sky (1934), which had provided the main support for the bimolecular theory 
could be more adequately explained in terms of electron traps. Further work 
(not yet published) in this laboratory on the tamj>eraturo dependence of 
long-period phosphorescence decay curves has provided more proof of the 
correctness of these ideas. It was, however, still an open question whether 
the time of movement of an electron through the phosphor was a major 
facjtor in short-period phosphorescence lasting a few milliseconds. Do Groot 
(1939a), studying such phosphorescence, had explained his results in terms 
of the bimolecular theory but showed that electron traps could have a 
large effect on the form of the decay. The present work shows that the ideas 
of Randall & WiUcins (1945 6, c) which explain long-period phosphorescence 
in terms of electron traps do also, to a large extent, explain short-period 
phosphorescence, and wo find practically no evidence that electrons take 
appreciable time in moving about a phosphor and thus give rise to a bi- 
molecular decay. Our experimental results illustrate the properties of this 
type of trap decay and, partly for comparison, results are given for ex- 
ponential decays: complex decays due to the combined action of trap and 
exponential mechanisms are also shown to occur. 

The study of phosphorescence decay processes is of general interest in 
that it provides information about electronic energy levels and movements 
of electrons in solid insulators. The concept of electron traps, which we use 
to explain phosphoresoentie, is also used to explain the phenomena of 
photoconductivity, photochemical change, and dielectric breakdown in 
solids. The reality of electron traps has been made sj>eoially clear by the 
work of Pohl (1937) on colour centres in alkali halides. 



410 


G. i\ J. Garlick and M, H. F. Wilkiub 


Theobetioal 

To make clear the import of the experimental results which follow later 
we will first give a semi -theoretical discussion of phosphorescence. Parts of 
this discussion have appeared before (Randall & Wilkins 1945) but are 
included for completeness. The generally accepted idea of luminescence 
processes is based on the following model. In figure 1 the ordinate is energy 
of an electron and the abscissa denotes the position of the electron in an 
insulating solid. Level A is the ground state of an electron in an ion in the 
solid. When light is absorbed by the ion the electron may be raised in energy 
to JS an excited state of the ion. When the electron returns from jB to ^ a 



FtavRK L 

luminescence quantum is emitted. The ion, or group of ions, which contains 
the levels A and B and in wliioh the luminescence transition takes plac.e is 
called the luminescence centre. In many phosphors the luminescence centre 
is an impurity ion. If a large quantum of energy is absorbed the electron may 
be raised from A into the region (7, called the conduction band. In this state 
the electron is free from the luminescence centre and may move through the 
solid whi<;h can then, to a slight extent, conduct electricity and is said to be 
photoconducting. An electron in the oondxiction band may fall into a trap 
level I) and cannot escape until it is supplied with a quantum sufficient to 
raise it into 6^. Once in 0 the electron may be recaptured by a trap or return 
to B and then produce luminescence. Phosphorescence ifi produced by the 
slow release of electrons from Z) by iieat quanta supplied from the thermal 
vibrations of the phosphor. 

We will now consider the type of phosphorescence decay to be expected 
if the excited electron spends time in the excited state J3, in the trap state D, 
or in the conduction band C. 
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(1) Exponential decay due to the time an electron spends in an excited state 

As we have said above, the excited electron may be raised from one energy 
level in an atom or ion to a higher level in the same ion. The phosphorescence 
emission I will be proportional to the rate at which excited electrons return 
to the ground state, Henc^, if n is the number of excited electrons and p is 
the probability of an excited electron returning to the ground state, 

/ = ^dnjdi pn, and hence h «= 

where and are the intensities of phosphorescence at the time when 
excitation ceases and at time t afterwards. The decay curve is therefore 
exponential. For ordinary optical transitions, p is large and the phosphor- 
escence will disappear in -- lO^’^sec. (e.g. many luminescent gases), but if the 
transition from the excited state to the ground state is of a type normally 
forbidden, p may be relatively smaller and the phosphorescence will be of 
greater duration. 

We may distinguish this type of decay by the following properties which 
are illustrated in the experimental section and figures 

(1 ) The decay curve is exponential. 

(2) The form of the curve is determined by p and hence will be indepen- 
dent of the conditions of excitation such as intensity, wave-length and 
duration of ericitation, 

(3) The decay curve is independent of temperature if, as may often be the 
case, the levels in the luminescent ion are unaffected by the thermal vibrations 
of the solid. 

(4) The phosphor may be non -photoconducting as there is no need for an 
electron to leave the luminescent ion during the phosphorescence process, 

(6) If the phosphor photoconducts, an additional decay process will be 
present duo to trapping of electrons which esca])e from the luminescent ions. 

(6) The decay is characteristic of a given ion in the luminescent solid and 
may be largely independent of the solid in which the ion occurs. 

(2) Phosphorescence decay due to time an electron spends in traps 

If the time an excited electron spends in the conduction band and in the 
excited stete of the luminescence centre is negligible, phosphorescence will 
be due entirely to the time an electron spends in traps. In a phosphor con- 
taining traps, light energy may be stored indefinitely if the temperature is 
kept low, but if sufSeient thermal energy is available the trapped electrons 
will escape and produce phosphoiescence. In general, the decay due to 
traps is a somewhat complicated phenomenon, the shape of the decay curve 
depending on the mode of excitation and the extent to which the traps are 
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filled. The distinguishing characteristics of this kind of decay curve are as 
follows: 

(1) The decay curve will vary with temperatui*e. 

(2) The decay may be affected by absorption of infra-red light which 
frees trapj>ed electrons. 

(3) The decay curve resulting from prolonged excitation will vary with 
the intensity and wavo-lorigth of the exciting light. 

( 4 ) The Hhaj)e of the decay curve will vary with the duration of excitation. 

( 5 ) The phosphor will photoconduct as the excited electron travels 
through the phosphor from luminescence centre to trap. 

We will discuss several of these characteristics in more detail below. 

Variation of decay with intevMty of excitation 

The probability p of an electron escaping from a trap is given by 

p = ( 1 ) 

where the activation energy E is called the trap depth and is the minimum 
amount of energy which may remove the electron from the trap, k is 
Boltzmann’s constant, T is the absolute temperature and is a constant 
(Randall & Wilkins 19456). Most phosphors contain traps 
with depths distributed over a wide range, and the form of this distribution 
will determine the shape of the decay curve. One may calculate long after- 
glow decay curves by assuming that, after prolonged excitation, all the 
electron traps are filled (Randall & Wilkins 1 945 c). But for short after-glows 
the traps are only partly filled even during prolonged excitation because 
equilibrium will be established when the rate of supply of electrons to traps 
is equal to the rate of escape and the extent to which traps are filled will 
therefore depend on their depth E. Traps with large E will become almost 
completely filled because the rate of escape of electrons from these deep 
traps is small Shallower traps will be partly filled because the rate of escape 
of electrons from these traps is appreciable. Wlxen E is very small the 
probability of escape from a trap is large and most of the traps are empty. 
When the exciting light is cut off, the electrons continue to escape from the 
traps and produce the after-glow. The shape of the decay curve after pro- 
longed excitation will depend on the intensity of excitation. If the exciting 
intensity is increased, more of the shallow traps will be filled, the deep traps 
being already almost filled to capacity; hence, during the after-glow, an 
excited electron will spend on the average a shorter time in traps and the 
after-glow will decay more rapidly (see Johnson 1939), although the in- 
tensity of phosphorescence will be greater. 
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Variation of decay curve vnth time of excitation 

Let us consider qualitatively the type of decay which results from a 
periodic pulse excitation as distinct from prolonged excitation, l^t there 
be equal numbers of traps of all depths in the phosphor. The deep traps will 
be completely filled and will supply a slow component to the decay curve. 
The shallow traps will be empty before excitation and the pulse will fill 
shallow traps of all depths to an equal ex tent if the cross-section for electron 
capture of the traps does not vary much with their dox^th. Equal numbers 
of electrons in traps of all depths j)roduoe a I jt decay equation (Randall & 
Wilkins 1945 c), Hence orie might expect the initial stages of decay to 
consist of a 1 jt decay due to the shallower traps. After excitation of long 
duration all traps are filled to an equilibrium extent, the shallow traps being 
filled less than the deeper traps. Pulse excitation fills all shallow traf)8 
equally, and hence the very shallow traps are filled more by pulse excitation 
than by prolonged excitation of the same intensity. Therefore the initial 
decay due to pulse excitation should be more rax)id than the decay due to 
prolonged excitation of the same intensity. 

A bimolecular decay curve is a function of /o. see equation 6, and does 
not vary with the time of excitation. A pulse of high exciting intensity 
should give the same decay curve as a prolonged excitation’ by a low' 
intensity if 1 q is the same in the two cases. Hence a bimolecular decay 
may be distinguished from a trap decay wliich becomes faster rather than 
slower when the time of excitation is reduced. 

Variation of the decay curve with temperature 

The variation of the decay curve with temperature is a complicated 
phenomenon; in some cases the decay curve does not alter appreciably over 
a wide temperature range, and in other oases the curve may alter very 
rapidly with temperature. 

It is dear from the discussion above that if the pho8}Aor is exposed to 
prolonged excitation and then allowed to decay the intensity If of phosphor- 
escenoe at time t will increase as the number of traps in which an electron 
spends a mean time t is increased. The depth E which a trap requires to 
possess in order that an electron may he trapped in it for time t varies with 
the temperature. In most phosphors the number of traps varies with the 
depth of the trap; hence the number of traps in which an electron spends a 
mean time t will vary with temperature, and therefore If (in practice we 
measure ////(,) will vary with temperature. 

The way in which the number of traps varies with the trap depth may be 
found by measuring the glow curve (Randall & Wilkins 19456) which is a 

36-2 
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curve of thermoluminesoence intensity against temperature, obtained when 
a phosphor is wanned at a constant rate in the dark after having been 
exposed at a low temperature to excitation. The number of traps of 
depth E is proportional to the height of the glow curve, and E is proportional 
to Ta the glow temperature. This may be seen as follows. When the phosphor 
is warmed at a constant rate, electrons escaping from traps of depth E 
cause a peak of light emission which reaches a maximum at a temperature 
Tq given by 



(see Randall & Wilkins 19456), where depends on the warming rate and is 
'-lOsec. for the rate of 2‘^C7soc. used in our experiments. Therefore the 
glow curve at temperature Tq is produced in the main by electrons from traps 
of depth E, and the number of these traps is proportional to the height of 
the glow curve at that temperature. 

To connect the decay curve with the glow curve we combine equations 
(I) and (2) and find that at te^mperature T the lifetime t of an electron in a 
trap of depth E corresponding to a temi^erature Tq on the glow curve is 
given by the relation 


Tq _ log St 


(3) 


And, at temperature T, the number of traps in which an electron has a 
lifetime t is proportional to the height of the glow curve at temperature Tq. 
Hence, if we measure decay curves at diflPerent temperatures and plot /7/0 
against temi)erature the curve obtained will have the same form as the glow 
curve. Corresponding temperatures on the two curves will be in constant 
ratio given by (3) and hence, if plotted on the same logarithmic scale of 
temperature, the one curve will be displaced relative to the other a constant 
distance along the temperature scale. If the glo w curve does not vary much 
in height over a wide temperature range the decay curve will also not alter 
over a corresponding range of temperature. The extent te which the decay 
c\irve varies with temperature therefore dei)end8 entirely on the shape of 
the glow curve. 

We will now consider how the physical processes which take place during 
the decay will vary with temperature, and in this way we can find how the 
shape of the decay curve will vary with temperature. For simplicity we 
will take the case of a phosphor with a glow curve concentrated in one peak 
(see figure 2). The phosphor is excited periodically by a prolonged pulse of 
light of constant intensity. At temperature (figure 2), well below the 
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glow peak, all the traps in the phosphor will be permanently filled by elec- 
trons which cannot escape and, as these electrons liave been removed from 
Inminescenoe centres, there will be an equal number of permanently empty 
luminescence centres. When exciting light raises an electron into the con- 
duction band there will be no empty traps to delay the electron which will, 
therefore, very quickly be captured by one of the many empty luminescence 
centres and produce luminescence. As a result, theorise and decay of lumin- 
escence will be rapid. At a higher tem])orature the rate at which electrons 



FiauRE 2. Variation of decay c^^^ve with temperature. The«e emves are similar to 
curves for variation of photocurroiit with time at varies w temperatures in NaCl 
(Fohl 1937), 


escai>e from the shallower traps tecomes appreciable, and this process will 
produce a faint after-glow which decays slowly. There are, therefore, two 
distinct parts of the decay curve, a rapid and a slow component. The ratio 
of these components will alter with temperature. For instance, at a higher 
temperature JJ., an average fraction r of the traps are filled, hence r lumin- 
escence centres are empty and 1 — r traps are empty. If the cross-sections for 
electron capture of an empty trap and of an empty luminescence centre are 
about equal, r of the electrons raised into the conduction band per unit time 
during excitation will be captured directly by luminescence centres and 1 - r 
will be captured by traps. Hence, when the excitation ceases, a fraction r of 
the luminesoenoe will disappear almost immediately and the remainder of 
the luminescence will disappear as a trap decay. Also, owing to the fact that 
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a large fraction of the lamineacenoe rises and falls slowly with time, there is 
a reduction in the extent to which the luminescence varies in intensity 
during the cycle of excitation and decay. At a higher temj>eratureT(£ the 
phosphorescence decays to zero intensity between the periods of excitation 
and all the traps are emptied during the period of decay. Hence, at the 
beginning of eacli period of excitation there will, at first, be no empty 
luminescence centres buj there will be a large number of empty traps; as a 
result, an excited electron may be captured by several traps in succession 
before reaching a lumine8cen(50 centre. As we see below, in the discussion of 
bimole(!ular decay processes, the decay will, in these conditions, |)ossess 
bimolecular characteristics, the main characteristic being an inflexion on 
the rise curve of luminescence. At higher temperatures such as the decay 
curve will become rapidly faster. 

(3) Bimolecular decay produced by an excited electron 
spending time in moinmj thrmigh the phoapJior 

Let us calculate the phosphorescence decay curve produced when an 
electron spends time in moving through the phosphot assuming that the 
time spent in traps and in the excited state of the luminescence centre is 
negligible. If there are no empty luminescence centres or free electrons in the 
unexcited phosphor, the number n of empty luminescence centres will be 
equal to the number of excited electrons. The rate of recombination of 
electrons and luminescence centres is equal to the intensity of luminescence 
I and is given bv 

1 r. Avn^, (4) 

and during the after-glow 

/ = = (6) 

where t) is the velocity of a free electron and A is the cross-section for electron 
capture of a luminescence centre. Integration of equation (5) gives the 
equation of the phosphorescence decay, 

This formula expresses the rate at which a bimolecular chemical reaction 
takes place, and hence this theory of phosphorescence is called the bi- 
molecular theory. 

When the phosphor is exposed to a constant intensity of exciting light 
the luminescence intensity increases with time. Initially n is proportional 
to L the time of excitation, and hence by equation (4) /oc«*. The curve of 7 
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against t therefore begins with an upward curvature, but / must tend to an 
equilibrium value as excitation continues and hence the curve passes through 
an inflexion. 

The distinguishing ciiaracteristics of a bimoiecular phosphorescence are 
as follows : 

(1) There will be an inflexion on the curve of the rise of luminescence 
with time. 

(2) As indicated by equation (H) the decay curve is independent of the 
time of excitation and, at a given tem|>erature, is determined by Jq. 

(3) The rapidity of the decay will increase steadily with temperatinre, for 
V will be proportional to the square root of the absolute tc^mperature. 

In many oases one would not expect the binmlecular theory to be true. 
First, the cn^ss-section A (equation (4)) would have to be very small to 
produce a decay of the duration commonly found. Secondly, when a large 
number of electrons are in traps (the number of trap|)ed electrons is often of 
the same order as the number of luminescence centres or impurity atoms in 
the phosphor) the number of empty luminescence centres is large and 
recombination would be very rapid, and also the number of free electrons 
would be much less than the number of empty luminescence centres. 

In certain circumstances a bimoiecular phosphorescence mechanism may 
be produced by the time of delay of electrons in traps, the time of movement 
of electrons in the conduction band being negligible. For instance, consider 
a phosphor containing traps all of which are shallow and which are filled 
only to a small extent during excitation. The number of empty luminescence 
centres is then small compared with the number of empty traps and an 
electron will be trapped and retrapped many times before reacliing a lumin- 
escence centre. 'The recombination of electrons and empty luminescence 
centres is bimoiecular and equation (4) applies. The effect of re}>eated re- 
trapping is simply to slow down the movement of the electrons through the 
phosphor. The rapidity of this type of decay increases very quickly with 
temperature. 


ExPEKIMENTAL METHOn 

The shape of decay curves will, in many cases, depend on the mode of 
excitation such os excitation by a single pulse of exciting light or by a periodic 
succession of pulses. In the present experiments the exciting light passed 
through a sector disk rotating at constant speed so that j^eriodically the 
phosphor was excited for a few milliseconds by a pulse of light of constant 
intensity and was then allowed to decay in the dark for several milliseconds. 
During the period of excitation the intensity of luminescenoe increased with 
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time, and in some cases this rise curve provided more information than the 
decay curve. After a number of periods of excitation and (iecay the phosphor 
reached a cyclic condition and the periodic rise and fall of luminescence was 
recorded by a photocell multiplier, cathode-ray oscillograph, and camera. 
Oscillograms of this type are shown in figures 4, etc., the ordinate is light 
intensity and time is the abscissa; except for figures 12 and 17, where the 
line of zero light intcmsity is recorded, the curves show only the change in 
light intensity and not the absolute light intensity. 

The somce of exciiting light was a 1000 W air-cooled high-pressure mer- 
cury lamp, the arc being approximately 4 mm. long and 2 mm. wide. 0*36/^ 
radiation was filtered by means of thick nickel oxide glass and a solution of 
cupric chloride in water. Unless otherwise stated, 0*36/^ radiation was used 
in our ex])eriments. A single-prism quartz monochromator was used to 
obtain other wave-lengths. Two thicknesses of Wratten 2A filter prevented 
exciting light entering the multiplier which had caesium smTaces and ten 
multiplying stages. The voltage from the multiplier was amplified by a 
simple two-stage resistance capacity coupled triode amplifier using Osram 
H 30 valves gmng an amplification of 60 in each stage. The time constants 
were adjusted so that the amplifier responded to a wide frequency range. 

We were able to vary the temperature of the phosphor by means of an 
apparatus which was essentially a small german silver dewar with a large 
demountable quartz window on the outside. This window could be removed 
and the phosphor could then be placed on a (iopper sheet (rhodium plated 
to avoid contamination of the phosphor) soldered on the outside of the 
inner tube of the dewar. A single layer of phosphor grains was attached to the 
rhodium surface by a trace of glycerol. Evacuation of the dewar prevented 
the phosphor being chemically attacked by the atmosphere or becoming 
coated with ice when at low temperatures. The inner tube of the dewar 
could be filled with liquid oxygen to cool the phosphor and contamed a small 
electric heater for raising the temperature. The temperature of the copper 
sheet was measured by a thermocouple and tests showed that the phosphor, 
in vaciiOy was at the same temperature the copper. 

In some experiments, to obtain greater accuracy of measurement, a 
Becquerel type of phosphoroscoi>e was used. A disk with a radial slot near 
the outer edge and a quadrant sector of larger radius were mounted in 
contact on the same axis and rotated together at a constant speed. The 
exciting light passed outside the disk and was cut off by the quadrant 
sector during a quarter of each revolution of the system. The luminescent 
light from the phosphor was focused so that, as the system rotated, the light, 
for an instant, passed through the radial slot into a 1 2-'Stage rubidium multi- 
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plier. By rotating the quadrant sector relative to the disk one could vary the 
interval between the cutting off of the exciting light and the instant when 
phosphorescent light entered the multiplier. A mirror galvanometer gave a 
steady deflexion which measured the mean photocurrent produced by the 
pulses of light entering the multiplier. 

To measure glow curves and the slow growth of fluorescence with time 
the 12-8tag© multiplier and galvanometer were used as in previous work 
(Randall & Wilkins 19456,0). 


Expjseimkntax, resx;lts 
(1) Exj)onential decays 

The }>roj>erties of this relatively simple type of decay ha ve already been 
fairly adequately surveyed (e.g. Randall & Wilkins 1945 a; Johnson &- Davis 
1939) ; wo wish to show here ho w this type of decay can be distinguished from 



FzoxmB 3, Decay curves of ruby measured with Becquerel phosphorosoope. The 
curves ore independent of the wave-Jength and intensity of the exciting light. 
Excitation: a, 0*36^ radiation; 6, 0*43/i radiation; c, 0’43/e radiation, i intensity. 
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a trap decay and how complex decsays arise from the combined action of 
exponential and trap mechanisms. 

Ruby. Although the properties of exponential decays have been explained 
by the assumption that phosphorescence is the result of the luminescence 
transition being of a forbidden type, until now experimental proof of this 
appears to have been lacking. Such proof is now available in the case of 

^ V 640*' K 



485^ K 




612° K , 


423" K 


250° K 



166" K 



“ Itnsec 

Figitre 4. Decay of ruby. 



90° K 


— I msec. 

Fioure 5, Decay of CaW 04 - 8 m. 


ruby (AlgOa-Cr). Deutschbein (1932) has shown spectroscjopically that the 
luminescence is due to a forbidden transition in the Cr ^ impurity ion, and 
we find that tliis phosphor gives a typical exponential decay (figures 3, 4) 
of half period --2 msec. 

Calcium tungsiate-aarmrium. The decay of this phosphor, like that of the 
ruby, has the properties described in the theoretical section. The inde|>end- 
6n(;e of the decay with respect to temperature is well illustrated by this 
phosphor; the decay scarcely altered from 90 to 000° K, the temperature 
range covered by the observations (figure 6). 
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Manganese chloride. Manganese impurity phosphors, to the list of which 
(Randall & Wilkins 1945 a) we can now add Cdl 2 (haJf-period 0-5 msec.) 
and, when suitably excited, ZnS-Mn with half-period --2 msec., all give 
approximately exponential decays of half -period 0*5“20msec. The lumin- 
escence and exponential decay is apparently produced by a forbidden 
transition in the Mrri ^ ion. Randall ( 1939 ) has shown that the red lumin- 

247^ K 




130^ K 



90^ K 

90^* K, l^\ 

90*^ K. 


— “ 1 msec. 

Figure 6. Dway of MnCb. 


escenoe, typical of manganese iminirity , is also exhibited by pure anhydrous 
manganese halides at low temt>eratures. It is interesting to note (figure 6 ) 
that the luminescence of these pure salts further resembles that of the 
manganese impurity phosphors in that the decay is exponential and of 
half “period -0*5 msec. The decay is independent of intensity of excitation 
but increases in rapidity os the temperature is raised. 

The majority of exponential decays are almost independent of tempera- 
ture, but the example of MnClg shows that this rule does not always apply. 
There is, of course, no theoretical reason why the levels in the luminescence 
centre should not alter with temperature and cause a change in the decay 
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rate. As the exponential decay is a property of the lumineeoenoe transition 
we may expect, if the decay rate changes, to observe also changes in other 
propeities of the luminescence. We find that, when the decay rate changes, 
it increases with rise of temperature and, in the same t/emperaturo range, 
the brightness of luminescence decreases; examples are MnCig from 90 to 
247° K and ruby at temperatures above 400° K . 

(2) Complex d€XM,y 8 produced by both exponential and 
trap mechxinismH. Zinc sulphide manganese 

If a phosphor is photoconducting, excited olecttons escape from the 
luminesc^ence centres and may spend time in traps as well as in the excited 
state of the luminescence centre; a complex decay curve results which, in 
the simple case, e.g. ZngSiO^-Mn, consists of an initial exponential portion 
and a tail due to traps (e.g. Randall & Wilkins 19456), In some other cases 
the exponential and trap decays overlap and are not clearly separable; zinc 
sulphide manganese is a good example of a phosphor giving this type of 
decay. A satisfactory analysis of the decay of this phosphor or of a similar 
decay has not, so far, been available (see discussion of ZnS-Mn, Randall & 
Wilkins 1945a, de Groot 19396). 

Kroger (1939a) has found that manganese in ZnS-Mn produces absorp- 
tion bands on the long wave-length side of the ZnS absorption. If the 
phosphor is excited by light absorbed in these manganese bands there is 
afterwards no long after-glow or thermal storage of light energy in the 
phosphor. Absorption of light in the region of ZnS lattice absorption pro- 
duces long aftor-glow and thermal storage of light. It was suggested by 
Kroger that electrons do not leave the manganese ions when light is absorbed 
by these ions themselves, but, w^hen light is absorbed by the lattice, electrons 
and positive holes are produced and travel through the crystal to the man- 
ganese ions. The travelling electrons may be trapped and produce a long 
after-glow. 

These ideas have been confirmed by our measurements with the Becquerel 
phosphoroscope of the phosphorescence decay curve of ZnS + 2 % Mn 
excited by difl’erent wave-lengths. When excited in a manganese absorption 
band by 0*43/i radiation the decay is initially approximately exponential 
and is independent of exciting intensity (figure 7); there is a small tail due 
to traps. When excited by 0*36// radiation the decay is non-exponential and 
intensity de})endent, but less intensity dependent than a decay due entirely 
to traps. Excited electrons spend time both in traps and in the excited state 
of the manganese ion. The beginning of the decay proceeds at a rate deter- 
mined by the manganese ion. On shorter w^ave -lengths the decay is similar, 
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but there is relatively less trap tail owing to the higher absorption of the 
exciting light. 

To interpret completely the decay curve produced by 0-36/t radiation it 
is necessary to know the proportion of electrons producing luminescence 



Figure 7. Decay curves for ZiiS-Mn, measured with Bocquorel phosphorosoope. 
a, excited by 0'36/4» /=9; 6, excited by 0*30/^, /=1; c, exciteti by O-43/i, / = 9; 
d, excited by 0-43/^, L 


wliioh pass into the conduction band and are available for trapping. Photo- 
conduction meaaurements would give U8 this information, but there is an 
easier experimental approach which is as follows. The phosphor is warmed 
to empty all traps and is then cooled in the dark and exposed to a low 
intensity of exciting light. If all the excited electrons pass into the con- 
duction band the fluorescence rises slowly from zero (e.g. ZnS phosphors 
other than ZnS-Mn), taking several seconds or minutes to attain equilibrium. 
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The intensity of fluorescence depends on the relative numbers of empty 
traps and luminescence centres, and, as the excited electrons fill the traps, 
the luminescence slowly grows in intensity (Randall & Wilkins 1945 c). If 
a fraction / of the excited electrons do not leave the luminescence centres, 
the luminescence will rise almost instantaneously to / of its equilibrium 
value. 

Figure H shows records of the slow growth of fluorescence of ZnS-Mn 
at 90^ K. For 0-43/t radiation almost all the exciting light is absorbed by the 



80 60 40 20 0 

time (sec.) 

Kigitre 8 . Curves showing growth of fluorescence of ZnS-Mn when excited by dif- 
ferent wave-lengths, a, 0-43/t; 6* ()-36/t; c, 0*36/i, low intensity; d, 0-33/*; e, 0-33/4, 
low intensity;/, 0-31/4; g, 0-31/4, low intensity, 

manganese ions and the fluorescence rises instantaneously. A few electrons 
do reach the conduction band and produce a slow filling of traps and a 
faint phosphorescence tail (figure 7) and some photooonduotion (Randall & 
Wilkins 1945 a). 0*36/4 radiation is partly absorbed by the manganese ions, 
thus producing a quick rise of fluorescence, and partly by the ZnS lattice 
causing a slow rise. The same is true of 0*33/4 radiation. For 0*26 and 0*31// 
all the light is absorbed by the lattice; the absorption coefficient is high, and 
only the traps on the surface of the crystals are filled first, and the fluor- 
escence rises more rapidly than is the case for 0*36/4. If we assume the 
efiiciency of production of luminescence is the same when 0*36/4 radiation is 
absorbed by the lattice or by manganese ions, then at room temperature 
about 90 % of the excited electrons leave the luminescence oeptres. 

It has been suggested (Mott 1938) that absorption of light in a phosphor 
may raise an electron to an excited state and thermal energy may then 
raise some of the excited electrons into the conduction band. We find, 



425 


Short period phosphorescence and electron traps 

however, that the heigh t of the quick rise on the growth cur ve of fluor^cence 
for 0*36/i,and the rate of filling of traps by 0*43/f radiation are both indepen- 
dent of temperature. Similar results were obtained for cadmium ohloro- 
phosphate-manganese. We conclude that thermal energy is not required to 
raise excited electrons into the conduction band. It would appear that 
electrons are removed from the luminescence centres as Kroger suggests 
by light absorption in the matrix and by movement of the positive holes so 
produced to the lurninesoeuce f^entres where they become trapped. 



Fiqukk 9, Variation of fluorescence brightness with temperature for ZnS-Mn and 
Cdlj-Mn, excited by various wave-lengths, a, ZnS-Mn, 0-40/f» 0*43/<; 6, ZnS-Mn, 
0*36/«; c, ZnS“Mn, 0-33/f. 0-26/e; d, Cdlj-Mn, 0*36/i; e, Cdlj pure, 0-36/t; 

/, Cdl.-Mn, Gdl, pure, 0*25/t. 


The existence of two typos of mechanism for the total process of absorp- 
tion and luminescentjo is shown by the different temperature dependence 
of the fluorescencie produced by different wave-lengths of exciting light 
(figure 9). The fluoresc^enoe produced by 0*36/^ radiation drops in intensity 
at low temperatures (Randall 1937 ). This drop is not due to a lowering of the 
luminescence efficiency of the transition in the manganese ion. This is shown 
by the fact that the quick rise on the growth curve for 0-36/^ and the fluor- 
escence produced by 0'43/^ do not fall at low temperatures. The fluorescence 
which droi>S is that part produced by absorption in the lattice. It may be 
significant that the blue luminescence of some specimens of pure ZnS drops 
in intensity at low temperatures, A similar effect is found in Cdl^-Mn where 
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the red fluorescence caused by 0*36/^ drops to a; small value at low tempera- 
tures (figure 9), This effect occurs for 0*36/^ only: on shorter wave-lengths 
the yellow luminescence characteristic of pure Cdlj is excited in Cdig-Mn, 
The drop in fluorescence is not likely to be due to the action of traps in the 
phosphor (Gurney & Mott 1939) as there are probably more than a hundred 
luminescence centres per trap in these phosphors. 

(3) PhosjtftoreMence due to traps 

The following experimental results, mainly for ZnS phosphors, illustrate 
those characteristic features of a trap decay which have been discussed in 
the theoretical section. Apart from the effect of intensity and wave-length 
of exciting light on the decay the experimental results are, in the main, new. 
The bimolecular theory is shown, on the whole, to be untrue. 

Variation of demy rate with number of traps 
If we measure the decay curve of phosphors of the same type but con- 
taining different numbers of traps we expect to increase with the 
number of traps. Table 1 gives experimental results showing the expected 


Table 1. Rapidity ok decay for phosphors containing 

DIFFERENT NUMBERS OF TRAPS 


description of phosphor. The composition 

relative number 

li/Io 

is given by the ratio of the numbers of 

of trapB per 

for 

metallic atoms present 

unit volume 

3 m8e<^ 

ZnS (blende), 980*^ C, 10 ♦Ou 

24 

0-2 

ZnS (blende), 970° C, 10-*Cu 

1-0 

0-3 

ZnS (wnrtxito), 1100° C, 10-** On 

DO 

0-3 

ZnS.CdS (7:3) (wurtzite), 800° C, 10"* Cu 

01 

0-2 

ZnS (blonde), 760” C, 10“*Cu 

oa 

0*08 

ZnS (blende), 980° 0 (roasted in air 700° C), 10* 

-* Cu 005 

0-06 

ZnS (blende), 600° 0, 10"* Cu 

0»05 

0*02 

ZnS, CdS (1:1), 1100° 0. 10"* Cu 

0-002 

0-02 


correlation between IJIq and the number of traps. The correlation is only 
rough, this probably being due to the fact that the vaiious phosphor 
s]:>ecimens contain different numbers of luminescence centres and have 
different absorption coeflScients for the exciting light. The decay will depend 
on these factors as well as on the number of traps. To find the relative 
number of traps per unit volume of the phosphor, the height of the glow 
otirvo was measured at the appropriate temperature and divided by the 
fluorescence brightness of the phosphor. In this way allowance was made for 
the fact that the phosphors had different colours of emission and different 
efficiencies for converting absorbed energy into luminescence. 
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Variaiioti of demy rate with temperature 
If the glow curve of a phosphor consists of a single peak or several well- 
separated peaks we expect the decay curve to vary markedly with tem- 
perature, ////() increasing and decreasing as the glow curve rises and falls. 



KiarHic 10. ZnS, CdS*('u. Correlation of glow curve with variation of decay rate. 
The theoretical displacement of the IJIo curvoH a (/-:= 0-3 riiHOc.), 6 (/ =: 2 inHoe.). 
c Hmse(v) in relation to the glow eur\'o i« given by A A, BB, CC 10® sec.’* *), 



Fioufijffi ll. Pure tnS. Correlation of glow curve with variation of decay rate. 
Curve a is for IJIf, when i = 3 msec, and A A shows the theoretical shift of curve 
a with respect to the glow curve. 

This effect is well illustrated by figure 10, which shows results for a phosphor 
ZnS. CdS (87 : 13) 10“^ Cu, Levy West powder E, The decay curves are 
shown in figiu'e 12. The curve of /^//o is, as expected, displaced relative to 
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the glow curve to an extent depending on the value of t at which is mea- 
sured. The variation of IJI^ is least for small values oft; this may mean that 
the initial stages of the decay are not determined by traps, 

Similar changes in the decay curve with temfierature are shown by many 
other ZnS phosphor specimens; as an example figures 1 1 and 1 3 show results 
for a pure ZnS })hoBphor luminescing blue (wurtzite made at 1500” C). The 
change in the decay (;urve as the tefriperature is raised from 90 to 156‘ K 
is specially marked and is due to the rapid charjge in height of the glow curve 
in this tein])eraturo range. In many sulphide |>hosphor8 the glow curve is of 
roughly constant height over most of the temperature range in which 
luminescence can be excited and hence tlie decay <!urve does not vary 
markedly with temfKsrature, e.g. observations on decay of ZnS-Cu (probably 
wurtzite) from 295 to 703” K by do Oroot (1939a), 

Change in shape of decuy curve with temperature 
The shapes of the decay curves in figure 12 are similar to those of the 
theoretical curves in figure 2. The decay curve at 175”K in figure 12 corre- 
sponds with the theoretical <l(3cay (nirve at temperature (figtire 2), the 



Fiouhe 12, Decay curves of ZnS,CdS-Cu. The position corresponding to zero liglit 
intensity on the oscillograms is given by fui extra rotating soctoi* which rotates in front 
of ih& photocell and produces a dent in the decay curve. 


rise and decay being rapid. At 247” K, eoiTesponding to the slow com- 
ponent of decay is appreciable. At 293” K, ex^rresponding to JJ,, the slow 
component of decay is pronounced, but a rapid component is also present 
and the change of luminescence intensity during the cycle of excitation 
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and decay is reduced (see also figure 13 curve for ISG'^K). When 380^ K is 
reached the rapid component of rise and decay is very small and has dis- 
ap]:>eared at 433° K. At higher temperatures the decay accelerates and at 
498° K, corresponding to the pho8X)horescence decays to zero in the 
interval between the periods of excitation. At higher temperatures, 585° K 
and T(,, the decay betiomes more ra])id and the brightness of luminescence 
decreases. 




_r. 




10 msec 


528 ^' K 





430^^ K 


374^ K 


238^ K 


150^ K 


WK 


“ 1msec 

Figukb 13. Decay of pure FiotrBE 14. Decay of ZnS-Ag. 
>iuS, Gain iaoroa«ed for Gain altered to keep curves ap- 
curve at 528'"’ K. proxiraately constant in height. 




V*.. 


254^ K 


210" K 


181" K 


150" K 


90" K 


^ Itnsec 

Figure 15. Decay of ZnO. 


The curves of figure lb for ZnS + 10”* Cu (blende) show well the develop- 
ment of an inflexion on the curve of the rise of fluorescence with time at high 
temperatures (theoretical curve at figure 2). At the temperature 90° K, 
below the maximum of the glow peak, there is a marked rapid component 
on the rise and decay curves; this component disappears at 327° K, above 
the maximum of the glow peak, and at 482° K there is a well -developed 
inflexion on the rise curve. The fourth decay curve (figure 16) is for another 
phosphor and shows the same kind of inflexion, a small amount of exciting 
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light being allowed to pass into the multiplier so as to mark the point at 
which the rise curve begins. Many other ZnS phosphors, e.g. ZnS-Ag and 
ZnS . CdS-Cu, showed similar inflexions at Ixigh temperatures. 

The decay curves in figure 1 4 for ZnS-Ag 4- 1 0 ® Ni (Levy West phosphor) 
indicate that tln^re is a physical distinction between the rapid and the slow 
components of the decay curve at low tem])oratureB. At 90" K tlie rise and 
decay consists of two parts, a rapid and a slow component separated by a 
discontinuity. The time base of the recording oscillograph, made three 
sweeps in the period between successive excitations of the pho8])hor. The 
rapid component disa2:>pears in a time less than 0*1 5 msec., the time taken 
for the exciting light to be cut off by the rotating sector. At 150" K the rapid 
comjionent is reduced and has disappeared at 238" K. At 374" K the decay 
is more rajoid and there are signs of an inflexion on the rise curve. At higher 
tomjieratures the decay becomes still more rapid. The glow curve of this 
])liosphor is similar to that in figure 1 1 except that the curve has an appreci- 
able height at 90" K. 

Wo attribute, in the theoretical section, the rapid component of decay at 
low temperatures, sucli as 90" K, to the fact tiiat there are at these tempera 
turcs few empty trajis to delay an excited electron and many empty lumin- 
escence centres which may capture electrons directly. A raj)id decay of the 
type observed might also be due to excited electrons not leaving lumin- 
escence centres at low temperatures. But curves of the slow growth of 
fluorescence at 90" K show little quick rise of fluorescence and indicate (see 
experimental section on ZnS-Mii) that the majority of excited electrons do 
leave the luminescence centres and are thus available for trapping. For 
the impurity-activfited ZnS phosphors the quick rise is (if present) less than 
1 % of the total fluorescence, and for the pure ZnS ])hoaphor and the ZnO 
phosphor the quick rise is certainly less than 10 % of the total. 

Decays due to traps are not characteristic of zinc sulphide phosphors 
only; what observations we have made indicate that similar phenomena 
take place in zinc oxide, silver chloride, thallous chloride, and alkaline 
earth sulphides. Figure 15 shows decay curves for a ZnO phosphor (made 
at 1000" C). The glow curve consists of a double peak extending from 90 to 
200" K with maxima at 190 and 130" K. The decay curve changes with 
temperature in the ex^iected manner. 

The curves of figure 11 show the increase in rapidity of the decay with 
intensity of excitation and are typical of ZnS phosphors of all kinds. Also, 
the rapidity of decay increases as the wave-length is decreased because 
short wave-lengths are more heavily absorbed by the phosphor than longer 
wave-lengths (de Groot 1939a), 
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Figt.trk 1(5. Cliange iti shape of 
Zn8-0U (blende) witli temperature. 
The top <jurve is for a different 
specimen. 


•Figitre 17. Change in shape of 
decay curve of ZnS*Cu with intensity 
and wave-length of excitation, at 
292" K. 



h) 

— 1msec. 






(c) 


Fiuxthe 18. «, decay of pure ZnH phosphor for different times of excitation at 
293° K. Top ourve> prolonged excitation, 1=1; middle curve, prolonged excitation, 
i = 9; bottom curve, short time of excitation, /=9; so adjusted that the initial 
phosphorescent intensity is the same as for the curve /= 1. The exponential decay 
of the ruby is unaffected by altering the time of excitation, 6, ruby decay, short 
excitation; c, ruby decay, prolonged excitation. 
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Variation of dccuy curve unth time of exciintion 
According to trap theory the initial decay should become more rapid 
when the time of excitation is reduced. In figure 18 the curve for short 
excitation does, in fact, fall slightly below the middle curve which is for 
prolonged excitation. The bimolectilar theory, liowever, predicts that, for 
short excitation, the curve should be less ste^.p and should coincide with the 
curve for less intense excitation, i.e. the top curve in figure 18. Hence 
experiment contradicts bimolecular theory and supports trap theory. 


Conclusion 

The chief result of this work has been to show that non-exponential decays 
of variable rate, such as the decay of ZnS-CHa, are due largely to the time 
electrons spend in traps in the phosphor. The main experimental evidence 
for this is as follows: 

( 1 ) The rapidity of decay of different phosphor specimens of the same type 
def)end8 mainly on the number of traps in the phosphor. 

(2) The way the rapidity of decay and the shape of the decay curve vary 
with temperature is determined by the glow curve. 

The main experimental results indicating that the bimolecular theory 
should be rejected in favour of trap theory are as follows: 

(1) The decay curve is not a function only of the initial phosphorescence 
intensity as predicted by the bimolecular theory. 

(2) The rapidity of decay does not increase steadily with temperature as 
predicted by the bimolecular theory but may increase and decrease in an 
irregular manner with temperature. 

It is worth noting that we have not needed to make any assumptions 
about tlie nature of the traps and luminescence centres in order to account 
for many of the properties of the decay curve. But to account for the pres- 
ence of rapid and slow components on the decay curve at low temperatures 
and of an inflexion on the rise curve at high temiieratures, we need to assume 
that excited electrons are completely removed from luminescence centres. 
It is clear, however, that any picture of phosphorescence mechanism must 
necessarily be tentative until the chemical and physical nature of phosphors 
and the traps and luminescence centres they contain is understood. Further 
advances in studying the physical properties of phosphorescence will 
depend, to a large extent, on the chemical production, by controlled means, 
of ])hosy)hor8 with different concentrations of electron traps and impurity 
centres. 
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On the catalytic cyclization of aliphatic 
hydrocarbons. I 

By E. F. G. Htoriistgton and E. K. Rideal, F.R.S. 

Deparirnent of Colloid Science, University of Cambridge 


{ReceAveji 3 September 1941 ) 

The arornatizatioii of a paraffin prooeodB through thi; fonjiatiori of a 
mono-olofino which in hoJtl on the catalyst by two-point contact. The 
promoter action of the central atoms in heteropoly aculs of molybdetiuin 
can be at.tribuUKl to the stabilization of the molybdenum dioxide produced 
dtiring the hydrogen j)retreatTnent. The alumina used as a support for 
molybdoiium catalysts plays tlie same role. In the reduction of phenol to 
benzene by tVie heterof)oly ociids of molybdenum the rnetal is the catalyst. 

The variation of yield of the total aromatic liydrocarbon with different 
paraffin few^ds can be (jalciilated by' itasurning two point contact. 

A yellow compound (fulvone or a polymer of fulvene) is for given oon- 
ditions produced in a (ionstiint ratio to the aromatic hydrocarbon. 

The loss of activity of the catalyst with use is a result of the polymeriza- 
tion to giant inolccaileH of the hydrocarbons adsorbed on adjacent oataly'st 
centres. This decay rate may be diminished fey decreasing the concentration 
of active (centres on the surface. 

It is well known that on the passage of paraffins with chains of more than 
six carbon a tionis, or the corresponding mono-olefinea over suitable catalysts, 
aromatic hydrocarbons are formed. The thonnodynamics of these reactions 
have been reviewed by Taylor & Turkevich (1939). It has also been shown 
that certain oxides are the most effective catalysts, and from the work of 
Pitkethly & Steiner (1939) it was concluded that a mono-olefine was the 
necessary intermediary in the T’eaction where paraffins were concerned. 
The mechanism of the formation of the olefine and of any necessary migra- 
tion of the double bond along the chain prior to ring closure has been shown 
to proceed through the half-hydrogenated state by Twigg & Rideal (1939, 
1940, 1941). 

Whilst we now have some idea as to the mode of attachment of the 
hydrocarbon to metals, little is known about the oxide catalysts which 
operate so successfully in this process of ring closure. Again the fact that 
the yield and nature of the cyclic hydrocarbons produced varies wit^ the 
nature of tlie initial aliphatic material, as revealed by the exhaustive analyses 
of Hoog, Verheus & Zuiderweg {1939), merits some inquiry. Finally, it is 
observed that this reaction is always accomx)anied by the j 3 henomenon cif 

r 434 1 
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catalyst decay. It lias been shown that this is due to poisoning and that the 
poison which can be burnt off to regeneratev the catalyst contains both 
carbon and hydrogen (Obiand, Marschnor & Heard 1940). It appears to be 
formed during the reaction, and it has been found possible to examine the 
kinetics of the poisoning process and make certain inferences as to the 
meohaiiics of the reaction. 


ThK AOTTVITV ok catalysts KOR CYCLTZATION 

The catalysts were employed in the form of granules m. 5 mm. in diameter 
and were reduced in liydrogen for 6 hr. at 475 "^ C before use. The ojierating 
temperature was maintained at 476 ° C and a 60 : 60 mixture of 7i-hoptane 
and n-heptenc was used as starting materia). The liquid was passed into the 
reaction vessel by means of an olectrolytic doser, the gases liberated by 
electrolysis forcing the liquid at a steady late through a fine capillary. 
Provision was made for the employment of hydrogen or nitrogen carrier 
gas. The contact time during the experiment was 12 sec. The toluene content 
of the treated materia l wm determined from measurements of the refra ctive 
index corrected where necessary for change in olefine content which was 
measured by the Mollhiney Bromine Number method. In table 1 are given 
the initial activities for a series of catalysts as disclosed by the f)er- 
centage conversion of the reactants to toluene. 

Table 1. Activities ok catalysts 


catalyst 

AlgOg 0 

MoOa 0 

10% MoOaon AljOa 24 

aluruirxium phosphate 0 

20 % M 0 O 2 on aluminium pliosphate 4 

CtjO^ 41 

10% M 0 O 2 on Cr/ls 28 

ammonium alumino-molybdate (6 acid) 26 

ammonium thorio -molybdate (12 acid) 38 

phospho-molybdio acid 17 

ammonium chromo-molybdate (6 acid) 29 

armnonumi ferro -molybdate (6 acid) 16 

ammoniiun oobalto-raolybdate (6 acid) 27 

anunonium nickelo -molybdate (6 acid) 17 

amxnoniuxn phospho-vanado-molybd^t<^ 41 

ammonium vanado-molybdate 32 


It will be observed that in addition to chromium oxide a number of other 
catalysts possess high activities. Molybdenum oxide deposited on alumina 
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is relatively active but the two components are themselves inactive. Alumina 
must thus serve other purpt^ses than as a mere support. It serves a dual 
purpose, both as a support for the active arornatiKing molybdenum oxide 
catalyst and to form an alumino-molybdate compound in which the oxide 
is not readily reduced below the state of M0O2 to inert metal. This view is 
8U]:)ported by the following experiments in which molybdio oxide prepared 
from ammonium molybdate was reduced in hydrogen and was compared 
with the reduction of ammonium alurnino-molybdate. The rate of loss in 
weight of tlie two samples is given in table 2. 


Table 2. Reouction of cataia sts 


time of 



% Mo 

heating 



remaining 

hr. 

tomp. 

catalyst 

H.S MoOj 

30' 

475 

Mo \ 

all aM MoO, 

Al-Mo/ 

16 

550 

Mo 

14 % 



AI'Mo 

94'!-;, 

48 

575 

Mo 

2% 



AlMo 

48% 


Whilst ammonium molybdate is readily reduced beyond the stage of M0O2, 
that containing aluminium is but slowly reduced to metallic molybdenum. 
This reduction to the metal must occur on the surface of the ammonium 
molybdate catalyst even at 475 ^ C, but is very considerably retarded in 
the complex. 

Ammonium thorio-molybdate (an active catalyst) shows a similar 
behaviour to the alumino complex, while ammonium cupro-molybdate 
(catalytically inactive for cyclization) is readily reduced at 475 ^ C to 
pyrophoric molybdenum metal. 

Similar conclusions can ho drawn from soxne recent work by Kazonsky 
and other workers {1940a, 19406) in which vanadium oxides supported on 
alumina are found to be active in contrast to the inactivity of the 
support/ed oxides. In tliis case the active catalyst is probably V2O3, for both 
V and MoOg have two unpaired electrons per metal atom when compared 
with the fully saturated oxides V2O5 and M0O3. In this connexion it is signi- 
ficant to note that the reduction in hydrogen of V3O3 to a lower oxide 
has been observed at a temperature of ca. 500 ^ C (Cameron 1938). 

Since chromium and molybdenum occupy the same group in the periodic 
table, we may infer by analogy that the active chromium oxide catalyst 
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should be CrOg. Hydrated chromium sesquioxide is readily oxidized to a 
higher oxide (see for example Cameron, Harbard & King 1939). Turkevich, 
Fehrer & Tfaylor (1941) have reported the prepara- 
tion of chromium oxide catalysts of high activity 
by the partial reduction of chromic add. Mixing a 
8<dution of chromic acid and chromium hydroxide 
gives a higher oxide than Cr^Os (DunniclifF & Mo Mo 

Kotwanj 1931; Bhatnagar, Cameron, Harbard, FuniiiE 1 

Kapur, King & Prakash 1939). 

Ther(^ is much evidence (see p. 2b0) that the olefines are held by two-point 
contact. The adsorption on MoOg may take place as in figure 1. 

Taking tlie values Mo — C ~ 2-08 A as determined from the hexacarbonyl 
by Brockway, Ewens & Lister (1938) and the distance C — 0 as identical 
with that in the ethers, viz. 1 -44 A according to the measurements of Sutton 
& Brockw^ay (1935), then assuming the tetrahedral angle a — 109"' 28' we 
o})tain the values Mo — Mo - 2*9() A, w4riJst X-ray measurements give 

Mo— Mo 2*79 A, 

and =:3'71A. 

Thus two-point adsorptmn of an ethylene linkage can occur on the Mo 
ions in MoOg f^nd the heteropoly acids, since X-ray examination by Kingman 
(1937) revealed the fact that the M0O3 structure was produc^od when hetero- 
poly acids containing molybdenum were reduced in hydrogen. 

In tlie active catalysts two unpaired electrons are present in the metallic 
ion and mere geometric fit is not a sufficient condition for catalytic activity. 

The spacings in molybdenum itself are Mo Mo = 3*14 and 2*20, so that a 

fit on the long distance might be just possible, but the metal appears to be 
inert for aromatization. Similarly, the A1 — A1 distance in alumina is correct 
for adsorption altliough the material is catalytically inactive. 

Some observations of Kingman (1937) on the effect of promot/ers on 
molybdenum catalysts used for the hydrogenation of phenol to benzene 
receives an explanation in the light of the above. Kingman femnd that un- 
promoted molybdenum oxide caused reduction of phenol, hence metallic 
molybdenum must be the oatalj^st. It follows that the catalysts containing 
copper together with molybdenum will possess a high activity for phenol 
reduction, as is indeed found. 

Since the mechanism of reduction of phenol does not involve adsorption 
of an olefine link by two-point contact, but two single links for the phenol 
and hydrogen respectively, we may conclude that in^general an effective 


2* 08 A, 


I-52A 


\ 
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catalyst for aromatization will be found to be a poor catalyst for the reduc* 
tion of phenol and vice versa. This is in agreement with experiment. 


THK rROUUCTS OF CATALYTIC CYCLIZATION 


The variation of yield of arornati(5 hydrocarbons when different initial 
paraffins are used (‘an be ])redicted on the assumption that the mono -olefine 
formed as intermediary is held by two-point contact and that the double 
bond can migrate rapidly to all positions in the chain, as occurs on metallic 
catalysts. Thus hexane, after the loss of two hydrogen atotns, can be 
adsorbed in any one of the configurations shown in figure With 

six carbon atoms in the chain there are five pairs to choose from for the 
depicted possible adsorptions. In these only (a) (;an lead to ring closure, as 
in the other cases the ends of the chain aie away from the (iatalyst surface. 
For the adsorj>tion as in figure 2 a let the probability that carbon (1) will 
react with carbon (6) to close the ring be p, then the total probability that 
hexane will react to form an aromatic liydrocarbon is 2p/5 = In the 
case of normal paraffins 2 )^ where n is greater than 9, c^ertain central 

atoms can react in two ways, e.g. see figure 3, where carbon atom I can react 
with G or 10 with 5. The jirobability that the pair (5, 6) can react is there- 
fore 2p. 



(b) 

1C C2 



/ \ 

Mo Mo 

Fioukk 2 



^CiO 1C 

P9 k 



/ \ 
Mo Mo 



Fioctre 3 


FlGtTRE 4 
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If it be assumed that links such as shown in figure 4 do not yield an 
aromatic hydrocarbon, the probability for the normal paraffin 
can be shown to be 

P ^ 

1 

For paraffins other than normal the values of P can best be cfaleulated for 
each separate case, as, for example, vith 2*5 dimethyl hexane (see figure 5). 




Kiguris 5 


There are {ii—l) = 7 ways of choosing adjacent pairs of carbon atoms* 
If carbon atom 1 and 2 are attached to the catalyst, then number 1 atom 
can react in two ways (with 8 or 6), i.e. 


pn)bal>ility for tliis pair == 2p, 


There are four such pairs (1.2), (2.7), (5.6), and (5.8) and no other cases 
lea-d to aromatization, i.e. 



l*J4p. 


For standard conditions of operation the velocities of conversion for the 
different hydrocarbons investigated will be proportional to the probabilities 
for reaction, i.e. 

= constant x P, 

^ I 

where ^i = login i — 

1 — £X 

a = fraction converted. 


In table 3 are given the calculated values compared with the observed 
as found by Hoog e< td. (1939). The constant was taken as equal to 0 * 282 . 
The agreement is satisfactory. The mean deviation for the cases where 
P S3 0 is 3*3 %, i.e. mean deviation for all cases, is not much greater than 
disorepajides due to experimental error or isomerization of feed (mean 
deviation of all = 4 %). 

The argument should be equally applicable to mono-olefine feed materials 
provided they are compared among themselves. The theoretical ratio of 
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the velocity of conversion of hepteue to conversion of hexene should be 
0-B6jo/0*4()p “ 1*7, while in the present investigation the expenmental ratio 
was found to he 1 - 8 . 


Table 3. Variation of vuslo of aromatics 

WITH DIFFBRfiNT BASK MATERIALS 

conversion to aromatic (%) 


1 >ara thn 

Prp 

observf^i 

caicniatod 

£)ontano 

0-00 

3 

0 

n-htixane 

0-40 

20 

28 

2 -r n oty h y I pon t-ane 

0(M) 

5 

0 

n- heptane 

0-6ti 

36 

35 

2-TMethyl hexane 

0*06 

31 

85 

/j-ootajie 

(>■84 

46 

42 

3-mcthyl heptane 

0*84 

35 

42 

2*5-diinefchyl hexane 

M4 

52 

52 

2*2'4-trimethyl pentane 

0*00 

3 

0 

a -nonane 

. 1*00 

58 

48 


This treatment does not, however, account for the distribution of the 
different products, as can be seen from table 4. The experimental values 
are taken from Hoog et aL ( 1939 ). The formation of the aromatic hydro- 
carbon may be accompanied by isomerization. Indeed, the occurrence of 
isomerization would appear to be proved by an observation of Komarewsky 
& Coley ( 1941 ), who report the formation of 2 “(hdimethyl phenol in the 
cychzation of n-ootyl alcohol. This product can be formed only by 
isomerization. 


Table 4 


aromatics which can 
be forniod by direct 


bas^ material 

ring closure 

observed 

calculated 

f?.-hexane 

htmzene 

-100 

100 

n-hoi.itano 

toluene 

>96 

100 

2*metliyl hexane 

toluene 

-100 

100 

w -octane 

ethyl berixene 

— 

66 


o-xylone 

>76 

33 

3-mcthyl ho])taue 

ethyl benzene 

5 

33 


0 -xylene 

35 

33 


;p- xylene 

55 

33 

2*6-dimothyl hexane 

p-xyleno 

-80 

100 

n-nonone 

n-propyl benzene 

— 

60 . 


0 ‘methyl ethyl 
Iwnzene 

-72 

60 



On the catalytic cydimtion of aliphatic hydrocarbons 441 

The isomerization would appear to take place only once; for example, 
no trimethyl benzene has been mported in the product from nonane. It 
would probably be better to replace the rule, ' the aromatics formed in the 
cyclization of aliphatic liydrocarbons contain the shortest possible side 
chain’ (Hoog et al, 1939), by the rule, ‘the main product contains one 
methyl grou]) and the remaining carbon atoms in excess of six in another 
side chain’. The observed distribution of products may result from the 
preferential cracking of certain of the primary products. 


Sbcondarv fhoduots of the REAfrrroN 

If in figure 2 above, linkage occurs between carbon atom 2 and carbon H, 
a fivemienibered ring will result which by successive dehydrogenations may 
yield a derivative of <\vclopcntadien© or fulvene. * 

The yellow compound in the product was identified as a fulvene by a' 
study of the material formed by the circulation of toluene over an atn- 
raoniutn chromo-molybdate catalyst at 475° 0 until the catalyst was 
poisoned for the formation of coloured products. The excess toluene was 
removed by distillation. The residue partly solidified, and was separated 
into three fractions by the use of ether, and methyl alcohol-w'at;er mixtures 
as solvents. The most insoluble fraction in ether was identified as anthracene 
by its melting-point and oxidation to oxanthranol. The fraction readily 
soluble in ether, but more insoluble in methyl alcohol-water mixtures, was 
found to be stilbene. The yellow constituent remained in the most soluble 
fraction and was (contaminated with the other two hydrocarbons. This 
mixture gave the following reactions which have been described for fulvenes 
by Thiele (1900): 

(1) The yellow compound was an oil. 

(2) The compound was remarkably volatile in ether vapour. 

(3) If to the solution in acetic acid sulphuric acid was added, a white 
precipitate separaU^d which became reddish brown on the adding of more 
sulphuric acid. 

(4) Sulphuric acid alone gave a deep red substance which blackened on 
the addition of water. 

In addition to these reactions dimethyl fulvene was prepared, and it w^as 
found that the addition of bromine in carbon tetrachloride gave a coloui'less 
bromide which became green on the addition of concentrated sulphuric acid* 
The material from the circulation of toluene behaved similarly. The benzene 
ring of toluene mtist have opened and closed again to form a cy clof)entadiene 
derivative. 
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The presence of stilbene and anthracene in the product from the circula- 
tion of toluene may l>e readily explained if it be assumed that toluene is 
adsorbed in the form shown in figure f5. After 
adsorption the hydrocarbon may undergo 
dehydrogenation followed by dimerization. If 
benzene in a stream of hydrogen be passed 
over the (catalyst no yellow product is formed, 
but toluene gives a yellow product and ethyl 
benzene produces not only an intensely yellow 
product, but styrene in addition. Hexane 
gives a yellow product. This apparent irreversibility in the case of 
benzene can be explained on the assumption of two-point contact. 

Thus if we take the distances 

CV— (J in benzene ring as 1*33 A, 

C — C in side chain as 1 *52 A, 

we note that in the ring there is no correct distance for initial adsorption. 
However, if adsorption takes place involving a side-chain carbon atom as 
in figure fi, scission of the ring may follow. 

The product obtained normally from the aromatization of a paraffin 
probably contains a coloured polymer of the fulvene. If these views axe 
correct, the concentration of yellow compound in the product should closely 
follow that of the aromatic. 

To measure the concentration of the yellow compound, use was made of 
the observation that the colour could be matched with that of a K3Cr04 
solution. For convenience a chromate number (I) was defined as the cm. of 
O'OOl M K2CVO4 solution equivalent in colour intensity to 1 cm. of the 
product. 

Passage of heptane through the catalyst tube at 475® C in the absence of 
a catalyst gave a colourless product. Table 5 shows that, as expected, the 
ratio I jT is constant for the passage of heptane over a reduced chromo- 
molybdate catalyst Avith a contact time of 12 sec. 



Figubk 6 


Table 5. Toltjkne concentration (T) and chromate numbers (/) 


tim« Hamplo 

toluene 

chromate 


takon in hours 

{T) 

number I 

I/T 

0-75 

13 

1-4 

on 

2*62 

9 

09 

0*10 

400 

4 

0-3 

0-08 

6-50 ‘ 

2 

0*2 

0-10 
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Poisoning of thb catalyst 


The formation of reactive hydrocarbons on adjacent pairs of active 
centres might be expected to result in linkage of the carbon chains across 
from one centre to an adjacent one, thus producing a polymer which would 
be held by four-point contact. Repetitions of such linkage would lead to 
giant molecules covering the surface. An active centre may tI\erefore either 
catalyse the formation of an aromatic hydrocarbon, or catalyse the forma- 
tion of a poison, i.e. 


dT 

dt 


-kT, 


where T ^ aromatic produc^ed at any instant, t ^ time; i.e. T == 
giving the variation of aromatic yield with time. Figure 7 shows that the 
decay curves follow this law. 



time (hr.) 

FiGtraiB 7. Decay of activity with time; 50-60 heptane -hepten© feed; temperature 
4:75''C; contact time 12 sec. Points observed, curves calculated. 0 O^Og, 
X vanado-phospho-molybdate. @ chromo-molybdate. 


Cross-linkages will be rarer the more widely spaced are the active centres. 
Table 6 substantiates this view. The values in columns 2 and 3 are the 
values of Jo and k (log to the base 10, time t in hours) found experimentally, 


a8 


voi. m* A. 
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column 4 gives the values for COg adsorption per gram of catalyst multiplied 
by the weight of catalyst tised. The values of COjj adsorption should be 
proportional to the available areas and were taken from the paper by 
Kingman (1937). 


Tablk 6. Vartatton of katks of i)K(?ay with concentration 
OF active centres on catalyst 


oatalyHt 

T, 

chromo molybdate 

29 

thorio ' molybdate 

38 

pho8pho-molybdate 

17 

10% MoOa on A\^0^ 

17 


k 

area A c.o. of 
OOj adsorbed 

T^!A 

0 10 

20*0 

Ml 

0'21 

10-7 

3-65 

007 

33*8 

0*50 

007 

6115 

0*33 


The greater the values of TJarca given in column 5 , the greater the 
concentration of active centres and, as can be seen, the greater is k. 

This mechanism for poisoning can be tested further by the use of ‘dilute’ 
catalysts where the complications due to the presence of different elements 
can be avoided. 4 ^ 

Chromium and aluminium hydroxides were co -precipitated by the 
addition of ammonia to a well-stiiTed solution of the nitrates. The aluminium 
was the diluent, the chromium the catalyst. The oxides were dried at 100® C, 
broken into suitable fragments, and reduced in hydrogen for 0 hr. at the 
reaction temperature of 475 ° C. The activity was tested by measuring the 
conversion to toluene when heptane was passed using a contact time of 
12 860 . 

Since the throughputs of heptane were constant throughout, the relative 
activities of the catalysts, assuming the reaction is first order, can be 
calculated from the equation 

where a = fraction of heptane converted to toluene. In figure 8 is plotted 
ki (the initial activities) against the calculated fraction of Cr on the 
surface: 

r 

where equals the number of chromium atoms and the number of 
aluminium atoms in the bulk. 

Figure 9 shows the decay rates (k) plotted against the initial activities 
(A:i). Clearly k is smaller for low'er initial activities. 
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A confirmation of the mode of poisoning is afforded by the fulvene con- 
centrations. This substanf^ is probably only one of many hydrocarbons 
which may poison the catalyst but because of its colour it can be used as an 



Ficuais 8. Initial activity against fraction of clirorniurn on surface. 



Fioukk 9. Tnitial activity agaiast decay rate. 

indicator. Figure 10 gives the decay rate plotted against IjT (ratio of fulvene 
to toluene in product). The lower IjT (i.e. the more the fulvene is poly- 
merized) the greater is the decay rate k. The activity ki falls off with decreasing 
values of much more slowly than would be expected, while at the same 
time k (decay rate) decreases more rapidly than ki. Alumina besides acting 
os a diluent causes an increase in the available area per gram of catalyst 
as the values 7-5 and 19*5 c.c, of COj adsorbed j:>er gram of catalyst for a « 1 
and 0‘5 show. This is suflBcient to explain the above behaviour. 

This work, which forms part of the programme of the Fuel Research 
Board of the Department of Scientific and Industrial Research, has been 

28-3 
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carried out in the Department of Colloid Science, Cambridge. This account 
iB printed by permission of Dr F. S. Sinnatt, Director of Fuel Research. The 
illustrations are Crown copyright and are reproduced by permission of the 
Controller of H.M. Stationery OflSce. 



Figube 10. Docay rate (ifc) plotted against I jT for CrgOj, AljOg catalysts. 
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On the catalytic cyclization of aliphatic 
hydrocarbons. II 

By E. F. G. Hbeington akd E. K. Ridbal, F.R.S. 

{Received 24 November 1943) 

I’he products ft)rmed by the passage of a niunber of pure hydrocarbons 
over an aromatizing catalyst have been analysed by a spectroscopic 
technique. The occurrence of two different types of isomerization has been 
demonstrated. One may be exemplified by tbo formation of p- and m-' 
xylenes from n-octane. This ^isomerization accompanies ring closure and 
prooeetls smoothly at 475° C; it entails the formation and rupture of a 
subsidiary ring. 

The apparent discrepancy between the observations of Hoog, Verheus & 
SSuiderweg (1939), who report that 2.2.4-trimethyl pentane does not 
aromatize, and the observations of Green & Nash (1941), who report that 
a considerable quantity of aromatics is formed, has been shown to arise 
from the different temperatures employed. The formation of aromatics 
from substituted pentanes is a general phenomenon ; the products from all 
the isomeric octanes in question liave been analysed. The isoinerization 
proceeds through a five-six carbon atom ring mechanism. 

In Part I (Herington & Rideal 1945) it was shown that a satisfactory 
mechanism for the process of catalytic ring closure of aliphatic hydro- 
carbons on oxide catalysts could be devised on the assumption that the 
process involved a two-point contact between the catalyst and a pair of 
carbon atoms in the hydrocarbon, the ring closing by reaction between a 
carbon atom of the chain which is in the gas phase and one of the adsorbed 
oarbon atoms. By means of this model the dependence of total yield of 
aromatic hydrocarbon on the structure of the paraflin could be calculated 
from simple statistical considerations. This treatment, however, did not 
correctly predict the relative quantities of different aromatic compounds 
formed when several possibilities for ring closure were present. The good 
agreement between the calculated and observed total aromatic yield on the 
one hand and the simultaneous lack of agreement in the distribution of 
the products on the other, suggested that in certain cases isomerization 
must occur, a view strengthened by the reported formation of 2 .6-dimethyl 
phenol from n>octyl alcohol (Komarewsky & Coley 1941). 

Green & Nash (1941) have reported the formation of aromatic com 
pounds by the passage of 2.2. 4-trimethyI pentane over an aromatizing 
molybdenum oxide catalyst at 660“ C, but Hoog, Verheus & Zuidorweg 
(1939} failed to obtain aromatization using a chromium oxide catalyst at 

[ 447 ], 
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475° C. The apparent discrepancy will be shown to be due to choice of 
working temperature. 

Hoog et ah (1939) suggested that secondary carbon atoms preferentially 
participate in ring closure. We have found evidence that certain modm of 
adsorption and reaction are prohibited. 

The rules governing prohibition of adsorption, together with the 
meohanism of the first type of isomerism which is responsible for the for- 
mation of m- and p-xylene from n-octaiie, are examined in the fii'st section 
of the ])resent paper. In the second section we will deal with the products 
obtained by the passage over aromatizing catalysts of hydrocarbons 
which, without isomerization, cannot yield aromatic hydrocarbons. 


Experimental 

Chromium oxide on alumina was employed as catalyst in the form of 
granules c, 5 mm. diameter, and the hydrocarbon was injected by means of 
an electrolytic doser; either nitrogen or hydrogen could be used as carrier 
gas. In general c. 1 c.c. of liquid hydrocarbon was passed over 20 g. of an 
active catalyst. 

The products were collected in a trap immersed in liquid air and the 
overall conversion to aromatics was determined by refractive index mea- 
surements. The value so obtained served as a basis for the choice of dilution 
of an aliquot portion with spectroscopically pure cyclohexane to make, in 
general, 1 c.c. of a solution of 1 % aromatic content. By means of a Hilger 
medium quartz spectrometer the ultra-violet absorj:)tion of various thick- 
nesses of solution were compaitjd with synthetic mixtures of known copi- 
position, and analysis was thus effected by changing the composition of 
the synthetic mixture until a match was obtained. 

In some cases the presence of unsaturated hydrocarbons interfered with 
the accurate determination of the composition. In all such cases, except 
for the products from n-nonane or w-propyl benzene, most of the un- 
desirable material could be removed by shaking the cyclohexane solution 
for 20 lu’. in a sealed tube with a saturated aqueous solution of mercuric 
acetate. Blank experiments revealed that this treatment did not remove 
ordinary aromatic hydrocarbons. In this manner, 0-01 c.c. of aromatic 
hydrocarbon can be analysed. 

The accuracy obtainable varies with the aromatic under consideration 
and also with the other components of the mixture. In general, the error 
increases in the order p-xylene, m-xylene, monosubstituted benzene, aiui 
o-xylene, the latter being the most diflScult to determine. In the case of 
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a single aromatic component the error is not large, as is shown by the 
following exapple where 19 % by volume of toluene was found in the 
product from ?i-beptane hy spectroscopic analysis as compared with 18 % 
by refractive index measurements. Analysis of a binary mixture consisting 
of o*xylene and benzene gave, in two independent determinations, the 
values 22-9, 24-0 % for o-xylerie and 10-4, 11-4 % for benzene. In mixtures 
of more than two comj:>onents the errors are greater and are more difficult 
to assess, but for a mixture such as the product from w -octane (table 1) the 
values are probably of the order 33 ± 3 % for monosubstituted derivative, 
33 + 5 % for o-xylene, 27 + 2 % for m-xylene and 7 + 1 % for p-xylene. In 
all cases the total aromatic found by spectroscopy agreed well with the 
observed refractive index. 


Section 1 

In table 1 are shown the results of passage of various hydrocarbons over 
an ahunina-supported chromium oxide catalyst at 475'^ C. The samples 
of n-heptane, n-octane, n-nona.x\e and r^-decane-deeene mixture were 
prepared from a Fischer-Tropsch hydrocarbon -synthesis product. 

The presence of m- and p-xylene in the product from a-octane shows 
that isomerism must occur with this hydrocarbon. The only other case of 
the detection of an unexpected isomer from the starting materials shown 
in table 1 is that of p-xylene formed from 2.'5-dimethylhexane. 

Whilst 3-methyl heptane and w-nonane yield the expected products, the 
proportions are different from those anticipated from purely statistical 
considerations. The presence of a small quantity of indene in the jiroduct 
from 7i-nonane was detected by the formation of the condensation pix)duct 
with benzaldehyde (Thiele igoo). It is of interest to note that a solution 
of the benzaldehyde condensation comx)ound8 from n-nonane which matches 
in intensity in the visible a solution of the indene derivative, actually only 
contains about half as much indene compound when comparison is baseii 
upon the ultra-violet spectrum. The product from n-nonane probably 
contains substituted cyclopentadiene derivatives which condense with 
benzaldehyde to give yellow compounds of the type shown in figure 1, 
where l?j, B^y or jR^ may be alkyl groups. 

Passage of n-propyl benzene over an aromatizing catalyst yields a 
product containing /?-methyl styrene and in addition a quantity of indene, 
which shows that subsidiary five carbon rings can be formed. Here, as was 
to be anticipated, the only yellow compound formed with benzaldehyde 
Was the indene condensation product, and oompoimds of the type shown 
in figure 1 were absent. 
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Table 1. Pbofekties of aliphatic hydbooabbohs 


hydrocarbon 

Vf 

xlO* 

heptanes: n -heptane 

1*5882 

68 

octanes: n-octane 

1*3972 

72 


3-mothyl heptane 

1*3987 

72 

3 -ethyl hexane 

1-4072 

76 

2. 3-dunethyl 
hexane 

1*4020 

73 

2-methyl heptane 

1*3966 

72 

nonanes: n-nonane 

1*4042 

71 


deoanes : n-decane- 

1*4172 

' 80 

deceno mixture 



(38 % olefine) 



n-tetradeoaneg mol. 

1*4295 

79 


wt. 200 


R, R, 



d? 

product 


0*6845 

toluene 

100 

0*7032 

monoaubstituted 



ben^ene (mainly 
ethyl benaene, 
but contained 
20 % toluene) 

33 


0 -xylene 

33 


m-xylene 

27 


p -xylene 

7 

— 

ethyl benzene 

16 


0 -xylene 

25 


p- xylene 

60 

— 

ethyl benzeiie 

100 

0*7126 

o-xylone 

90 


p -xylene 

10 

0*6976 

m-xylene 

100 

— 

n -propyl benzene 
o-methyl ethyl 

26*29 


benzene; in ad- 
dition contained 
trace of indene 

76-71 

0*7371 

naphthalene one of several 

components 

. — . 

anthracene and two of many 


phenanthrene 

components 
of product ; 
mean mol. 
wt.=:135 


■-O 


FiotTBE 1. Benzaldehyde oondeneation product formed with 
material from n-nonane. 


Naphthalene was formed when n-butyl benzene was passed over an 
aromatizing catalyst, which reconfirms the observation of Moldavski & 
Kamuaoher (1936). 

Cracking reactions are only important with paraffins higher than Cg, 
for example, n-tetradeoane (table 1 ), which agrees with the findings of 
Hoog e( cU, (1939)- We will now discuss the mechanism by which and 
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j>-xyl©ne are formed from w-ootane ; it is important to decide whether the 
ifiomerism takes place before, during, or after ring closure. All the following 
hydrocarbons, o- and jo-xylene, ethyl benzene, mesitylene, and 

1 . 4-dimethyl cyclohexane, ethyl cyclohexane and traris- 1.3.5- 
trimethyl cyclohexane, failed to undergo isomerization when passed over 
an active catalyst, although under these conditions the naphthenes were 
dehydrogenated and both ethyl benjfene and ethyl cyclohexane yielded 
some styrene. We coitfclude that the isomerization does not occur after 
ring closure. 

Sinc^ the products obtained by aromatizing ?i-octane and octane- 
octene mixtures on twQ different catalysts and at two different tempera- 
tures under the conditions shown in table 2 were identical, we must 
conclude that isomerization takes place during the act of ring closure. 



Table 2 

temp* 

0/ 

/o . 

hydrocarbon 

catalyst 

° C aromatizatiou 

n-octane 

CrgOg on AljO, 

475 

56 


10 % akimino vanndo 
molybdate on AljOg 

475 

20 

If 

*» »♦ 

550 

70 

octane-octane 

Or^Oji on AI2O3 

550 

100 

(50:50) 



In figure 2 are shown the structures involved for the three octanes which 
can yield ethyl benzene on the simple theory of two-point adsorption of 
the hydrocarbon prior to ring closure, while in table 3 the values calculated 

from this theory are compared with the observed values. 


Table 3. 

Observed and calcttlated proditcts 


hydrocarbon 

products 

observed 

calculated 

n-octane 

monosubstituted benzenes 

33 

66 


0- xylene 

33 

33 


m -xylene 

27 

— 


p -xylene 

7 

— 

3-methyi heptane 

monosubsfcituted benzenes 

16 

S3 


-xylene 

25 

33 


p -xylene 

60 

38 

3-ethyl hexane 

ethyl benzene 

100 

100 


We note that for n-octane both m- and p-xylene have been formed at 
the expanse of ethyl benzene so that either structure I (i) or I (iii), figure 2, 
undergoes isomerism, but since neither H (iv), II (v), III (i) nor III (ii) 
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Whilst the transannular ring (jan be accommodated for cyclohexane, 
dehydrogenation of the ring to an aromatic structure renders planar the 
six carbon atoms of the ring under which condition the ring can no longer 
be bridged by an ethyl group. The subsidiary ring is thus broken (dotted 
line) to yield m- or /^-xylene. In support of this mechanism we may note 
that Linstead, Michaelis & Thomas (1940) report that the dehydrogenation 
of pinene over platinized charcoal yields p-cymene (see figure 4 ), 



Fitimnc 3. Isomerization during cyclization of n-octaiu\ 


C C 



Figtjrm 4. Deiiydrogenation of pineue. 


Moreoverj this mechanism is confirmed by the cialculation of the relative 
amounts of m- and ja-xylene. Plans of the models of the boat and chair 
forms of cyclohexane are shown in figure 5 . In these diagrams triangles 
represent carbon atoms, and circles or segments of circles represent hydro- 
gen atoms; attachment of the hydrocarbon to the catalyst surface is by 



464 


E. F. G. Herington and E. K, Rideal 

two adjacent bonds on the cyclohexane ring. In the chair form both faces 
of the cyclohexane ring are similar, (a) and (6), and both have three hydro- 
gen atoms in the plane and six in the periphery. In the boat form there 
are four hydrogen atoms on one face (c) and two on the other (d). By means 
of scale models it can be shown that if one hydrogen atom (1) in (a), (6) 
or (c) be replaced by an ethyl group, then these three structiu^s will give 
m-xylene by the reaction shown in figure 3. For example, if the ethyl 
group be on carbon 1 (figure 6 (c)), then the link will be with carbon 3, 
Configuration {d) will, however, yield p-xylene. 



boat form 

Figure 5. Diagrammatic representation of solid models of two cyclohexane forms. 

If we assume that at the moment of ring closure the probabilities that 
the chain exists in the boat or chair form are equal, then calling the 
probability it exists in configuration (a) at this moment p, then the pro- 
bability that it will be (b) will likewise be p, then the total probability it 
will be {c) plus (d) will be 2p. There are four ways in which it may be (c) 
and only two in which it may be (d), so the probability for (c) is f 2p |p, 
and for (d) is f 2p == |p. Hence the final product will result as in table 4. 

Table 4 


product 

. Btructur© contributing 

probability 

m^xylen© 

figure 5 (a) 

P 


ih) 

P 


(c) 

h> 

total 

p -xylene 

figure 6 (d) 

iP 


i.e. ratio meia/para^T^jl* 
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In table 6 are shown the values calculated on this basis as compared 
with observed. This mechanism does not affect the arguments for overall 
conversion previously published (Bering ton & Rideal 1945). 


Table 5. 


product 

uion 08 uhsti tilted benzene 
o-xylene 
rw-xylene 
-xylene 


PllODirOTS FBOM W-OOTANE 


0/ 0/ 

/o /o 

observed calculate!! 

33 33 

33 33 

27 28 

7 0 


overall rate 

observed calculated 
46 42 


3~methyl heptane exhibits a different type of anomalous behaviour, for 
although the product does not contain unexpected aromatics, yet the 
distribution is very different from the values calculated on the assumjffion 
of equal probabilities for the different configurations (table 3). One each 
of the structures (figure 2) which should yield ethyl benzene and o-xylene 
appear to be suppressed. Structures 11 (v) and II (vi) (figure 2) differ 
from all the other structures in this figure in so far as II (v) contains an 
ethyl group attached to a carbon atom adjacent to the position of forma- 
tion of a new link, while at the same time the ethyl group is attached to 
a carbon atom which is chemisorbed. In structure II (vi) both chemisorbed 
carbon atoms carry methyl groups. Steric hindrajice may l)e involved in 
this type of adsorptioii leading to suppression of these configurations, a 
view which receives support from similar behaviour of adsorbed chains 
in the five-six ring isomerization (§ 2, see p. 379). 


Cr Cr 

ib) 

Figure 6. Struotun^s for 3-mothyl hoptano (a) which yield structui'ea II (i) 
and II (iv) (figtirc 2) m compared with n-heptane (6). 




Structures 11 (iV) and II (i) in figure 2 originate from adsorption on the 
same pair of carbon atoms. To obtain the calculated values shown in 
table B it was assumed that each of these structures mode the same con- 
* tribution as each of the other four. This is equivalent to assuming that 
the probability of formation of links (1) and (2), figure 0 (a), are equal and 
both have the same value as for the formatioti of the link in n-heptane, 
figure 6 (&). i,e. the velocity of ring closure for the mode of adsorption shown 
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in figure 6 (a) is twice that for n-heptano in figure 6 (6). If, however, the 
slow step in the ring closure is the time taken for the chain from C^. to 
Cy (figure fi),to obtain the correct configuration, then once is in the 
correct position, link 1 will probably rapidly follow. If this be the case, 
then the probability of Cy reacting in figure (3 (a) is not twice that of 
in figure (> (6). 'j'he value for the probability of reacting in figure 6 (a) 
as compared with for figure 6 (b) can be compufod from the analytical 
data and lienee the overall reaction rate may be found. 

If the probability that the hydrocarbon reacts so as to give ethyl 
ben^ene as in figure 0 (a) link 2 bo then the probability it reacts to give 
o-xylene (figure 6 a link 1 ) will likeudse be Let the probabilities of 
reaction for structures II (ii) and II (iii) (figure 2) be P. Then remembering 
that stnuitures II (v) and II (vi) do not contributid, we have 

2P 

Ratio p-xylene/(Ethyl benzene + o-xylene)=: -^ . 

From experiment this ratio = 60 / 40 , i.e. i^ = |P. 

6 

P 

1 2 3 4 5 6 7 

C — C — C — C — C — C — C 

FmtrRE 7. 8«methyl lieptane. 


Consider the adsorption of S-methyl heptane ; adsorption of the pairs of 
carbon atoms 4 ~ 6, 5-6 and 6*“8 (figure 7 ) will be blocked because of steric 
fa(!tors, ])ut the pairs 1-2, 2 - 3 , 3-4 and 6-7 can be chemisorbed. Hence, 

|P-h2P 
4 “ 


the probability of total reaction = 


= O’ BSP. This value is very near 


that given in the first paper (Herington & Rideal 1942), so that the value 
shown there is practically unchanged. The following results (table 6) aare 


thus obtained : 

% 

Table 6 

% 

overall reaction rates 

products 

/o 

oba©r\’ed 

/O 

calculated 

observed 

calculated 

ethyl benzene 

15 

20 

^ * 

o-xylene 

25 

20 

36 

42 

p- xylene 

60 

60 



If 7i-nonane reacted in a similar manner to w-ootane we should expect 
to find and p-methyl ethyl benzene together with 1 / 2.3 and 1 . 2 , 4 - 
trimethyl benzene in the products, these having been formed by the 
reactions shown in figure 8, 
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Actually theae are abaent from the product. However, for w-nonane 
new possibilities arise which are not present for n-octane ; these are shown 
in figure 9. If these reactions (figure 9) take place more readily than 
bridging the ring, then the absence of m- and p-mothyl ethyl benzene, 
1.2.3 and 1.2. 4-trimethyl benzene is explicable. Moreover, the ratio of 
o-methyJ ethyl benzene to Tt-propyl benzene should be as 3:1, since all 
the structures in figure 9 except (1) will yield ori/K?-8ubstituted derivatives. 
By this mechanism the overall rate will be the same as that calculated 
from the simple theory. Since hydrindene is readily dehydrogenated to 
indene by passage over the catalyst we must conclude that the isomeriza- 
tion of n-nonaiie acjcomf^anies ring closure. 



C ^ 


Cr Cr Cr Cr 

Figuek 8. PoHsiblo isoTnorization of n-no,iano by analogy with n-octam>. 



C-C-C 



FiatTBK 9. Actual ccactious of n-uanana allowing all oontiguratiuna. 


Section 2 

We consider here the mechanism of aromatization of aliphatic hydro- 
carbons which can only yield aromatics by isomerization. The exj:»eri- 
mental procedure was identical with that described in § 1. The hydro- 
carbons examined and the results obtained are given in table 7. 

It will be noted that all these substituted pentanes yield aromatics on 
passage over an aromatizing catalyst, but they differ from the hexanes 
and higher hydrocai'bons in that the temperature required for reaction is 
higher. Thus 2.2.4-trimethyl pentane yields only 4% aromatics at 
476“ C and 60 % at 660“ C, whilst under similar conditions »-ootane 
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yielded 40 and 100 % aromatics respectively » The 3.3 and 2.2-dimethyl 
hexane are of interest, because although direct ring closure is possible they 
cannot yield aromatics without a migration of a methyl group. Here 
again only 1*5% aromatics are formed at 476^0, and at 560® C, 60%. 
The small quantites of toluene formed (for exceptions see p. 378) from the 
hydrocarbons containing eight carbon atoms and the absence of benzene 
and dimethyl naphthalenes in the product from 2 . 3-dimethyl pentane are 
strong evidence that the mechanism of isomerization does not involve 
the cracking of the hydrocarbon into two separate fragments which then 
recombine in a different way. 

Table 7 



b.p. at 


(F^C) 



yield 

hydrocarbon 

7ft0 mm. 

V?? 

X 10* 


product 

% 

2. 3 -dimethyl pentane 

— 

1-3925 

71 

0-6949 

toluene 

100 

2.2. 3'trimetliyl pentane 

110-0 

1-4029 

73 

0-7156 

w-xylono 

100 

2.2. 4'trimethyl pentane 

99-4 

1-3918 

73 

O'OOIG 

jo -xylene 

100 

2.3. 3-trimethyl pentane 

114-7 

1-4079 

74 

0-7268 

w-xyJeno 

100 

2.3.4-trimethyl pentane 

113*8 

1-4045 

76 

0-7182 

a- xylene 

fiO 






p-xylene 

40 

2-mothyl-3-ethyl pentane 

115-7 

1-4046 

76 

0-7191 

ethyl benzene 

12-5 






toluene 

12-6 






0 -xylene 

26-0 






m*xylene 

50-0 

3-mebhyl-3-ethyi x>ontane 

118-6 

1-4079 

73 

0-7272 

ethyl benzene 

24 






toluene 

24 






o-xylene 

48 






w-xylene 

4 

3,3-dimothyl hexane 

111-7 

1-4007 

73 

0-7103 

ethyl benzene 

10 






toluene 

10 






o-xylene 

40 






m-xylene 

20 






p -xylene 

20 

2.2-dimethyl hexane 

107-1 

1-3940 

74 

0-6954 

m-xylene 

100 


In view of the great ease with which the reaction cyclohexane^^methyl 
cyclopentane proceeds under certain circumstances, a five-six ring iso- 
merization for the mechanism of aromatization of these hydrocarbons 
seems probable, The general type of reaction can be represented by con- 
sidering the case of 3-methyl pentane (figure 10). A study of the action 
of the catalyst on the 2 . 3-dimethyl butane and on 2 . 2 ; 3 . 3-tetramethyl 
butane confirms this view, fox the former gives rise to 2,8-dimethyl 
butadiene but no benzene, whilst the latter passes through unchanged. No 
aromatics are formed since no five-six ring isomerization is possible. 
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Fvurther evidence in support of this meohanistn is furnished by the 
observation that both ethyi oyolopeirtane and .2'diinethyl oyclo- 

pentane give toluene when passed over the aromatizing catalyst at 
560"^ C. The same catalyst yielded a product; containing 30 % toluene 
from 2.3-dimethyl pentane, 20% jfrom ethyl cyclopentancj and 27 % 
from ^m«s-l .2-diiuethyl cyolopentane under identical conditions. These 
figures show that the rate of aromatization from cyolopentane derivatives 
is not greater but rather smaller than from the substituted |>entanes, 



/ \ 

\ /' 

iC-— Cj 


Cr Cr 

Figure 10. Aromatization of 3-methyl xxmtane. 



Fioube 11 . Desiguation of bonds in five-six ring isomerism. 


BUggestixig that the slow step in the overall conversion of these substituted 
pentanes is the rupture of the five ring, and that conditions following the 
formation of a five ring from a pentane are advantageous for subsequmt 
fission. The rates of aromatization of all the hydrocarbons cited in table 7 
are practically the same, the only step identical in all being the fission of 
the five ring. Analysis of the products of aromatization permits us to make 
certain gene»:alizations concerning the five-six ring reaction. 

If we consider the pentane chain chemisorbed at atoms and C, with 
the ring closing from Cg (figure 11), we find that, in general, the bond y 
is broken unless C, carries an ethyl group, or C, and C, both carry a methyl 
groups in which case it is the bond ^ which is broken. 

Ortain rules can be formulated for the subsequent closure to a six ring. 
Tl^us if C, or Cg is a quaternary carbon atom, the link is remade to one 

Vol. 184. A. ao 
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In table 8 are shown the obaerved yields oompated with the calculated 
values obtained by the application of the above rides in conjunction with 
the same assumptions for the formation of the five ring as were used for 
the six ring (Heringtpn & Bideal 1945). The rules which determine whether 


CHa CH, 

/ / 

CHs— CH* — CH — CH 

CHj 


CH 


,CH3 



, CH-CH, 


CH 

y' V 

CH* \ 

V , 

H 

I \ 

Cr Cr 


1 

\ 

CH-CHi 


P CH, 

CH. 


CHrCH^ 

/ 

Cr Cr 


CH 


CHft 

CH- 


CH* 


/ 

•CH 

■7 \ 

Cr Cr 


/ CH, 

CH, \ 

\ 

.Cr Cr 


Fiotnug 13. Aromatization of 2.3-dimethyl pentane, five-six ring 
isomerism, bond y broken. 


bond § or bond y be broken in figure 11 are related to the conditions which 
inhibit modes of adsorption such as II (v) and II (vi) in figure 2. The 
sequence of steps leading to the formation of toluene firom 2.3-dimethy] 
pentane can be depicted as in figure 13. Thus bond y is broken by a 
mechanism which resembles that proposed for double-bond migration in 
olefines (Twigg 1939, ^94^ > ^ Bideal 1939, 1940). In the present 

instance the rupture of the link is effected by the addition of a hydrogen 
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atom which has been liberated by the formation of the five-carbon ring. 
After formation, the five ring partially rotates and is adsorbed following 
attack by the chemisorbed hydrogen atom. This explains why the speed 
of aromatization of substituted pentanes is greater than for substituted 


.CH, 


.CUa 


CH, 


CIU— CH — CH -> CH — CHj- 


CH.CHj 



^CH.CHs 

CH, \ 
e| ai.cH, 

H ^C-CHj 
Cr 




y 

(ai,.CH CHj 

V B I” 

CH,.CH— i- — C-CHj 

» V 

Cr 


/ 

Cr 


cHj-ch; 

CHs.CH, 


X 


Cr 


;CH| 
X 

•C.CH, 


h 

C.CH 

\ 


CHj.CH 

A 

, , CH,-CH, 

("L*- ' 


oCH, 

V 

CHj 

A 

CU,-«->CH 

L \ 


X CHj-CH rpCHt 


\ 


CH, /CH, 

« * 

CH-^CH.CH, 

^ V 

Fioitee 14» Aromatkation of 2.3.4-trimethyl pentaiie, five-aix ring 
iaomerism, bond fi broken. 
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oyclopentanes, although the latter would appear to involve fewer steps* 
The pentanes automatically liberate a hydrogen atom in the correct 
position for the cracking reaction, while the oyclopentanes do not. 

If, however, Cg carries an ethyl group, or C* tod Cg both carry a methyl 
group, bond p (figure 11) cannot be adsorbed and it breaks instead. The 
mechanism in this case is dilBferent and proceeds through a radical as shown 
in figure 14. 

Here again a bond is broken by hydrogen attack, but this is followed 
by adsorption of either the methyl group attached to carbon C*, or by 
adsorption of the adjacent methylene group. Wo may note that the 
adsorption in the last stage, (u) figure 14, oxily requires the rotation of a 
CH^ group, while (6) entails the whole molecule, and experimentally the 
ratio ajb is not unity but is as 60/40. 
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facilities in the use of the ultra-violet spectrometer, to Dr W. C. Price for 
advice in connexion with analysis by means of the spectra, and to 
Dr G. B. B. M. Sutherland and Dr E. E. Turner for specimens of pure 
hydrocarbons. 

This work, which forms part- of the programme of the Fuel Research 
Board of the Department of Scientific and Industrial Research, has been 
carried out in the Department of Colloid Science, Cambridge. The account 
is printed by permission of the Director of Fuel Research. The illustrations 
are Crown copyright and are reproduced by permission of the Controller of 
H.M. Stationery Office. 
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The age constitution and the future fellowship of 
the Royal Society 

By Leon Solomon, M.A., Ph.D. 

{Oommunimted by Professor P. M. S, Blackett^ F.R,8, — Received 23 March 1945) 

The ordiimry fellowship of the Royal Society has been steadily ageing over the period in- 
vestigated. 1899-1943 inohwive. This has been due in part to the natural growth of the 
Society towards actuarial stability, and in part to the incroasitxg age of Fellows at election. 
The latter trend has been in progress since 1848. and has not been reversed by the increases, 
in 1931 and 1938, of the total number of annual elections. 

The mortality rates experienced during 1899-1943 have been abstracted and differences 
noted between them and those of various standard tables. The crude results were graduated 
by fitting a Makeham curve of the form 

whore is the probability that a Fellow of exact age x will die within one year. At B,c are 
constants. 

There is some evidence that the mortality rates of older Fellows (age 75 and greater) were 
heavier in the latter part of the period investigated than in the former part. 

The gra<luated mortality rates were used to forecast the future size and age constitution 
of the Royal Society. The results are given for several different assumptions regarding the 
number and ages of future successful candidates for the Fellowship. 


Ikteodttotion 

The periodicals of the Royal Society contain few contributions on the life statistics 
of the Fellowship. Two papers have appeared in the Proceedings (Strachey 1892; 
Schuster 1922), while a note on the ages at election to the Royal Society was pub- 
lished in Notes and Records (Hill 1939). The present paper attempts to bring the 
relevant statistics up to date, to analyse the trends of recent years, and to hazard 
some estimates concerning the future. 

Strachey investigated *the probable effect of the limitation of the number of 
ordinary Fellows into the Royal Society to 16 in each year on the eventual total 
numbers of Fellows’, and concluded that the latter would be about 416, and cer- 
tainly not more than 426. In fact, the total Fellowship produced by the annual 
election of 16 Fellows averaged 437 during 1900-30, In the course of his paper, 
Strachey estimated that the mortality of Fellows had been some 6 % lighter than 
Dr Farr’s Life Table, which was based on the vital statistics for the male population 
of England and Wales between 1837 and 1864. As it has happened, the mortality 
has been much more favourable than Strachey expected. This accounts sufficiently 
for the discrepancy between the estimated and actual totals of the Fellowship in 
its steady state, 

Schuster was interested, among other topics, in the expectancy of life, at voriouB 
ages, of FeUows of the Royal Society. He realized, rightly, that the mean of the 
completed lifetimes of deceased Fellows was an insufficient estimate, and that some 
allowance ought to be made for the future span of life of those who formed the 

f 464 ] 
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Society at the date of his investigation. *Por the Fellows who are still living we are 
ignorant of their ultimate life, but we find an approximate value by adding to the 
number (a) of years which have elapsed since election up to the end of 1922 their 
further expectancy taken from some reliable table of life statistics.* Instead, 
however, of th% furiher expectancy of living Fellows, Schuster apparently added the 
original expectancy for their age at election — ^which must have led, in the case of 
the older Fellows in particular, to a serious over-estimate of future lifetime. His con- 
clusion, that Fellows enjoy a considerably longer expectation of life than the general 
population of the same age, is nevertheless valid, as the following pages reveal. 

In the following sections, various statistics concerning the ordinary Fellowship 
of the Royal Society are discussed. In this work, ‘Statute 11* and ‘Statute 12* 
Fellows (Royal personages and non-scientific persons who have benefited or may 
benefit science, respectively), as well as Foreign Members, are excluded. 


The age constitution of the Fellowship 

In 1848 the number of elections into the Royal Society was limited to 15 per 
annum, and by the early years of this century the ordinary Fellowship had virtually 
reached a steady state. Thereafter, until 1930, the total number fluctuated around 
the mean value of 437 Fellows. In 1931 and in each subsequent year until 1937 
(inclusive), 17 Fellows were elected each year, instead of 15. A further increase in 
the number of elections to 20 annually occurred in 1938, and this figure has been 
adhered to up to the present time. In consequence of these changes, the total 
fellowship increased slowly, and reached 455 on 1 January 1944. During the 
preceding five years, the rate of growth has averaged abotrt 2 Fellows a year. 

Even before 1930, however, the Society was not truly in equilibrium. It was, on 
the contrary, ageing slowly. The salient features of this trend are summarized in 
table 1, which has been compiled from the age distribution of Fellows for the years 
1899, 1904, 1909, ..., 1944. No important tendencies are distorted by grouping these 
data into only three periods, 1899-1914, 1915-30 and 1931-44. The points of division 
were selected to separate, first, the pre-war period from the subsequent epoch, and, 
secondly, the years in which only 1 5 annual elections were made, from those in which 
this number was raised to 17 and thereafter to 20. 

The median age is such that half the Fellows are of greater, and half of lesser, age. 
One-quarter of the Fellows are younger, and three-quarters are older than the 
‘lower quartile* age; similarly, three-quarters are younger, and one-quarter older 
than the 'upper quartile' age. 

The ageing tendency is apparent both from the proportions of Fellows in the various 
age groups of table 1, and from the slight, but probably significant, upward trend 
in the median and quartile ages. It is noteworthy that the percentage of FeUowe of 
‘intermediate* age (45-54) has remained virtually constant over 60 years; while 
the percentage of younger (under 45) and older (56 and over) Fellows have, respec- 
tively, diminished and increased by appreciable amounts. 
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Table 1. Avehaqe pbopobtion op total pellowehip between given ages 


ages 

under 35 

36-44 

45-64 

65-64 

66 and over 

1899-1914 

/o 

. 5 }“ 

25 

26 

36 

1916-1980 

0/ 

/o 

22 

34 

36 

1931-1944 

% 

# 8'5/^ 

23 

27 

41 


100 

100 

100 

lower quartile ago 

50 years 

53 years 

63 years 

median age 

59 years 

60 years 

62 years 

upper quartile age^ 

69 years 

69 years 

71 yours 


Another point of interest is that the figures in the last column in particular of 
table 1 do not refer to a Society ‘in equilibrium’. As has been remarked, the in- 
creases in 1931 and 1938 in the number of annual elections have caused the Royal 
Society to grow in size, and, if present conditions are maintained, it will continue 
both to grow and slightly to age for the next quarter century. 

Ages at bleotion 

The average age of Fellows at election has been rising steadily for the past cen- 
tury. The dominant reason has been the marked reduction in the number of younger 
Fellows elected {age 30-40). This of course is the explanation of the decline in the 
proportion of such Fellows in the Society as a whole, recorded in table 1. Table 2 
iUuatrates the extent of these changes (data for the years prior to 1920 are derived 
from Schuster’s paper). 


period 
1848-1872 
1873-1897 
1898-1922 
1920-1930 
1931-1937 
1988-1944 

The principal features revealed by the figures may be briefly enumerated. They 
sue: 

(а) The slow bub steady increase in the median age, and the rather more marked 
increase in the lower quartile age. 

(б) The absence of any variation in the upper quartile age, apart from minor 
fluctuations. 


Table 2. 

Ages op Fellows at election 

proportion 
of Fellows 

lower 

median 

upper 

interquar- 

elected 

quartile age 

ago 

quartile age 

tile range 

under age 36 

years 

years 

years 

years 

% 

36*6 

43 

61-6 

16 

20 

37 

44 

63 

16 

16 

39-6 

45-5 

52 

12*6 

10 

40 

47 

63*5 

13*5 

10 

42 

47*6 

58*5 

11*6 

2 

42 

48 

53-6 

11 

4 
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It follows that the tendency to a greater age at election was mainly due to a 
diminution in the number of Fellows admitted while still young — a fact strikingly 
confirmed by the figures of the last column. The tendency is not due to any increase 
in the number of successful candidates of relatively ^advanced* age (over 55). 

In consequence of these tendencies, the dispersion of ages at election is now 
materially less than during the last oentuiy. This is illustrated in the penultimate 
column of table 2, in which the ‘interquartile range' — or upper quartile age less 
lower quartile age — ^has been chosen as a convenient measure of dispersion. From 
about 15i^ years in the period 1848-97, the interquartile range fell to 11 years 
(19j31-44). 

A final point of some interest concerns the effect on the ages of successful candidates 
of raising the number of annual elections. The increases in the latter, from 15 to 17 
in 1931, and to 20 in 1938, may possibly have retarded the general tendency to elect 
older men, but they did not reverse it. For the recent period 1920-44, the age distri- 
butions of Fellows at election may be quoted (ttfble 3), as supplementing the more 
compressed information of table 2. 

Table 3 


proportion of Follows elected at given ages 



l»2«-30 

1931-37 

1938-44 

1931-44 

age at election 

% 

0/ 

/o 

0/ 

/o 

% 

under 30 


0 

0 

0 

3(>-39 

24-4 j 

19 

19 

19 

40-49 

40 

42 

40 

41 

60-59 

20 

28 

32 

30 

60 and over 

9 

11 

9 

10 


100 

100 

100 

100 


Mobtality experience 

The derivation of the rates of mortality of the Royal Society is the preliminary 
to any forecast of its future actuarial structure. Such vital statistics are also of 
interest when compared with other sets, in casting some light on the effect of social 
and economic status on vitality. The importance of such factors is well known. But 
how important they are, and how far their influence is direct, and how far indirect, 
one cannot yet state with precision. 

The data used in the present mortality investigation of the Royal Society were; 

(a) The numbers of Fellows classified according to age, on 1 January of the years 

1899, 1904, 1909, 1944, 

(b) The list of Fellows who died between 1 January 1899 and 31 December 1943, 
tabulated according to age at, and calendar year of, death. 

The procedure adopted was the standard ‘oenBus' method, so called because, 
following on the periodic national censuses, it has been employed to ascertain the 
mortality experience of the country. The details have been sufficiently described 
elsewhere (Eldertcm A Fippard 1935 ; Hardy 
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Table 4 sets out the results. In the first column are quoted the ‘years exposed to 
risk' at various quinquennial ages (x). This quantity is the total number of years 
lived by Fellows, over the period of the investigation, while between exact age x 
and exact age (x-f 1). Fellows who died between these ages are reckoned as having 
contributed a complete year to the ‘exposure'. (For the purpose of this procedure 
see Elderton & Fippard (1935) ) The second and third columns contain respectively 
the estimated and ‘smoothed' rates of mortality (g3.)™that is, the probability that 
a Fellow, of exact age x, will die before attaining age (x-f 1). It follows that the 
number of deaths between these ages is the product of the ‘exposed to risk' and Qj,, 
The remaining columns of the table give the mortality rates from certain standard 
life tables, which are described below. 


age 

exposed 
to rink 

crude 

siuoothed 

K.L. 10 

in some standard tables 

K.R.K. A. 1924^9 ult. 

rt (m) ult. 

ix) 

(i) 

(ii) 

(Hi) 

(iv) 

(V) 

(vi) 

(vii) 

37 

years 

579 

0*003 

0*00220 

0*00474 

0*00340 

0*00320 


42 

1333 

0*0036 

0*00363 

0*00639 

0*00443 

0*00439 

0*00818 

47 

2070 

0*0080 

0*00576 

0*00925 

0*00621 

0*00604 

0*00883 

52 

2048 

0*0064 

0*00901 

0*01296 

0*00813 

0*00906 

0*01122 

57 

2900 

()*()104 

0*01407 

0*01890 

0*01252 

0*01450 

0*01651 

C2 

2870 

0*0231 

0*02189 

0*02876 

0*02024 

0*02394 

0*02422 

67 

2610 

00369 

0*03399 

0*04668 

0*03401 

0*03908 

0*03560 

72 

2147 

0*0480 

0*05270 

0*07246 

0*06651 

0*06473 

0*06217 

77 

1665 

0*0877 

0*08164 

0*11325 

0*09142 

0*10093 

0*08378 

H2 

844 

0*1311 

0*12641 

0*16927 

0*14830 

0*16066 

0*12697 

87 

362 

0*203 

0*19563 

0*24078 

— 

0*21315 

0*18409 

92 

64 

0*308 

0*30272 

0*31998 

— 

0*28700 

0*26276 

97 

7 

0*48 

0*46834 

0*41720 

— 

0*37231 

0*36064 


The method of smoothing the crude results is discussed later. In the meantime, 
we note that the graduated probabilities of column (iii) are reasonably close to the 
observed values, and that the differences between the two seta alternate fairly 
frequently from positive to negative, so that there is no evidence of systematic bias. 
The agreement is in fact as good as can reasonably .be expected (see below). 

‘English Life Table Number 10 — ^Males' (Registrar-General 1936) (abbreviated 
to E.L. 10 in table 4) was constructed from the mortality experience of the male 
population of England and Wales during 1930-2 and is the latest published national 
life table. Clearly, the rates of mortality experienced by Fellows of the Royal 
Society between 1899 and 1944 were very materially lighter at all ages (except the 
last, 97) than those of the population as a whole in 1930-2. In view of the wide 
ditterenoe in average so(;ial and economic status of the two bodies of men, the 
divergence is, perhaps, not surprising. 

In the Registrar-OeneraVa Report {1936) the mortality during 1930-2 was also 
examined for eleven geographical regions of England and Wales, each region being 
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Bubdivided into county boroughs, urban districts, and rural districts. It was found 
that the lightest mortality of all (at practically every age) had been sustained in the 
rural districts of the east region, which comprised Cambridgeshire, Isle of Ely, 
Huntingdonsliire, Lincolnshire (parts of Holland, Kesteven, and Lindsey), Norfolk, 
Rutlandshire, east Suffolk, and west Suffolk. The relevant rates, for males, are 
quoted in table 4, column (v). It is interesting that, at ages where comparison is 
possible, they do not materially differ from the Royal Society figures. These rates, 
it may be emphasized, refer to a geographical, and to a certain extent (being restricted 
to rural districts) an occtjpational subgroup of the population, but no social classi- 
fication is involved. The fact that men in these districts should have been subject in 
1930-2 to mortality more or less the same as that of Fellows of the Royal Society 
in the last half-century, is probably no more than an accident. 

Column (iv) of table 4 provides a comparison of a different nature. The A. 1924-9 
(ultimate) Table (1935) was based on the experience of male policyholders in most 
of the ordinary British life assurance offices, during the years indicated. The restric- 
tion to ordinary, as opposed to industrial, offices excluded working-class 'lives*, to 
a large extent, from the survey. The term ‘ultimate’ may require clarification. ()n 
effecting an assurance contract, most policyholders had either passed a medical 
examination, or had given satisfactory evidence of good health. They thus formed 
a medically selected body of men, and it was found that they enjoyed for some time 
much lighter mortality than others, of the same age, whose j>olioies had already been 
in force for some years. The effect of the initial medical selection wore off eventually, 
and the rates of mortality, after its disappearance, were termed ‘ultimate’. Com- 
paring these ultimate rates with those of the Royal Society, we conclude that the 
latter experienced lighter mortality than non-workipg class policyholders, no longer 
medically selected, of British life assurance offices. 

The final comparison of table 4 is with another life office standard. The a(m) 
(ultimate) table was constructed from the statistics of males between 1900 and 1920 
who were receiving annuities from British assurance offices (Elderton & Oakley 
1924). Again, a systematic divergence from Royal Society results is apparent. At 
the younger and middle ages (72 and less) Fellows experienced the lighter rates; 
but at more advanced years they suffered more heavily than the annuitants. 

Merely to compare a standard rate of mortalit3^ with that estimated in some new 
investigation ignores the weight attaching to the latter. A better procedure is to 
compare, for individual ages or age groups, the actual number of deaths, with the 
number to be expected on any proposed standard basis. The agreement between 
the two may then be examined statistically in a number of ways, of which the 
test of Karl Pearson is one. The validity of this test, as applied to mortality data, 
has recently been critically examined, and confirmed by Seal (1941). 

Table 6 compares the actual deaths with those expected from the above-described 
standards. The values are obtained from contributions at quinquennial ages 
(37, 42, etc,). The quantity P represents the probability that the observed, or a 
greater value of could have arisen merely from the effects of random sampling. 
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Table 6 


basis 

number of 
deaths expected 

actual deatliB 
— expected 
deaths at 
siime ages 


degnjes 

of 

fretniom 

in X* 

P 

actual experience 

679 (ages 37 and over) 

— 

— 

— 

— 

Hmoothed data 

673 (ages 37 and over) 

0 

lO'O 

9 

0-30 

E.L. 10 

905 (agf^s 37 and over) 

- 232 

58-3 

11 

negligible 

K.n.R. 

013 (ages 37-S2) 

- 34 

lOvl 

9 

0*33 

A. 1924-9 ult. 

777 (ages 37 and over) 

- 104 

23-9 

11 

0-013 

a(>/*) ult. 

702 (ages 42 and over) 

- 31 

22'8 

11 

0-035 


In the search for a standard to which tlie experience of the Royal Society would 
conform sufficiently closely the test would eliminate English Life Table 10 without 
any doubt, and, with negligible risk of error, the A. 1924-0 and a{m) tables. The 
smoothed rates and the east region rural districts experience pass this test, and, 
indeed, the latter might reasonably have been accepted. The main disadvantages 
are that it does not cover the whole range of ages required and that an actual life 
table of this experience, as distinct from the mortality rates has not been 
published. 

The graduation formula which, after some trials, was finally adopted was 


^ 

where A, B, and c are constants, and x denotes the age. The criterion for determining 
the best values of the parameters was that of least squares, subject to the proviso that 
the total ‘expected deaths * should equal the total number of actual deaths. In its 
above-quoted form, the formula is inconvenient for making a ‘ least squares ’ estimate 
of c. A transformation, which the author some years ago suggested would facilitate 
the computation, was therefore used. If the expression for q^ is summed, from the 
youngest age in question — let us call this age zero — to age (< — 1), there results 




qt A + B 


from which the parameters (c — 1) and (.4 + B)j{c - 1 ) can be readily obtained by 

the customary ‘least squares' procedure. The values obtained gave the formula 


= ~0*00120 + 0*00250(l-09114)^-“3^ 

This formula was originally suggested, as an analytical description of certain 
mortality experiences, by Gompertz (1825), and was developed by Makeham 
(i860),* who later attempted to found this ‘law' on physiological grounds. It is 
doubtful, however, if this justification were generally accepted. Nevertheless, 
the formula proved of wide applicability. In recent years it has tended to pass 

Strictly, Makeham suggested that the formula A -f Be* described the age variation of the 
foro€ of mortality i.e. the rate of mortality experienoed over the infinitesimal age range 
For most practical piirpoaes, it is sufficiently accurate to take 
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out of actuarial favour — but whether mortality in the twentieth century has 
ceased to conform to Makeham's Law, or whether the formula has been tested in 
such instances on heterogeneous data, remain moot points. Its success in describing 
the — actuorially speaking — small volume of Royal Society data is interesting, but 
is hardly of major importance in this connexionv Another feature of some interest is 
that, in many independent investigations, covering widely diflering periods of time, 
classes of persons, and nations, the value of the Makeham parameter c has been 
nearly constant, and of the order of 1 • I . Some writers have speculatfjd whether this 
striking result may not imply the existence of a ‘universal detnographie constant*. 


Table 0. Life table of the Royal Society, 1890-1943 lsioi.usive 


age X 



h 

32 

0‘0013B 

0-99862 

100,000 

3 

0-00 152 

0-99848 

09,862 

4 

0-0()l«8 

0-99832 

99,710 

5 

0-00186 

0-99814 

99,543 

6 

0-00205 

0-99795 

99,358 

37 

0-00226 

0*99774 

99.154 

8 

0-00249 

0-99761 

98,930 

9 

0-00274 

0-99726 

98,683 

40 

0-00301 

0-99699 

98,413 

1 

0-00330 

0-99670 

98,117 

42 

()-003«3 

0-99637 

97,793 

3 

0-00398 

0-99602 

97,438 

4 

0*00437 

0*99563 

97,050 

5 

0-00479 

0*99521 

96,026 

6 

0-00525 

0-99475 

96,163 

47 

0-00575 

0-99425 

95,658 

8 

0-00629 

0-99371 

95,108 

9 

0-00687 

0-99313 

94,51 1 

50 

0-00753 

0-99247 

93,861 

1 

0-00824 

0-99176 

93,154 

52 

0-00901 

0-99099 

92,387 

3 

0-00985 

0-99015 

91,565 

4 

0-01077 

0-98923 

90,663 

5 

0-01178 

0-98822 

89,677 

a 

0-01287 

0-98713 

88,621 

57 

0-01407 

0-98593 

87,480 

8 

0-01537 

0-98463 

86,249 

9 

0-01680 

0-98320 

84,923 

60 

001835 

0*98165 

83,496 

1 

0*02004 

0-97996 

81.964 

62 

0-02189 

0*97811 

80,322 

3 

0-02391 

0-97609 

78,664 

4 

0-02611 

0-97389 

76,685 

5 

0-02861 

0-97149 

74,682 

6 

0-03113 

0-96887 

72,553 


age X 



h 

67 

0*03399 

0-96601 

70,296 

8 

0-03711 

0-96289 

67,906 

9 

0-04051 

0-96949 

65,386 

70 

0-04423 

0-95577 

62,736 

1 

0-04828 

0*95172 

59,961 

72 

0-05270 

0-94730 

57,006 

3 

0-06752 

0-9424H 

64,058 

4 

0-06279 

0-93721 

50,949 

6 

0-06853 

0-93147 

47,760 

6 

0-07480 

0-92620 

44,478 

77 

0-08164 

0-91836 

41,161 

8 

0-08910 

0-91090 

37.792 

9 

0-09725 

0-90276 

34,425 

80 

0-10613 

0-89387 

31,077 

1 

0-11582 

0*88418 

27,779 

82 

0-12641 

0-87359 

24,661 

3 

0 1 3796 

0-86205 

21,466 

4 

0-15055 

0-84945 

18,497 

5 

0-16429 

0-83571 

15,712 

6 

0-17929 

0-82071 

13,130 

87 

0*19563 

0*80437 

10,776 

8 

0-21348 

0-78662 

8,668 

9 

0-23296 

0-70704 

6.818 

90 

0-26421 

0-74579 

5,230 

1 

0-27741 

0-72269 

3,900 

92 

0-30272 

0-69728 

2,818 

3 

0-33033 

0-66967 

1,965 

4 

0-36046 

0-63954 

1,316 

6 

0-39333 

0-60607 

842 

6 

0-42920 

0-67080 

6U 

97 

0-46834 

0-63166 

291 

8 

0*61106 

0-48896 

155 

9 

0*66765 

0-44235 

76 

100 

0-60849 

0-39161 

33 

1 

0*66397 

0-38603 

13 

102 

0*72459 

0-27541 

4 

3 

— 


1 
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Table 6 contains, for every age betweeii 32 and 102, the graduated values of q^y 
the probability of an individual of age x dying within one year. In the next column 
are given the corresponding probabilities of survival or 1 — q^y i.e. the probability 
that a life age x will survive to age ar-h 1. Finally, table 6 contains the ‘life table’ 
proper. Starting with 100,000 ‘Fellows’ of exact age 32, column (iii) of the table 
shows how many of these (l^) will be expected to survive to each subsequent age x. 
(The recurrence relation is of course instance, out of the original 

100.000 entrants at age 32, rather more than 50,000 survive to age 74, and just under 

25.000 live to attain the age of 82. 

The exjKsctation of life at age x is defined as the average number of years lived 
after age x; that is, in the notation of the life table, 



(where o) denotes the oldest age of the table) or, to a sufficient approximation 


I I ^ 

2+r ^ 


A few specimen values of the expectation, calculated from table 6, are quoted 
in table 7. 


Tablic 7 


age 

expectation of 
life of Fellows of 
the Royal Society 
years 

35 

37*5 

45 

28*6 

65 

20*4 

65 

13*4 

76 

7-9 

86 

4-1 

95 

1*8 


Our mortality investigation has covered a period of as long as 45 years, 1899-1943 
inclusive. It is accordingly relevant to inquire whether any large secular changes 
were operative during this interval. While the small volume of data precludes 
detailed analysis, the total period was subdivided into two, 1 January 1899 to 
31 December 1918, and 1 January 1919 to 31 December 1943, and the mortality 
experience in each was tested in the following manner. Suppose there were no secular 
trend in the mortality rate at a given age, say x. Then we should expect the ratio of 
deaths, occurring between ages x and x 4* 1 , in the two subperiods, to be proportional 
to the ‘years exposed to risk at age x’ in the respective periods. This hypothesis 
proved consistent with the facts for ages up to and including 74, Thereafter, it 
became rather discrepant. The results are summarized in table 8, 
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Tablb 8 

exj>ect4Hi deaths if mortality 
rates wore constant throughout 
actual deaths the whole pi^riod 


ages 

1869-1918 

1919-1943 

1899-1918 

1919-1943 

32-74 

135 

198 

135 

198 

76-^97 

135 

207 

156 

186 

all ages 

270 

405 

291 

384 


The inferences are that mortality rates at ages of 74 and less did not alter signi- 
ficantly throughout the years 1899-1944; but that the rates at ages of 76 and older 
may have become heavier in the latter part of the period. The indicates that 

the apparent increase in mortality at advanced ages was probably real. It may be 
mentioned that the change appeared to be most marked for the ages 76-80. 

The conclusion that at some ages the vitality of Fellows is now less than in the 
first two decades of the century is at first sight surprising. It is not, however, an 
isolated phenomenon. The vitality of thc^ country as a whole has, for instance, im- 
proved steadily over many years, except at the most advanced ages. Thus the 
Registrar-General (1936) showed that the male mortality rates at ages 70 and over 
were greater during 1921-30 than during the preceding decennium. 


The FtJTUKE Fellowship of the Royal Society 

Assuming that the mortality of Fellows will in future be the same as that of 1899- 
1943, the life table of table 0 enables one to forecast the size and age distribution of 
the Society in the years ahead. This assumption may, in the light of the preceding 
paragraph, prove false, but it is considered that the available data are insufficient 
to justify a more elaborate hypothesis. 

As regards Fellows who will enter the Society in future, it is supposed in the first 
instance that their ages will be distributed according to the final column of table 3. 
Four bases have been adopted — for purely illustrative purposes — viz. that the 
number elected annually will be 

(а) 20; 

(б) 25; 

(c) 30 for 6 years, reducing to 26 thereafter; 

(d) 35 for 5 years, reducing to 26 thereafter. 

The results of the calculations are shown in figure 1. (For convenience, the calcula- 
tions were made as at 1 January 1944.) A few comments may be offered in addition. 

On each of the four bases, the total Fellowship will increase for some years, at a 
rate which is, at first, very sensitive to the number of annual elections (but is not 
at all sensitive to the ages of the new Fellows). Thereafter, the rate of growth will 
deoUne, and will eventually fall away to zero, as the age distribution of the Society 
becomes stable. 
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After 30-46 years (depending on the rate of election) the Society will reach a 
steady state, in which the number of deaths each year will, apart from random 
fi uctiiations, equal the number of annual elections, and in which the age constitution 
will remain constant. 

If 35 or more candidates were admitted each year, for the next 5 years, the figure 
being reduced to 25 in later years, the total Fellowship would reach a maximum 
between 1975 and 1985, and would thereafter decline to the sk^ady state population 
of about 050. On basis (d) this maxim um would be about 660, and the slight decline 
from this figure to 650 might well be masked by random fluctuations. 

The final steady state population is about 26 per annual election of 1 Ffjllow— 
assuming the age distribution at election of table 3. 

It was pointed out to the author that, if the number of annual elections were 
raised, it might lead to some reduction in the av^erage age of successful candidates 
for the Fellowship (despite the fact that the increase in 1938 of the number elected 
from 17 to 20 per year, has had no such efiect yet —see table 3). 

In order to illustrate the consequences of a reduction in the ages at election, it 
has been assumed that Fellows will henceforward be elected 3 years younger than 
was postulated before, i.e. the following hypothetical age distribution (table 9) of 
successful candidates has been adopted (cf. table 3): 

Table 9 

hypotheticjal proportion 
of Follows elected 


ago at election % 

27 30 20 

37-46 40 

47-66 30 

,57 and over 10 


100 

The results of the calculation are shown in figure 2 for the two extreme cases 
considered, viz. that the number of new Fellows admitted will be 

(a) 20 per year, 

(d) 35 per year for the next 5 years, 25 per year thereafter. 

Bases (6) and (c) would lead to the same final population — about 710 Fellows — 
08 would (ci). It will be observed that the suggested reduction in age would have a 
negligible effect on the rate of growth of the Society in the immediate future. It 
would, however, produce an increase in the final equilibrium population, equivalent 
to about 28 J Fellows in the Society per annual election of 1 Fellow, compared with 
26 Fellows per annual election of 1 Fellow, on the present age distribution of new 
entrants. 

It has already been noted that the natural growth of the Society under present 
conditions will entail some further slight ageing of the Fellowship as a whole. The 
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Fioubjb 2* BstixDated^titUFe Fellowship of the Royal Society. — assuming no change in age distribution at election, 
- - - assuming a S-yeau* reduction in age of all Fellows elected in future. 
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extent of tliis movement, and the effect of electing younger candidates in future, are 
summarized in table 10. 


Table 10. Aoe distbibotion of the Royal Society 



proportion of Fellows of age 


under 40 

40 55 

over 55 

(1) actual distribution on 1 January 1944 % 

3 

32 

05 

(2) in steady state, assuming the present age 
distribution at election (table 3) % 

3 

27 

70 

(3) in steady state, assuming the modified age 
distribution at election (table 9) % 

6 

30 

04^ 


In conclusion it must be emphasized that the forecasts given above are neces- 
sarily tentative. The mortality which the Royal Society will experience during the 
remainder of this century may differ sufficiently from that of the past to belie the 
estimates made. Moreover, no coiisideration has been given to such factors as the 
possible election of women Fellows, whose expectation of life and wliose ages at 
election may be very different from those of their male colleagues; or the possibly 
greater representation of Dornimons, Indian and Colonial scientists, whose mor- 
tality experietioe is unlikely to conform to the standard prevailing in this country. 
Their effects, while at the moment unpredictable, may well bo far-reaching on the 
actuarial constitution of the Royal Society. 

This investigation was undertaken on the suggestion of the Council of the Royal 
Society. The author wislies to thank Mr Griffith Davies, the Assistant Secretary of 
the Royal Society, and his staff for their help in extracting and tabulating the dat»a. 
Thanks are also duo to Professor A. V. Hill, Professor P. M. S. Blackett, and 
Dr E, C. Bullard, for their advice and helpful criticism, and to Miss J. M. Westcombe 
for checking the computations. 
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